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of slowly rotating Kerr black holes 


Elena Giorgi, Sergiu Klainerman, Jérémie Szeftel 


May 31, 2022 


Abstract. This is the last part of our proof of the nonlinear stability of the Kerr family 
for small angular momentum, i.e |a|/m « 1, in which we deal with the nonlinear wave 
type estimates needed to complete the project. More precisely we provide complete proofs 
for Theorems M1 and M2 as well the curvature estimates of Theorem M8, which were 
stated without proof in sections 3.7.1 and 9.4.7 of [53]. Our procedure is based on a new 
general interest formalism (detailed in Part I of this work), which extends the one used in 
the stability of Minkowski space. Together with and the GCM papers [51], |52), [66], 
this work completes proof of the Main Theorem stated in Section 3.4 of [59]. 
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Chapter 1 


Introduction 


This is the last part of our proof of the nonlinear stability of the Kerr family for small an- 
gular momentum, i.e |a|/m « 1, in which we deal with the nonlinear wave type estimates 
needed to complete the project. More precisely we provide complete proofs for Theorems 
M1 and M2 as well the curvature estimates of Theorem M8, which were stated without 
proof in sections 3.7.1 and 9.4.7 of [53]. Our procedure is based on a new general interest 
formalism (detailed in Part I of this work), which extends the one used in the stability 
of Minkowski space. Together with and the GCM papers [51], [52], [66], this work 
completes proof of the Main Theorem stated in Section 3.4 of [53]. 


1.1 Black hole stability problem 


We give below a quick introduction to the black hole stability problem. 


1.1.1 Einstein Vacuum equations 


We restrict our attention to the Einstein vacuum equations (EVE), i.e. spacetimes (М, g) 
with vanishing Ricci curvature, i.e. 


Rag = 0. (1.1.1) 


Note that a solution of (1.1.1) is in fact a class of equivalence of solutions with respect to 
diffeomorphisms Ф of М, i.e. g and Ф*р are indistinguishable as solutions of EVE. This 
is precisely what is meant by the general covariance of the Einstein equations. 
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corresponds to an evolution problem and an associated initial data set (Xo, g(o), “(о)) 
for EVE consists of 3 dimensional manifold X together with a complete Riemannian met- 
гіс go) and a symmetric 2-tensor Ко) which verify compatibility conditions known as the 
constraint equations. A Cauchy development of an initial data set is a globally hyperbolic 
space-time (M, g), verifying EVE and an embedding i : У — М such that 1, (9(o)), i«(K(o)) 
are the first and second fundamental forms of 1(Уо)) in М. A well known foundational 
result in GR associates a unique maximal, global hyperbolic, future development to all 
sufficiently regular initial data sets, see [18] [19]. We further restrict the discussion to 
asymptotically flat initial data sets, i.e. we assume that outside a sufficiently large com- 
pact set K, Xo) \ K is diffeomorphic to the complement of the unit ball in R? and admits 
a system of coordinates in which gi) is asymptotically euclidean and ko) vanishes at 
appropriate order. 


1.1.2 Kerr family 


(EVE) admits a remarkable two parameter family of explicit solutions, the Kerr spacetimes 
K(a,m), 0 € |а| € m, which are stationary and axisymmetric. In the usual Boyer- 
Lindquist coordinates they take the form 


А 2 
s- a + SS (a Жеш) + (+, ала 


where 


l А =т?+а?—2тт, д =т + іасоѕ0, (1.1.3) 


У? = (r? + а?)|д|? + 2mra?(sin 0) = (r? + a2)? — a2(sin9)2A. 


Among them one distinguishes the Schwarzschild family of spherically symmetric solu- 
tions, of mass m > 0, 


E 
g-- (1 Е 23 di? + (1 = m) dr? + т?йо‹ә. (1.1.4) 


r r 


Though the metric seems singular at r = 2m (т = тұ, the largest root of A(r) = 0, in 
the case of Kerr) it turns out that one can glue together two regions r > 2m and two 
regions r < 2m of the Schwarzschild metric to obtain a metric which is smooth along the 
null hypersurface € = {r = 2m} called the Schwarzschild event horizon. The portion of 
r < 2m to the future of the hypersurface t = 0 is a black hole whose future boundary 
r = 0 is singular. The region r > 2m, free of singularities, is called the domain of outer 
communication. The more general family of Kerr solutions, which are both stationary 
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and axially symmetric, possesses (in addition to well defined event horizons, black holes 
and domains of outer communication) Cauchy horizons (r = r_, the smallest root of 
A(r) = 0) inside the black hole region across which predictability failq!] Once more, one 
can easily check, from the precise nature of the Kerr metric, that the region outside the 
event horizon, i.e. outside the Kerr black hole, is free of singularitied?] 


Figure 1.1: The Penrose diagram of Kerr for 0 < |а| < m. 


Finally we note that the Kerr spacetimes K(a,m) possess two Killing vectorfields: the 
stationary vectorfield T = д), which is time-like in the asymptotic region, away from the 
horizon, and the axial symmetric Killing field Z = д,. 


1.1.3 Stability of Kerr conjecture 


The issue of the stabilityP] of the Kerr family has been at the center of attention of GR 
physics and mathematical relativity for more than half a century, ever since their discovery 
by Kerr in [43]. Roughly the problem here is to show that all spacetime developments of 
initial data sets, sufficiently close to that of a Kerr spacetime, behave asymptotically like 
a Kerr solution. Here is a more precise formulation of the conjecture. 


Kerr stability conjecture. Vacuum initial data sets sufficiently close to Kerr initial 
data have a maximal development with complete future null infiniti] and with a domain 
of outer communication which approaches (globally) a nearby Kerr solution. 


lInfinitely many smooth extensions are possible beyond the boundary. 

?Consistent with the weak cosmic censorship conjecture (WCC) of Penrose. 

3This is not only a deep mathematical question but one with serious astrophysical implications. Indeed, 
if the Kerr family would be unstable, black holes would be nothing more than mathematical artifacts. 

4Thus observers which are far away from the black hole will never experience its effects. 
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Until very recently the only space-time for which full nonlinear stability had been estab- 
lished was the Minkowski space. The proof is based on some important PDE advances of 
late last century: 


(i) 


(ii) 


(iii) 


Robust vectorfield approach to derive quantitative decay based on generalized en- 
ergy estimates and commutation with (approximate) Killing and conformal killing 
vectorfields. 


The null condition identifying the deep mechanism for nonlinear stability, i.e. the 
specific structure of the nonlinear terms which enables stability despite the low 
decay of the perturbations. 


Elaborate bootstrap argument according to which one makes educated assumptions 
about the behavior of solutions to nonlinear wave equations and then proceeds, by 
a long sequence of a-priori estimates, to show that they are in fact satisfied. This 
amounts to a conceptual linearization, i.e. a method by which the equations become, 
essentially, linear without actually linearizing them. 


There are three, related, major obstacles in passing from the stability of Minkowski to 
that of Kerr: 


1. 


The first сап be understood in the general framework of nonlinear evolution equa- 
tions. Given a nonlinear evolution equation Аф] = 0 and a stationary solution фо, 
we have two notions of stability, orbital stability, according to which small pertur- 
bations of фо lead to solutions @ which remain close for all time, and asymptotic 
stability (AS) according to which the perturbed solutions converge as t — oo to фо. 
In the case where Фо is non trivial, there is a third notion of stability, which we call 
asymptotic orbital stability (AOS), to describe the fact that the perturbed solutions 
may converge to a different stationary solution} For quasilinear equationq/] such 
as EVE, a proof of stability means necessarily AS or AOS stability. Both require 
a detailed understanding of the decay properties of the linearized equation. One is 
thus led to study the linearized equation Z|óo|v = 0, with £|óo] the Fréchet deriva- 
tive A" [6o], which is, essentially, a linear hyperbolic system with variable coefficients 
and, typically, presents instabilities. In the exceptional situation, when stability can 


5Note that in the context of EVE, and other quasilinear hyperbolic systems, this differs substantially 
from the usual notion of linearization around a fixed background. 

9'T'his happens if фо belongs to a multi parameter smooth family of stationary solutions, or by applying 
a gauge transform to фу which keeps the equation invariant. In the case of Kerr, both cases are present 
as we shall see below. 

"Orbital stability can be established directly (i.e. without establishing the stronger version) only for 
Hamiltonian equations with weak nonlinearities. 
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ultimately be established, one can tie all the instability modes to either the gauge 
invariance of the equation or the presence of a continuum of other distinct] sta- 
tionary solutions] near фо. These instabilities at the linearized level are responsible 
for the fact that a small perturbation of the fixed stationary solution фо may not 
converge to фо but to another nearby stationary solution, this is the case of AOS. 
'The methodology of tracking this asymptotic final state, in general different from 
Фо, is usually referred to as modulation. In the case of the Einstein equations, this 
problem is compounded by the presence of infinitely many instabilities related to full 
group of diffeomorphism, i.e. to the general covariance of the Einstein equationd!?] 


2. A fundamental insight in the stability of the Minkowski space was that the Bianchi 
identities decouple at first order from the null structure equations which allows one 
to control curvature first, as a Maxwell type system (see [22]), and then proceed 
with the rest of the solution. This cannot work for perturbations of Kerr due to the 
fact that some of the null сошропеш | of the curvature tensor are non-trivial in 
Kerr. 


3. Even if one succeeds in tackling the above mentioned issues, there are still major 
obstacles in understanding the decay properties of the solution. Indeed, when one 
considers the simplest, relevant, linear equation on a fixed Kerr background, i.e. the 
scalar wave equation [lg = 0, one encounters serious difficulties to prove decay. 
Below is a very short description of these: 


e The problem of trapped null geodesics. This concerns the existence of null 
geodesicq"?] neither crossing the event horizon nor escaping to null infinity, 
along which solutions can concentrate for arbitrary long times. This leads to 
degenerate energy-Morawetz estimates which require a very delicate analysis. 


e The trapping properties of the horizon. 'The horizon itself is ruled by null 
geodesics, which do not communicate with null infinity and can thus concen- 
trate energy. This problem was solved by understanding the so called red-shift 
effect associated to the event horizon, which counteracts this type of trapping. 


e The problem of superradiance. 'This is the failure of the stationary Killing field 
T = д, to be everywhere timelike in the domain of outer communicatio] and 


*Le. solutions not tied to фо by a gauge transformation. 
?In the case of the stability of Kerr, there exists a 2 parameter family of solutions K(a, m). 

!^Note that in the stability of Minkowski, even though the linearized system does not contain instabili- 
ties, one must still take general covariance into account in the far r region of the perturbed space-time due 
the presence of a non trivial mass. On the other hand, in perturbations of Kerr, the general covariance 
affects the entire construction of the spacetime. 

! With respect to the principal null directions of Kerr, i.e a distinguished null pair which diagonalizes 
the full curvature tensor, the middle component P = р +i р is nontrivial. 

Та the Schwarzschild case, these geodesics are associated with the celebrated photon sphere r = 3m. 

ІЗТ is timelike only outside of the so-called ergoregion. 
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thus, of the associated conserved energy to be positive. Note that this problem 
is absent in Schwarzschild and, in general, for axially symmetric solutions of 
EVE. 


e Superposition problem. This is the problem of combining the estimates in the 
near region, close to the horizon, (including the ergoregion and trapping) with 
estimates in the asymptotic region, where the spacetime looks Minkowskian. 


4. The full linearized system, whatever its formulation, presents many additional dif- 
ficulties due to the huge gauge covariance of the equationq"4] In particular, the 
full linearized system is not conservative and we thus lack, unlike in the case of the 
scalar wave equation [lg = 0, the most basic ingredient in controlling the solutions 
of the equation, i.e. energy estimates. 


1.2 Linear stability 


1.2.1 Linearized gravity system 


Historically, two versions of linearization for EVE have been considered: 


(a) At the level of the metric itself, i.e. with Gag := Rag — IRgag, 


G'(go) 6g = 0. (1.2.1) 


(b) At the level of curvature via the Newman-Penrose (NP) formalism, based on null 
frames. 


In our work, we rely on a geometric variant of the second approach, see the comparison 
between the NP formalism, the Geroch-Held-Penrose formalism and our approach in sec- 
tion In what follows, we describe the main known results concerning solutions to 
linearized equations in a Kerr background. 


l4Note that rates of decay are heavily dependent on a proper choice of gauge, thus affecting the issue 
of convergence. 
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1.2.2 Formal mode analysis 


The first important results concerning both items (a) and (b) above were obtained by 
mathematical physicists based on the classical method of separation of variables and for- 
mal mode analysis. In the particular case when go is the Schwarzschild metric, the LGE 
equations can be formally decomposed into modes, by using Fourier transform in 
time and spherical harmonics. À similar decomposition, using oblate spheroidal harmon- 
ics, can be done in Kerr. The formal study of fixed modes from the point of view of 
metric perturbations as in was initiated by Regge-Wheeler [64], in perturbations 
of Schwarzschild, who discovered the master Regge-Wheeler equation for axial or odd- 
parity perturbations. This study was completed by Vishveshwara and Zerilli [777]. 
A gauge-invariant formulation of metric perturbations was then given by Moncrief [59]. 
An alternative approach via the Newman-Penrose (NP) formalism was first undertaken 
by Bardeen-Press [6]. This latter type of analysis was later extended to the Kerr family 
by Teukolsky who made the important discovery that the extreme curvature com- 
ponents, relative to a principal null frame, satisfy decoupled, separable, wave equations. 
These extreme curvature components also turn out to be gauge invariant in the sense 
discussed above. The full extent of what could be done by mode analysis, in both ap- 
proaches, can be found іп Chandrasekhar's book [16]. Chandrasekhar also introduced 
(see [15]) a transformation theory relating the two approaches. More precisely, he exhib- 
ited a transformation which connects the Teukolsky equations to the Regge- Wheeler one. 
This transformation was further elucidated and extended by R. Wald [74]. The full mode 
stability, i.e. lack of exponentially growing modes, for the Teukolsky equation in Kerr is 
due to Whiting [76]. 


1.2.3 Classical vectorfield method 


Mode stability is far from establishing even boundedness of solutions. To achieve that and, 
in addition, to derive realistic decay estimates one needs an entirely different approach 
based on the vectorfield method? used in the proof of the nonlinear stability of Minkowski 


[23]. 


The vectorfield method was first developed in connection with the wave equation in 
Minkowski space. As well known, solutions of the wave equation Dy = 0 in the Minkowski 
space R"*! both conserve energy and decay uniformly in time like t-"= . While conserva- 
tion of energy can be established by a simple integration by parts, and is thus robust to 
perturbations of the Minkowski metric, decay was first derived either using the Kirchhoff 


l?Robust method based on the symmetries of Minkowski space to derive decay for nonlinear wave 
equations, see and [46]. 
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formula or by Fourier methods, which are manifestly not robust. An integrated version of 
local energy decay, based on an inspired integration by parts argument, was first derived 
by C. Morawetz [60], [61]. The first derivation of decay based on the commutations prop- 
erties of O with Killing and conformal Killing vectorfields of Minkowski space together 
with energy conservation appear in [44] and H7]. That method also provides precise infor- 
mation about the decay properties of derivatives of solutions with respect to the standard 
null frame of Minkowski space, an important motivating factor in the discovery of the 
null condition [45], [20] and [46]. The methodology initiated with these papers, to which 
we refer as the classical vectorfield method, has had numerous applications to nonlinear 
wave equations and has played an important role in the proof of the nonlinear stability 
of Minkowski space [23]. The vectorfield method has also been applied to later versions 
of the stability of Minkowski result in [48], [55], [7], [39], and extensions of it to Einstein 


equation coupled with various matter fields in [8], [31], [9], [75], [54], [56], [42]. 


1.2.4 Scalar wave equation in Kerr and new vectorfield method 


'The new vectorfield method is an extension of the classical vectorfield method which com- 
pensates for the lack of enough Killing and conformal Killing vectorfields on a Schwarzschild 
or Kerr background by introducing new vectorfields whose deformation tensors have coer- 
cive properties in different regions of spacetime, not necessarily causal. The new method 
has emerged in the last fifteen years in connection to the study of boundedness and decay 
for the scalar wave equation in K(a, m), Llg, „Ф = 0. The starting and most demanding 
part of the new method, originating in [10], is the derivation of a global, simultaneous, 
Energy-Morawetz estimate which degenerates in the trapping region. Once an Energy- 
Morawetz estimate is established one can commute with the Killing vectorfields of the 
background, and the so called red shift vectorfield introduced in [24], to derive uniform 
bounds for solutions. 'The most efficient way to also get decay, and solve the super- 
position problem, originating in |25], is based on the presence of family of r?-weighted, 
quasi-conformal vectorfields defined in the far r region of spacetimq?] 


The first Energy-Morawetz type results for scalar wave equations in Schwarzschild are 
due to Soffer-Blue [10], [I] and Blue-Sterbenz [12], based on a modified version of the 
classical Morawetz integral energy decay estimate. Further developments appear in the 
works of Dafermos-Rodnianski"] see [24], [25], and Marzuola-Metcalfe-Tataru- Tohaneanu, 


16'Тһеѕе replace the scaling and inverted time translation vectorfields used in [44] or their corresponding 
deformations used in [23]. A recent improvement of the method allowing one to derive higher order decay 
can be found in [5]. 

!7We note in particular the red shift vectorfield, introduced in [24] to deal with the degeneracy of the 
Morawetz-energy estimates along the horizon and the r? weighted estimates introduced in as an 
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58|. The vectorfield method can also be extended to derive decay for axially symmetric 
solutions in Kerr, see [41] and [68], but it is known to fail for general solutions in Kerr, 


see [I]. 


In the absence of axial symmetry the derivation of an Energy-Morawetz estimate in 
K(a,m) for |a/m| « 1 requires a more refined analysis involving both the vectorfield 
method and Fourier or mode decompositions, see Tataru-Tohaneanu [70] for the first full 
quantitative decay result (see also Dafermos-Rodnianski for boundedness of solu- 
tions). The derivation of such an estimate in the full sub-extremal case |a| « m is even 
more subtle and was achieved by Dafermos-Rodnianski-Shlapentokh-Rothman [27]. A 
purely physical space proof the Energy-Morawetz estimate for small |a/m|, which extends 
the classical vectorfield method to include second order operators (in this case the Carter 
operator [13]) was pioneered by Andersson-Blue in [4]. Their approach has the usual ad- 
vantages of the classical vectorfield method, i.e it is robust with respect to perturbations, 
which is the very reason we pursue it in this paper. 


1.2.5 Linear stability of Schwarzschild 


A first quantitative proof of the linear stability of Schwarzschild spacetime was established 
by Dafermos-Holzegel-Rodnianski in [28]. Notable in their analysis is the treatment of the 
Teukolsky equation (TE) in a fixed Schwarzschild background. While TE is separable, 
and amenable to mode analysis, it is not Lagrangian and thus cannot be treated by 
energy type estimates. It is for this reason that relies on a physical space version 
of the Chandrasekhar transformation, which takes solutions of TE to solutions of Regge- 
Wheeler (RW), an equation which is manifestly Lagrangian, and in addition has a positive 
potential. Once decay estimates for the RW equation have been established!>| the authors 
recover the expected decay for solutions to the original TE. The remaining work in [28] 
is to derive decay for the other curvature components and most of the linearized Ricci 
coefficients associated to the double null foliation. This last step requires carefully chosen 
gauge conditions, which the authors make within the framework of a double null foliation, 
initialized by the given Cauchy да] of the fixed Schwarzschild background. 


effective method to derive decay estimates in the asymptotic region of black holes, as mentioned above. 
18Based on the technology developed earlier for the scalar wave equation in Schwarzschild. 
19Note that there is also a scalar condition for the linearized lapse along the event horizon (part of 
what the authors call future normalized gauge), itself initialized from initial data, see (212) and (214) in 
[28]. This gauge fixing from initial data leads to sub-optimal decay estimates for some metric coefficients 
(see (250)-(252) and (254) in [28]) and potentially for w, and is thus inapplicable to the nonlinear case. 
This deficiency was fixed in [33], by relying on a linearized version of the GCM construction in А 
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1.2.6 Linear stability of Kerr for small angular momentum 


The first breakthrough result on the linear stability of Kerr, for |a|/m < 1, is due to 
Ma [57], see also [29]. Both results are based on a generalization of the Chandrasekhar 
transformation to Kerr which takes the Teukolsky equations to a generalized version of 
the Regge-Wheeler (gRW) equation. Also, both methods depend on a combination of 
mode decomposition and vectorfield techniques similar to those developed for the scalar 
wave equation in slowly rotating Kerr. These results were recently partially") extended 
to the full subextremal range in [67]. 


The first stability results for the full linearized Einstein vacuum equations near Кетт(а, т), 
for |a|/m < 1, appeared іп [2] and [37]. The first paper, based on the GHP formalisnf?] 
see [32], builds on the results of while the second paper is based on an adapted version 
of the metric formalism and builds on the seminal work of the authors on Kerr-de-sitter 
[38]. Though the ultimate relevance of these papers to nonlinear stability remains open, 
they are both remarkable results in so far as they deal with difficulties that looked insur- 
mountable even ten years ago. 


1.3 Nonlinear stability 


1.3.1 Nonlinear stability of Schwarzschild 


The first nonlinear stability result of the Schwarzschild space was established in [50]. In 
its simplest version, the result states the following. 


Theorem 1.3.1 (Klainerman-Szeftel [50]). The future globally hyperbolic development of 
an axially symmetric, polarized, asymptotically flat initial data set, sufficiently close (in a 
specified topology) to a Schwarzschild initial data set of mass то > 0, has a complete future 
null infinity 77 and converges in its causal past J~‘(Z*) to another nearby Schwarzschild 
solution of mass ma, close to то. 


The restriction to axial polarized perturbations is the simplest assumption which insures 
that the final state is itself Schwarzschild and thus avoids the additional complications of 
the Kerr stability problem which we discuss below. We refer the reader to the introduction 
in [50] for a full discussion of the result. 


20The analysis of [67] is still limited to modes. The authors have however announced a full proof of 
the result. 
?! An adapted spinorial version of the NP formalism. 
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Recently Dafermos-Holzegel-Rodnianski- Taylor have extended the result of by 
properly preparing a co-dimension 3 subset of the initial data such that the final state 
is still Schwarzschild. Like in [50], the starting point of [80] is to anchor the entire 
construction on a far away] GCM type sphere, in the sense of [52], with no direct 
reference to the initial data. It also uses the same definition of the angular momentum as 
in (7.19) of [52]. Finally, the spacetime in is separated in an exterior region (620 М 
and an interior region ("0 M, with the ingoing foliation of "9 M initialized on a timelike 
hypersurface, as in [50]. We note, however, that [30] does not use the geodesic foliation of 
[50], but instead both "9M and (9M are foliated by double null foliations, and thus, 
the process of estimating the gauge dependent variables is somewhat different. 


1.3.2 Nonlinear stability of slowly rotating Kerr black holes 


In [53], we have stated the following theorem on the resolution of the Kerr stability 
conjecture for small angular momentum whose complete proof relies on [53], [51], [52], 
[66] and the present paper. 


Theorem 1.3.2 (Kerr stability for |a|/m < 1). The future globally hyperbolic develop- 
ment of a general, asymptotically flat, initial data set, sufficiently close (in a suitable 
topology) to а Кетт(ао, то) initial data set, for sufficiently small |ag|/mo, has a complete 
future null infinity L* and converges in its causal past J~'(Z*) to another nearby Kerr 
spacetime Kerr(as;, Moo) with parameters (ав, Mæ) close to the initial ones (ао, то). 


Yo “ 
лек 3 
= N, 


Figure 1.2: The Penrose diagram of the final space-time in the Main Theorem [1.3.2] 


Remark 1.3.3. The analog of our Main Theorem [1.3.2] in the context of the Einstein 
vacuum equation with a strictly positive cosmological constant, i.e. the nonlinear stability 
of the stationary part of Kerr-de Sitter with small angular momentum, was proved in the 
seminal paper [38] of Hintz and Vasy, see our discussion in section 1.1.4 in [58]. 


Z[Le. r > u, similar to the dominant in r condition (3.3.4) of [50]. 
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The proof of the Main Theorem rests on the following major ingredients: 


1. A formalism to derive tensorial versions of the Teukolsky and generalized Regge- 
Wheeler type (gRW) equations in the full nonlinear setting. The formalism, first 
introduced in [36], is self-contained and vastly expanded in Part I of this paper. 


2. An analytic mechanism to derive combined Morawetz-energy estimates for solutions 
of these gRW equations, based on an extension of the Andersson-Blue method, 
introduced in [4], to spin-2 wave equations in suitable perturbations of Kerr. This 
is developed in Part II of this paper. 


3. A dynamical mechanism for finding the right gauge conditions, based on GCM (gen- 
erally covariant modulated) spheres and hypersurfaces, in which convergence to the 
final state takes place. GCM spheres are codimension 2 compact surfaces, unrelated 
to the initial conditions, on which specific geometric quantities take Schwarzschildian 
values (made possible by taking into account the full general covariance of the Ein- 
stein vacuum equations), see the discussion in the introductions to [Dl], [52]. It 
is hard to overstate the importance of admissible GCM spheres, they are liter- 
ally the keystone of our entire approach to the proof of the nonlinear stability of 
Kerr. The related concepts of GCM admissible spheres and hypersurfaces (these 
are codimension-1 spacelike hypersurfaces foliated by GCM spheres, where addi- 
tional conditions are verified) have appeared first in in the context of polarized 
symmetry. The construction of GCM spheres, without any symmetries, in realis- 
tic perturbations of Kerr, is treated in [5]], and the case of spacelike GCM 
hypersurfaces is treated in [66]. 


4. A dynamical mechanism to identify the values of (ав, т.) and the axis of rotation 
of the final Kerr, see sections 3.2.4 and 8.5.2 in [53]. This is based on the fact 
that our GCM approach allows us to define the mass 7, as well as the angular 
momentum a in terms of intrinsically defined (using effective uniformization, see 


[52]) (= 1 modes of curl 8. This was introduced] in and used in 


5. As mentioned above, the main novelty of the GCM approach is that it relies on gauge 
conditions initialized at a far away co-dimension 2 sphere 5, with no direct reference 
to the initial conditions. This gauge choice needs however to be connected, somehow, 


?3See also chapter 16 of in the particular case of perturbations of Schwarzschild, where they appear 
instead under the name “teleological”. 

?^Note that our definition of angular momentum, see (7.19) in [52], is unnatural from a physical point 
of view (though very effective for our proof). A more realistic definition was introduced in [65], and 
another general definition can be found in [17], see also [69] for a comprehensive discussion of the subject. 

?5 As well as in in the particular case of perturbations of Schwarzschild. 
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to the initial conditions. This is achieved in both and by transporting” the 
sphere 5, to a sphere 5, in the the initial layer and compare it, using the rigidity 
properties of the GCM conditions, to a sphere of the initial data layer. This leads 
to a new foliation of the initial layer which differs substantially from the original 
one, due to a shift of the center of mass frame of the final black hole, known in the 


physics literature as a gravitational wave recoil. We refer the reader to section 8.3 
in [53] for the details. 


6. A precisely formulated continuity argument, based on a grand bootstrap scheme, 
which assigns to all geometric quantities involved in the process specific decay rates, 
which can then be dynamically recovered from the initial conditions by a long series 
of estimates, and thus ensure convergence to a final Kerr state, see sections 3.5 and 
3.7 in [53]. 


7. The continuity argument is based on the crucial concept of finite GCM admissible 
spacetimes М = (0 MU 4) М1) CP) М, see Figure|1.3] whose defining character- 
istic is its spacelike GCM boundary Уу. Note that the boundaries (0 ЛМ n (9) М 
and "0 М п CM are timelikd2”| and that (^P M is needed to have the entire 
space M causal. The regions («М and "0 M are separated by the timelike 
hypersurface 7 and the spacelike boundary A is beyond the future horizon H4 of 
the limiting space. Finally the region Zo, is the initial data layer in which M is 
prescribed as a solution of the Einstein vacuum equations. We direct the reader to 
section 3.2 of for more details on the construction. 


Here is a short summary of where these issues are dealt with in our work: 


e Papers [51], provide a framework for dealing with the issue (4), by constructing 
general covariant modulated (GCM) spheres, generalizing those used in the nonlin- 
ear stability of Schwarzschild in the polarized case in [50], in the asymptotic region 
of a general perturbation of Kerr. Paper also contains a definition of the angu- 
lar momentum for GCM spheres. Relying on these GCM spheres, spacelike GCM 
hypersurfaces are constructed in [66], generalizing the construction of GCM hyper- 
surfaces in polarized symmetry of [50] to the case of general perturbations of Kerr. 
These results are applied in [53] to the construction of the crucial spacelike GCM 
boundary У,, see section 8.4 and 8.5 in that paper. 


e Part I of this paper deals with issue (1) by developing a geometric formalism of non- 
integrable horizontal structures, well adapted to perturbations of Kerr, and use it 


?6That is, we transport the £ = 1 modes of some quantities from 5, to $1, see section 8.3.1 in [53]. 
27 Asymptotically null as we pass to the limit. 
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Figure 1.3: The GCM admissible space-time M 


to derive the generalized Regge-Wheeler (gRW) equations in the context of general 
perturbations of Kent] 


Paper [53] contains a precise version of Theorem[.3.2] definition of the main objects 
and a roadmap for the entire proof. The proof is split into 9 distinct steps, Theorems 
М0-М8, and full proofs are given to all but three of them. Theorems M1, M2 and 
half of M8 were carefully stated and their proofs were assumed as a blackbox and 
delayed to the present paper. 


Part II of the present paper deals with issue (2). It provides complete proofs of 
Theorems M1 and M2 mentioned above, by deriving estimates for gRW using an 
extension of the classical vectorfield method] based on commutation with a non- 
linear version of the Carter operator. In the context of the standard scalar wave 
equation in Kerr, such an approach was developed by Andersson and Blue in their 
important paper [4]. 


The nonlinear terms present in the full version of the gRW equation derived in [36], 
as well as those generated by commutation with vectorfields and second order Carter 


28Т the linear case, recall that complex scalar versions of such equations were derived in [57], see also 
[29], based on an extension of the physical space Chandrasekhar type transformation introduced in [15]. 

2°The results on decay in [57] and [29], on the other hand, depend heavily on mode decompositions 
for the linearized gRW equations in Kerr, an approach whose generalization to the full nonlinear setting 
seems to present substantial difficulties. 
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operator, are treated in a similar spirit] as the treatment of the nonlinear terms in 
[50], by showing that they verify a favorable null type structure. 


e Part III of this paper gives a full derivation of the estimates for the top derivatives 
of the curvature components, i.e. a proof of the second part of Theorem M8 stated 
without proof in Theorem 9.4.15 in [53]. 


In the remaining part of this introduction, we give a short presentation of the main 
ingredients of this paper and refer to the introduction in for a presentation of the 
other steps in the proof of Theorem |1.3.2) i.e Theorems M0, МЗ-МТ, and the first part 
of M8. 


1.4 Geometric set-up 


1.4.1 Spacetime М 


The geometric setting of this paper consists of ап Einstein vacuum Lorentzian manifold 
(M,g) with boundaries equipped with the following: 


1. A regular horizontal structure defined by a null pair (єз, ед), and the space H or- 
thogonal to it. Note that the horizontal structure considered here is not integrabld?!] 
The formalism of non-integrable horizontal structures, on which of our entire work 
is based, is developed in full in Chapter 2. Chapter 3 contains a description of the 
standard non-integrable horizontal structure of Kerr. 


2. Two constants (а, m) with |a| < m, two scalar functions (т, 0) and a time function т 
on М. In addition, М possesses a horizontal complex 1-forn?| 3, used to linearize 
all horizontal 1-forms in perturbations of Kerr. 


З. Boundaries given by ФМ = AU X(r,) ОУ, U X(1) where 
e A is the spacelike hypersurface given by 
А = Mnf{r=r,(1—dx%)}, гу := т + vm? — а?, 


39 We note however that Theorem M2 is treated different here, see discussion below. 

3lIn other words, the space H forms a non integrable distribution. The formalism was originally 
mentioned in [40] and developed in [36]. 

З Ву this, we mean {ў = j +i *j where j is a real horizontal 1-form. In Kerr this quantity is specifically 


introduced in Definition 
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where бу > 0 a sufficiently small constant. 


e X(1) and Х(т,) denote the spacelike level hypersurfaces т = 1 апат = 7,, with 
T,» 1апа 1< 7 € т, on М. 


e X, is a uniformly spacelike hypersurface connecting X(1) to Х(т,). 
4. Two spacetime regions "9 М and (€? М such that 
M= (int) M U (ext) M, (ext) АД = Moses (int) АД = Maps; 
where 70 > m is a sufficiently large constant. 


Remark 1.4.1. Note that the spacetime M considered above does not require any specific 
gauge conditions. Indeed, in this paper, we only provide gauge independent curvature 
estimates. The control of Ricci coefficients is provided in where specific gauge choices 
are made, see section 2.3 and 2.8 for the definitions of PG and PT structures in [53]. We 
also note that the scalar functions т,б апат are not aligned with the frame, i.e. unlike 
in the stability of Minkowski space, in [23], and all other subsequent шот our frames 
are in no way adapted to foliations. 


The function т is used to define the regions of integrations M(7,,72) where 7; € Т < т. 
We also define the following significant regions of М, see Definition [9.1.2] 


Definition 1.4.2. We define the following regions of М: 


1. We define the trapping region of M to be the set 


| 


r3 


1 
Merap = MT) { < 2 ; Otrap = 4n 


10” 


where Т = T = r? — Зтт? + ат + та?. This is the region that contains all trapped 
null geodesics, for sufficiently small a/m. 


2. We denote ш! the complement to the trapping region Мазар: 


3. We denote Мы :— М П {т < r,(14 20,22) Yi for a sufficiently small constant 
Ôrea > 0, the region where the red shift effect of the horizon is manifest. 


33We note however that in the treatment of the Regge Wheeler equation in Chapter 10 of [50] the 
foliations used are also not aligned with the frame. 
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1.4.2 Ricci and curvature coefficients 
Definition of the Ricci and curvature coefficients 


We can define, with respect to the horizontal structure associated to (ез, ед), connection 
and curvature coefficients similar to those in the integrable case, as in [23], 


1 1 

Xab = g(D.es, e), Xab = g(D.e, 65); F = 58(Dses, ey), Ea = 26 Әле, ёа), 
1 1 1 1 

ш = 78(0зез, ел), ш = 78046, ез), П = 58(Dues, ёа), Tla — 5 8(Dse, ба), 


1 
Ça == 58(0ае4, ез), 


1 1 1 
~Ra334, Qab = R35, p= Кдз, "p = А * R3434, 


1 
Qab = Rasta, Ва = 2 базы, В, = 2 4 


and derive the corresponding null structure and null Bianchi equations, see Propositions 
and The non-symmetric 2 tensors x, are decomposed as follows. 


Lap + Tatry + 1e, Ot ЖЕКТЕ 
ab = а 5 даь" г <a rX, a даь‘ ^5 <a TX; 
Xab Xab T дай” X T 2 Sab X Ха” Xap T оба T XT © X 
where the scalars tr x, tr x and (гу, (try are given by 


tr x := 09 y ab: trx = as ae Mery =E% Xab, try =" ao 


Remark 1.4.3. Тһе non integrability of (ез, ед) corresponds to the non vanishing try 
and try. A well known example of a non integrable null frame, is the principal null 
frame of Kerr for which “try and try are indeed non trivial, see section 


1.4.3 Frame transformations 


To start with, given an arbitrary perturbation of Kerr, there is no reason to prefer an 
horizontal structure to any other one. It is thus essential that we consider all possible 
frame transformations from one horizontal structure (ел, еҙ, H) to another one (е), еҙ, H’) 
together with the transformation formulas Г ^ I", R — R they generate for the Ricci 
and curvature coefficients. The most general transformation formulas between two null 
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frames is given in Lemma 2.2.1 in [53]. It depends on two horizontal 1-forms f, f and а 
real scalar function A and is given by 


1 
е, =r (e + f’es + Э ; 
1 1 1 1 
е”, = Е + ih) ep 4d 27,44 | (5h + 8 iret) €3, (1.4.1) 


&- (о АР) 8+ (P+ Р) о еа). 


The very important transformation formulas Г —^ I", А — Б. аге given in Proposition 


2.2.3 of [53]. 


1.4.4 Basic equations and complexification 


The null structure and null Bianchi equations verified by the Ricci and curvature coeffi- 
cients are derived in sections 2.2. These equations simplify considerably, see section 2.4, 
by introducing complex notations: 


A:=ati*a, B:=6+i"B, P:=pt+i"p, B:=6+i*B, А:=а+і *а, 
Ae yt", AXON, Beg р. Bape, 2:=с+1*С, 
ESofcri'C, Ш:=&+1^{, 
where * denotes the Hodge dual as defined in Definition In particular, note that 
ЫХ —trx —i(9 try, trX = Пе (try, while X and X denote the symmetric traceless 
part of X and X respectively. Further useful simplifications of the equations can be 


obtained with the help of conformally invariant derivative operators introduced in section 
2.2.9. 


1.4.5 Kerr and O(c)-perturbations of Kerr 


The preferred (principal) null pair of Kerr is given in Boyer Lindquist coordinates by] 


т? + а? А а r? + а? 
д, д, ду, = 
E ^p^ tug | А 


ед = 


a 
д, — д, + 9; 


34There is an indeterminacy in the principal null pair as one may replace (еҙ,ед) with (A~‘e3, Аел) 
for any А > 0. The formulas provided here correspond to a choice of А > 0 ensuring Әҙеҙ = 0 and 
thus w = 0, € = 0, which is regular across the horizon towards the future. This is called the canonical 
incoming null frame of Kerr. 
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The horizontal structure associated to this null pair is spanned by the vectorfields 


n дыка 1 


+ - . 1.4.2 
er asin 5 


The complexified Ricci and curvature coefficients take a particularly simple form in Kerr, 
relative to the above principal null pair, see Section 


X-X-E-E-w-0 A=B=B=A=0, 
and 
2Ag 2 2 
trX — 1 trX = —-, = Ж 
|414 of 
de H = — J, 2 = — 3, 
lal? lal? lal? 


where 4 = r + iacos@ and A = т? + a? — 2mr, relative to the Boyer-Lindquist (BL) 
coordinates (r,0), and where the horizontal complex 1-form J is given, relative to the 
horizontal basis (еу, е»), by the formula 


sin 0 
4 


T isin 0 
= т 
[1 


Relative to the ingoing frame (ез, ел) and complex 1 form J the Killing vectorfields Т and 
Z take the form 


1 A 
T-- (в + — e3 — мао) А 


2 lal? vas 
ans л 
2 = 5 Ей + а?)%(2)°еь — a(sin 0)?e4 — аа) | 
q 


The same formula is used to define approximate Killing vectorfields in perturbations of 
Kerr, see Definition [4.3.1] Note that Т becomes spacelike in the ergoregion ||? < 2mr. 


A spacetime M, endowed with an horizontal structure (e3,e4,H) is said to be an O(e) 
perturbation of Kerr if all quantities which vanish in Kerr are O(e), and if all other 
quantities stay bounded in an О(е) neighborhood of their corresponding Kerr values. 
The definition is, of course, ambiguous in the sense that any other horizontal structure 
(ез, ел, H’) connected to (ea, e4, H) by the frame transformation with f, f = О(є) 
and А = 1+O(e) is also an O(c)-perturbation of Kerr. Nevertheless the definition is useful 


35To make this precise, we also need a definition of functions (r,0) and of a complex 1-form jj, see 


section 
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in that it brings to light the remarkable fact that the extreme curvature components are 
in fact O(c?) invariant. This can be easily seen from the transformation formulas 


Хо = at (798 — *fB"B)+ (rar -5'/8 Ü p* 58 f) 9506), 


/ = * Lo ж Z 1 жұ ж 3 Сож ж 
Mal = a+ (f&8 — *f8'8) + (787-5 'f8 'P)e S (F8 f) +O), 
see Proposition 2.2.3 of [53]. 


Remark 1.4.4. It is this fact that allows us to treat a,a differently from all other quan- 
tities, by choosing frames best adapted to their analysis. 


1.4.6 Linearization of the Ricci and curvature coefficients 
Definition of linearized quantities 


Since the quantities Ax. Ş, E, E, w, A, B, B, A all vanish in Kerr, it suffices to linearize 
the remaining quantities, i.e. trX, trX, w, H, H, Z and P. The linearization is given by 
subtracting the Kerr values as follows, see section [4.1.1] 


444” 4 go 2 lal? 
a = aq n aq ~ 
=н 0109 He H+ 22-78 


Notation (Г, Гь) for Ricci coefficients 


We group the linearized Ricci coefficients in two subsets reflecting their expected decay 
properties, see section [4.1.2] 


Г, = lex, X, trX, H, Z, 0, E 
ГЬ == {Х, Н, ©, EL 


Remark 1.4.5. In fact, (Г,, Гь) also include the linearization of the derivatives of the 
scalar functions (r,cos0), and of the complex horizontal 1-form 3, see section [4.1.4 
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The justification for the above decompositions has to do with the expected decay proper- 
ties of the linearized components in perturbations of Kerr, with respect to т and т. More 


precisely, see (11.1.1), 


< А 
|ә Tr, < emin fr 2771/2 баес) rd ке, 


[0®°Г‚| < er lp lo den 


(1.4.5) 


for a small constant gec > 0, where 0 = {V3,rV4,rV} denotes weighted derivatives, and 
є > 0 is a sufficiently small bootstrap constant. We note also that the curvature com- 
ponents А, "В behave in the same way as Гь, while r(P, B, A) behave like T}. Moreover 
A, B get the optimal decay in powers of r, i.e. 


AL [BI 5 ere. 


1.5 Main theorems 


We refer to section 3.4 of for a precise statement of our Main Theorem concerning 
the stability of Kerr and to section 3.7 of the main steps in the proof. Here we 
concentrate on a simplified set of assumptions needed for the proof of Theorems M1, M2 
and the curvature estimates for Theorem M8. 


1.5.1 Smallness constants 


The following constants are involved in the statement of Theorems М0-М8, see section 
3.4. in jog}: 


e The constants mo > 0 and |а| < то are the mass and the angular momentum of 
the Kerr solution relative to which our initial perturbation is measured. 


e The integer Ке which corresponds to the maximum number of derivatives of the 
solution. 


e The size of the initial data perturbation is measured by єє > 0. 
e The size of the bootstrap assumption norms are measured by є > 0. 


e то > 0 is tied to PMN (604 = {r = ro}. 
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e The constant бу tied to the definition of A = {r = r,(1 — ӧн) }. 


ө gec is tied to decay estimates in т for the linearized quantities of section [1.4.6] 


These constants are chosen such that 


0 < dy, дас K шіп{ то — |ao]|, 1}, 


1 1.5.1 
ro > max(mo, 1}, Шаға > i ( 
аес 
Then, є and eg are chosen such that 
. 1 1 
0 < €o, e K min 4 дес, —, ——,mo — laol, 1 >, (1.5.2) 
То Klarge 
€0,€ « lag| in the case ay Z 0, (1.5.3) 
and 
2 
€ — ej. (1.5.4) 


Also, we introduce the integer ksma which corresponds to the number of derivatives for 
which the solution satisfies decay estimates. It is related to kiarge by 


1 
Қанай = EOM +1. (1.5.5) 


From now on, in the rest of the paper, < means bounded by a constant depending only 
on geometric universal constants (such as Sobolev embeddings, elliptic estimates,...) as 
well as the constants 


то, Go, ӧн, баес, 70, Klarge, 


but not on є and со. 


1.5.2 Initial data assumptions 


The initial data norm denoted Бу Jų, measures the size of the perturbation from Kerr at 
т = 1, for the top k derivatives of the curvature tensor} 


36The definition used here differs slightly from the one in Definition 9.4.9 in [53], but easily follows 
from it by a local existence argument. 


1.5. MAIN THEOREMS 43 


Definition 1.5.1. We define the following initial data norms on У 


" 5 
= sup r2» (ок (Bus + о“ Bll acs) 


2|là4k 5 k " (1.5.6) 
+ sup (I^ Pls ll^ В| е, + l Allia). 


In this paper, we make the following assumption on the control of the initial data погщ{ 7] 
Jkiarge+T < 60. (1.5.7) 


The bound (1.5.7) will be used both in Part П and Part ІП as assumptions on the initial 
data. 


1.5.3 Quantitative assumptions on the spacetime М 


The quantitative assumptions made in this article depend on a large positive integer 
kz, representing the maximal number of derivatives for the linearized Ricci and curva- 
ture coefficients (Г, R) which are required in the proof. There are in fact two types of 
assumptions: 


1. For the proof of Theorem M1 and M2 of [53], we rely on the following pointwise 
quantitative assumptions on Гь and Г,, for k < kz, 


i 
(5а ib rri Has) оГ, <e, 


(1.5.8) 
oT, | < €. 


rp itddec 


2. For the proof of the curvature estimates of Theorem М8 of [53], we introduce 
weighted energy-Morawetz type norms for curvature and Ricci coefficients, denoted 
respectively by 23; and 6%, see section [13.5] for the precise definition. We then rely 
on the following quantitative assumptions on Ry, and 6; 


%,-%, <6 O<k<kz, (1.5.9) 
as well as the following pointwise quantitative assumptions on Гь and Г, 


r^r, +r T| < aie 0<8< Ee (1.5.10) 


trap 


37The original assumption on initial data in [53] is stated for kiarge + 10 derivatives, see (3.4.7) in that 
paper, in a given frame of an initial data layer (ао, mo). The control in the frames used in this paper are 
obtained in Theorem МО of section 3.7.1 in [53], and in Theorem 9.4.12 in for kiarge + 7 derivatives. 
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where the scalar function Tirap defined by 


1++т on Mirap, 
Ttrap = 1 on Mak 


The integer kz is chosen as follows: 


e For the proof of Theorem M1 and M2 of (restated in Theorem [1.5.2] and [1.5.3] 
below), we choose kr = ksma + 120. Then, follows by interpolation from 
the bootstrap assumptions (3.5.1) (3.5.2) in together with the construction of 
the global frame in section 3.6.3 of [53], where (3.5.1) in [53] are bootstrap assump- 
tions on boundedness for k < Куе derivatives, and (3.5.2) in [53] are bootstrap 
assumptions on decay for k < ksmaų derivatives. 


e For the proof of the curvature estimates of Theorem M8 (see Theorem [1.5.4] below), 
we choose ky = Каде + 7. Then, follows from the bootstrap assumptions 
(9.4.20) of together with the construction of the global frame in section 9.4 of 
[53]. Also, (1.5.10) is a non sharp consequence of the bootstrap assumptions (9.4.22) 
in [53] together with the construction of the global frame in section 9.4 of [53]. 


1.5.4 Statement of the main theorems 


Recall that the nonlinear stability of the Kerr family for small angular momentum, i.e 
la|/m < 1, is stated in the Main Theorem in section 3.4 of [53]. The proof is divided 
in a sequence of nine intermediary steps, called Theorem M0-MS, see section 3.7 in [53]. 
The goal of the present paper is to provide the proof of Theorems M1 and M2 as well the 
curvature estimates of Theorem MS8, which were stated without proof in Theorem 9.4.15 
of and all involve curvature estimates of hyperbolic type. 


Theorems M1 and M2 


In what follows, we restatd™| Theorem M1 and M2, see section 3.7.1 in [53]. 


Theorem 1.5.2 (Theorem M1 in [53]). Assume that the spacetime M as defined in 
section verifies the quantitative assumptions (1.5.8), and the assumption (1.5.7) on 


38A more precise statement is given in Theorems|11.7.1| and |12.4.4 
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initial data. Then, if ceo > 0 is sufficiently small, there exists extra > Odec such that we 
have the following estimates in М, for all k < ky — 20, 


r?(2r + т) + бешға 3 1 
E Qr + c) | (Io* AL rf" Va AI) S ео. 
sup (ЧЕ СЕ" + әд, + ryttere) (редат vaa) S eo 


Also, the quantity q introduced below, see section 1.6.1, satisfies, for all k < ky — 20, 
ri |Vao*-1qp < p ae, 
x; (27) 


Theorem 1.5.3 (Theorem М2 in [53]). In addition to the assumptions of Theorem|1.5.2| 
we make the following аѕѕитрііот on У, 


min т > degr} t’ (1.5.11) 


ж 


for some small universal constant д, > 0. Then, we have the following decay estimates 
for A along X, 


VAP 5 6. 


max т?ї?%аее 
O<k<kp—40 Ју, 


Both results are proved in Part II of this paper. 


Curvature estimates in Theorem M8 


Theorem M8 in is proved through an iteration procedure described in section 9.4.7 
of [53]. The control of the Ricci coefficients have been derived in Chapter 9 of [53]. In 
the present paper, we derive the remaining estimates for the proof of Theorem MS, i.e 
the estimates for curvature stated in Theorem 9.4.15 of [53]. To this end, we introduce 
weighed L? type norms $1; and 6; respectively for curvature and Ricci сое сіепі апа 
decompose 9%, and 6; in their restrictions "094, HG to CƏM апа (8094, (0) to 
(егі) М, see section [13.5] for the precise definition of these norms. In view of the results in 
Chapter 9 of [53], the proof of Theorem 8 reduces to the following result on the control 
of the curvature norm $5. 


Theorem 1.5.4 (Theorem 9.4.15 of [53]). Assume that the spacetime M as defined in 


section verifies the quantitative assumptions (1.5.9) (1.5.10) for kr, = kiarge +7, and 


3°This is the dominant condition of т on Ux, see (3.4.5) in [53]. 
40 As well as derivatives of (т, соѕ 0) and 3. 
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the assumption (1.5.7) on initial data. Let ki —1 < J < kiarge +6. Then, we have the 
following boundedness estimates for all components of curvature 


PHONE a COS + Ял) + e Jr 8) + la|r365 ,; 


27 8 i 
Tx С + ej 65744 + Ян) 


(ext) gn2 3+6B (int) сұ 2 —óp (ext) д2 2 
Riu 57% Ялы t To бун + 60; 


where the constant in < is independent of ro and єз is such that 67 + Ry < ej. 


Part III of this paper is entirely dedicated to the proof of Theorem [1.5.4] 


1.6 Derivation and estimates for the gRW equations 


1.6.1 Teukolsky and gRW equations in our approach 


In section we derive, using the formalism developed in the previous sectionq?] the 
nonlinear version of the Teukolsky equations for A and A of the form 


LJA] = Emi£[A]. ДА = Еъ[4[А], (1.6.1) 


where 2, 2 are second order tensorial wave operators оп our spacetime M, and where 
Err[£[A]], Err[ ДА) are nonlinear errors depending on all linearized Ricci and curvature 
coefficients. 


Just as in linear theory, to be able to control A, А we need to perform transformations 
q = [А], а = 9А], which take solutions A, А of the Teukolsky equation (1.6.1) into 


solutions of nonlinear, tensorial, versions of Regge-Wheeler equations, which we call gRW 
equations. 


In the setting of polarized perturbations of Schwarzschild [50], the derivation of the RW 
equation {д was performed using null frames, which had the feature to be both adapted 
to an integrable foliation and diagonalize the curvature tensor up to error terms. One 
could thus rely on the geometric formalism developed in the context of the proof of the 
nonlinear stability of Minkowski space [23]. In the present paper, we rely on an extension 
of the formalism of [23] which allows for non integrable null frames and is presented in 


41 This follows from the complex form of the null Bianchi identities, see Proposition [2.4.11 
42 Хобе that did not rely оп q. 
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Chapter |2| Our results on the derivation of gRW in perturbations of Kerr are obtained 
in Chapter [5] and can be summarized as follows. 


Theorem 1.6.1. There exist complex 2 tensors 4,4 € $2(C) derived from A, A as follows, 


= qj (OV; OVA + C1 OV3A+ ОА), 


q 
1.6.2 
4- aq (OVOVA+C, УА C34), (1.6.2) 


where q = т + їасоѕ0 (OV4, (OW, are conformal derivatives, see section|2.2.9, and 


(а) try2 
Ci = 2try —2 — 4i (try 
1 3 (©ту (а) уЗ 
Cy = =try? — AO tn? + 5 e: i| —2trx try +4 "X З 
2 = ^ 2 их = = ігх (1.6.3) 
)try2 
C, —2trx—2 == 4i try, 
trx 
1 3 (а) 4 (а) 3 
Cy = =try? – AQ try? + > as +i ( —2tr x try +4 2 ; 
2 2 try? iry 


which verify gRW equations of the fornt?] 


І “Аа cos 6 : 
20 — Tae at – Vq = L4[A] + Ет], 
е PUE 
20 + a ad —Vq= ГА) + Етті 29], 


with Т defined as in (1.4.4). The potentials V,V are real and positive and the terms 
L4[A], L4[A] are linear in А, resp А and have have important specific properties described 


in. detail in inue ШЕ qu EE Finally the error terms Ета], Err[E 2q] de- 
d k cu 


pending on all linearized Ricci and curvature coefficients are acceptable error terms, i.e. 
they verify important structural properties, reminiscent to the null condition. 


Remark 1.6.2. Due to the presence of the linear terms in A, resp. A, on the right 
hand side of (1.6.4), one has to view the wave equations in (1.6.4) as coupled with the 


defining equations for q, q given by (1.6.2), that is coupled" with second order transport 
type equations in A, resp. A. 


43Here Го is the covariant wave operator for horizontal 2-tensors, see section 
44This is different from the case of Schwarzschild, see [50], where these equations decouple. 
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Remark 1.6.3. Note that, in the case of Kerr, the corresponding gRW type equations in 
are complex scalars w+! verifying the equationd | 


amp + та e(r, oja E F V(r, oy = аг (а). (1.6.5) 


These scalars are connected to our tensorial quantities 4,4 via the relations wit] = q(ei, ei), 


01-1 = q(e1,e1). The equations (1.6.5) can be obtained by projecting our tensorial equa- 
tions (1.6.4). Note however that the projection modifies the equations by the appearance 


of Christoffel ѕутђо of the horizontal fram] 


1.6.2 RW model equations 


The most demanding part in the analysis of the gRW equations is to derive global 
Energy-Morawetz type estimates for (9, А) and respectively (9, А). To do this, it helps 
to analyze first the reduced equations in which the right hand side of both equations are 
treated as sources. Taking also Y = R(q), v = R(q) we are led to the real RW model 
equations Е i 


4 0 AA 
a) — Vi = —— 7 "Vg +N, V =o oe 
: 4 0 4A d 
ир Vy = F уру +N, V= 


41 (r? + a?)|g|* 


A significant part in the proof of Theorems|1.5.2 is to derive the following result for 
V, V. 


Theorem 1.6.4. The following estimates hold true for solutions t,» € $5 of the wave 
equations (1.6.6) on spacetime region M (ri, то), for alld < p < 2—6 and 2 € s € kz, 


ВЕР (т, 72) 5 Е Ф(та) + Nol, М(т, т), (1.6.7) 
BEF (т, т) 5 Ет) + Л, (т, 72), (1.6.8) 

шћете 
БҰРДЫ т = sw ЕДИК) + Bell mire) + тъ). (69 


“5With Oa,m the Kerr D’Alembertian, с, V are real function of 7,0 and L4 (al?) lower order terms. 
46Singular on the axis, іе. at 0 = 0,7. 
47See Section for a discussion of the projection and the relation with equation (1.6.5). 
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The energy flux norms ЖӘЙ, Fiy], bulk norms B5[v] and source norms ND with p 
referring to 7? weights and s to the number of derivatives, are defined in section [6.1.5] 
For the sake of this introduction it suffices to take a closer look at the crucial bulk terms 
B5, which degenerate at the trapped set Mirap, see Definition [1.4.2] 


Definition 1.6.5. For 0 < р < 2 we define, with d = (rV4,rV, Уз), the bulk norms 
В Ут, 72) = Vacs Bo[0^v] 


Byv](n,T») :— Моб], тз) + f 


M Am (71,72) 


rI д e r7? (ov)? + P), 


Ми (тыл := f, NM LE / (IVa er vp). 


M у (71,72) 
T 


Figure 1.4: The spacetime region M(t, 72) = MM (ry € T € т} between the spacelike 
hypersurfaces Уу = (rı) and X; = X (3), with the grey region denoting the trapped set. 


The important thing in this definition is that B,|v| controls the spacetime integrals of 
IV av|? and ||? everywhere and all other derivatives away from the trapped set. 


In addition, we also derive estimates for the quantity ф = r?(eqU + we”) for which one 
can prove stronger r? estimated] see Theorem [6.2.2] 


48These results are the analog in perturbations of Kerr, to Theorem 5.17 and Theorem 5.18 of [50] for 
perturbations of Schwarzschild. They are based on improved r? weighted hierarchy first introduced in 


БІ. 
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1.6.3 Main steps in the proof of Theorems M1 and M2 


The proof of Theorem is by far the most demanding part in the proof of Theorems 
1.5.211.5.3| We provide an introduction to some of the main ideas of the proof in section 


To extend Theorem [1.6.4] to the full gRW equations (1.6.4), we have to control the terms 
Nala, N](r1, 72) with N = L,[A]+Err[Oeq] and Ла, N](71, 72) with N = L,[A]+Err[Dq] 
for the second equation. This is done in steps by first eliminating the linear error terms 
on the right hand side of our two gRW equations and then eliminating the remaining 
nonlinear quadratic terms. The procedure for doing this differs substantially for the two 
equations. 


Estimates for (q, A) 


The procedure of eliminating the error term N = L,[A] + Err[Llgq] requires the use a 
global frame of M for which we Һау] 


H cr. (1.6.10) 


Step 1. To eliminate the contribution of the linear term L,[A] one has to first derive esti- 
mates for A using the second order transport equations which defines q. In the particular 
case of Kerr, we can write, see Proposition 5.2.4| 


E = 
OV, (Ov, (54) = 4533. 

The above factorization" |is used to derive appropriate ВЕР» estimates for A in terms of 
q. These can then be combined with the estimates derived in Theorem [1.6.4] to obtain 
estimates for the norms ВЕ А, q] depending only on the the nonlinear error terms, see 
Theorem We note that the smallness of a and the specific structurq?!] of the top 
terms Г. [А] is also essential in controlling? the terms in A [q, L4[A]](7i, т»). 


49We remark that if Ё € Гь, we cannot even derive a Morawetz estimate. 
99In perturbations of Kerr, to avoid the presence of unacceptable nonlinear error terms, we use instead 
the following modified factorization, see Lemma |11.1.3 


tx)" r? 
(Ow, | (Ow (tr X A FA = p oS1(T,- A 
(9 Cice) © э жана 
for an appropriately defined scalar function F. 

51This is needed to control the corresponding energy estimates. 

52This requires several integration by parts. 
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Step 2. To eliminate the error terms Err[D5q] in е q equation we proceed as in [50]. As 
mentioned above, it is essential that the analysis is done in a global frame of M for which 
Н € Г». One can show that Err[Lloq| can be written in the form, see equation (5.2.13), 


ЕГ] = r?o**(T, - (А, B)) + Va(r?o** (Ds - (A, B))) - 98 (T, а) + Po? (Dy T, T). 


Step 3. Given the above form of Err[Lleq] we are able to derive estimates for the norms 
ВЕР |9, A] for 6 < p € 2— д. Additional improved т? estimates are then obtained for the 
quantity d = r?(Vaq + pra). 


Estimates for (q, A) 


We rely on a different global frame of M for which we have, in (9M, 
-0 H=0. (1.6.11) 


[1] 


Remark 1.6.6. We note that the temporal frame of (0 М (see Definition 9.1.1 in [53]), 
in which the top derivative estimates in (0 ЛА for the linearized Ricci coefficients were 
derived, verifies these properties. The conditions can in fact be relaxed, i.e. 
eer Ty, He r-T, suffice. 


The structure of the error terms Err[C 29], in that frame, turns out to be more subtle 


than that of Err| 24|, as it depends in an essential way on the fact that the quantities 
Ay, By, Pa, introduced? in section have improved decay properties in r. Similar 
improvements appear in the null structure equations, see Proposition Thus, for 
example, the quantities (0V,trX + ХХ апа ©\,Х + 7179.4 X have better decay 
properties than respectively © V4trX and OX . These improvements? carry over 
various quadratic and cubic error terms appearing in Err| 29]. Using these facts we can 
show that - 


Ег] = r^e*?((A, В). A) +° (Ts - Tg). (1.6.12) 


Step 1. The simplest way to factorize q in Kerr is given by, see Proposition 5.3.4] 


q^ q 
"Әу, (e (eve 5a) ) = 28. 
r q7 


5ЗТ the case of integrable S-foliations these notations were introduced in [23], Chapter 7. 
54Similar improvements, in the particular case of perturbations of Schwarzschild, are used to treat the 
corresponding error terms in the estimates for the quantity corresponding to д in |301. 
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The above 2. used to derive appropriate ВЕР» estimates for A in terms of 
4. The contribution to Л [9, N](71,72) due to L4[A] can then be absorbed exactly as in 
the case of q. 


Step 2. Given the form (1.6.12) for Err[C 29] we can only derive estimates for the norms 
BEF?|g, A] for ó < p € 1—6. 


Proof of Theorem [1.5.2 


Once full r? weighted estimates for (q, A) are derived, the proof of the estimates of The- 
orem M1 follow steps similar to those used in Chapter 5 of [50], see section for the 
details. 


Proof of Theorem 11.5.3 


Given that we only derive estimates for the norms ВЕР д, A] for 6 € p < 1— ô, we obtain 
at first insufficient decay estimates in т for (д, А). However, we can show that higher 
{Ly derivatives of (q, А) decay faster in powers of т. Using this observation, we obtain 
suitable decay in т for the flux of (22,4, £2.A) along X,. We then rely on this result, 
and on some version of Teukolsky-Starobinsky providing an identity between q and A to 
recover the desired decay estimate for A on У, stated in Theorem M2, see section [12.4] 
for the details. 


1.7 Main ideas in the proof of Theorem [1.6.4 


In the polarized situation of where the wave equatior?)| for q decouples, linearly, from 
the transport equation for A, the proof of the analogue of Theorem was done as 
follows: 


557 perturbations of Kerr, to avoid the presence of unacceptable nonlinear error terms, we use instead 
the following modified factorization, see Lemma 12.1.2 


Х|? Х| 
а = gg ( Әу ох HAT) (oy, cog — SHAT) 44 r^o* (T, - To). 
id 2tr x 2tr x 


56We note that in the quantity q was not actually used. 
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e An adapted physical space approach based on Morawetz-Energy, red shift and r?- 
weighted estimates which extends the treatment of the linearized RW equation in 
Schwarzschild in [28] to the full nonlinear setting. 


e Exploit the specific null structure of the nonlinear error terms. 


e Once we control q, we then estimate A using the corresponding second order trans- 
port equation. 


To pass to the case of perturbations of Kerr, one encounters the following additional 
problems: 


1. Complicated nature of the trapping region. This is the region of the domain of outer 
communication r > r, which contains trapped null geodesics. For small |a|/m one 
can sho that all such geodesics are included in the set Mirap, see Definition 


2. Presence of a non-trivial ergoregion. This is the region of r > r, where T is 
spacelike. 


As mentioned earlier, to treat these difficulties in linear theory, [57] and [29] rely on 
methods, first used in the context of the scalar wave equation in Kerr, based on mode 
decompositions and construction of vectorfields adapted to different modes. It is however 
not clear how to extend this method, without loss of derivatives, to general perturbations 
of Kerr. 


In our оти? we rely instead on a physical space method introduced by Blue and Ander- 
sson in [4] in the context of the scalar wave equation Oa = 0 in Kerr(a, m) for small 
|a|/m. In the next section, we provide a very short review of this method in the simplest 
case of a scalar wave equation in Kerr. 


1.7.1 Andersson-Blue method 


The crucial new idea in [Д is to supplement the existing Killing vectorfields of Кетт(а, т), 
ie. T = д, and Z = д, in Boyer Lindquist (BL) coordinates, with a second order operator 


57See a discussion of trapped null geodesics in Kerr in section [3.8.3] Note that the trapped set reduces 
to the hypersurface r — 3m in the case of Schwarzschild. 

55We need in fact to adapt the the method of [4] to the far more difficult case when the metric is a 
perturbation of the Kerr metric, ~ is a 2-horizontal tensor rather than a scalar and the gRW equation 
contains additional linear terms. 
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К = D4(K^^Dg) which commutes with the scalar wave operator Oam. Here Kag is a 
Killing tensor, ie. symmetric and verifying D(,K,g) = 0. Note that if X,Y are Killing 
vectorfields, their symmetric tensor product 2(Х QY +Y & X) is automatically a Killing 
tensor but the remarkable thing about Kerr, discovered by Carter, is that it has an 
additional Killing tensor which cannot be reduced in this manner to Killing vectorfields. 
Relative to the basis (1.4.2), the Carter tensor takes the form 


К = —a? cos? 0g + О, О = || (ex & e + ез 8 e2). (1.7.1) 


The associated second order operator О = D4(O^?Dg) verifies itself a commutation 
property with Dam 


[O, lq] Oam] = 0. 
In their work, Andersson and Blue introduce the set of second order operators 
Sa = Do(S2^Dg), a= 1, 2,3,4, 


associated to the Killing tensors 


1 
{з =Т®Т, 5,-:4(Г9242өТ), $%=а°2®7, о), (1.7.2) 


which commute with |g|?L]. Thus if w is a solution to Пар = 0, so are Фа := б for 
а= 1,2,3,4. 


It is important to note that O appears naturally in the expression of the the inverse Kerr 
metric in BL coordinates, see Lemma [8.51 


аре" = AO LR (1.7.3) 
with the 2 tensor e^? a linear combination of the tensors Sa of the form 
RÊ — RSS. 
with coefficients R! = —(r? + a?)?, R? = —2a(r? + a?), RÈ = —a?, R* = А. 


The main idea in [4] is to derive a Morawetz-Energy integrated spacetime estimates for an 
appropriate combination the set of solutions (v, Ya = S,v|a = 1,2,3,4}. This is done, 
roughly, as follows. 


Step 1. Integrate by parts an expression of the form 


: 1 
[dz Qm pm) noun 
Mera) 2 


a,b=1 
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for Morawetz type vectorfields Х = —zhf%0, and scalars ш® = |q|?Div(|g| 2X9) + 
ho,zf% with a choice for the function f% of the form 


fe ЯЕ тар» = ; (т? d RELS) 


where R = ,(%%%). апа 24 are suitable constants. With appropriate choices for 


z,h, after suitable integration by parts, summing and absorbing terms small in a/m one 
derives estimates of the form 


| P < f в ; (1.7.4) 
M(r1,72) OM (71,72) 


where Р, B are quadratic quantities involving combinations of v, and their first derivatives 
with P everywhere positive. One can show that outside the trapped set, | м P is 


71,72) 
coercive, that is, roughly, using the notation |v[2 := P |412, we сап show: 


e The integral f Mn P controls, with appropriate r weights, the spacetime integrals 


72) 
of |У, and |)|% in the entire domain of outer communication r > r4. 


71,72 


e For r > r, and away from the trapping set f M( 
sponding spacetime integrals of all other derivatives, with appropriate r weights, 


T4 also controls the corre- 


Step 2. The boundary term f 8M 72) B can be eliminated in favor of a positive energy- 


flux type integral Supzep, ro) ЕЈС) + Flv] (т, то), with the help of an energy identity 
induced by the Killing vectorfield T. This is derived by integrating by parts in the integral 


| ТО 0, 
М(т1,тә) 


To avoid the fact that Т becomes spacelike in the ergoregion опе can replace it by a 
smooth, causal, vectorfield 75 equal to T in a small neighborhood of size 6 of the trapping 
region and equal to the future causal Hawking vectorfield T28,4 7242205, See (3.2.1), 
everywhere else. Combining such an energy inequality with the Morawetz estimate above 
we derive estimates of the form, roughly, 


/ Р + sup E|) + Рт, тъ) 5 Ellin) 
M(r1,72) 


те|т1,72) 


т2--а2)3 
„h=. a, 


59The scalar functions z and h are chosen by 2 = zo — 5928, zo = EAS 
Here E[y)](7) denote integrals on У(т) while F[v](71, 72) are flux integrals on the spacelike boundaries 


AU X.. 
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where the integrands in E[v] are positive definite. 


Step 3. Both E and P degenerate at the horizon r = r,. This problem can be easily 
fixed by using the standard red shift vectorfield technique, see [24], applied to the region 
M red- 


Step 4. To control all second derivatives of ~ away from the trapping set one needs to 
make use of some type of coercivity for the operator O. In that sense it is important 
to remark that in the integrable context of Schwarzschild, or Minkowski space О = 72А 
with A the standard Laplacian on the sphere and thus Ow controls У? by standard 
elliptic estimates on spheres. Such estimates are not possible in the non-integrable case 
when there are no compact 2-surfaces on which О acts. We need in fact both О and T 


to control 3/2), see sections [4.8] and [9.3] 


Step 5. The method outlined above only provides estimates consistent with the value 
s = 2 in the estimated®|] of Theorem [1.6.4] To control the lower derivatives one has to rely 
on the conditional Morawetz estimates of Proposition [6.3.7] i.e. estimates which can only 
be closed when combined with the s — 2 estimates discussed above. These conditional 
estimates?" | are derived using the traditional vectorfield method, based on a vectorfield X 
of the form F(r)ð,. 


Step 6. Higher derivative estimates, i.e. s > 2, can also be derived by making use of the 
commutation properties of the symmetry operators T, Z and Ó. 


Once a non-degenerate combined Energy-Morawetz estimate has been derived, one can 
also derive r?-weighted type estimates on the large r region. This step does not differ much 
from the case of Schwarzschild since the corrections in a/r are small. Then, combining 
the Energy-Morawetz estimate with these r? weighted estimates, one can derive the result 
of eon EE for the particular case of the equation Пл, = 0. We refer the reader 
to section for a more extended outline of the main ideas in the proof. We also note 


that the case of the equation Om + V» with V = HP which is more relevant to 


our situation, can be treated in the same manne}? 


91In reality, the method also generates lower order terms in derivatives of v so that the estimates 
cannot be closed without control of the lower derivatives. 

°2Note that these conditional estimates become unconditional in the axially symmetric case. 

°3The positive potential V does actually help in the estimates. 
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1.7.2 Proof of Theorem 


Here are some of the necessary adjustments to the Andersson-Blue method to the case of 
our model gRW equations (1.6.6): 


e Define approximate Killing vectorfields T, Z, using only the frame and the functions 
т,0, according to the formula (1.4.4). Define also the vectorfields 


qus lal eid = 5 ЖИЕ _ ЗИ 
9\72 фа? “тфа? 3): 942-424 т фа? 3): 


e Define an appropriate version of ће О tensor, expressed опу in terms of the hori- 
zontal structure and function q = r + ia cos 0, i.e. 


О% ;— |у есер, 


where y is the metric induced Бу g on the horizontal structure. 


e Show that the error terms generated by commuting T, Z and the operator О = 
D4(O^?Ds) with |4|211 are acceptable error terms. It is important to note that, 
due to the tensorial character of the gRW equations, even in the case of Kerr the 
commutators generate linear terms proportional to a, see section These can 
ultimately be absorbed for sufficiently small a/m. 


e Consider the approximate Killing tensors S,, a = 1,2,3,4, 
1 
(8.-Төт, S2 = 54(T & Z c Z &T), S5 = а27 9 7, 8-0) 


and the corresponding second order operators Sa := D, (52?D5) such that the 


commutators with |q|?L, produce only acceptable error terms. 


The proof of Theorem is the most technical part of the paper. It is carried out first 
in Kerr in Chapters [7| and |8) and is then extended to perturbations of Kerr in Chapter [9] 


1.8 Main ideas in the proof of Theorem [1.5.4 


To derive top derivative estimates for all curvature components we need to rely on the 
following facts: 
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We work in the global frame of M for which the conditions (1.6.11) are verified in 


(елі) M, see also Remark 


Control of the initial data, see Эк, 5 єр. 


nc ie for qin the case р = ô for all derivatives s < kz — 2. This is 
done as in Part II, noticing that one can go to the maximum number of derivatives 
in the case p = б. These estimates rely heavily on the global frame of M in which 


the conditions (1.6.11) hold true. 


The fact that the desired estimates for 947,1 are conditional on the constant €; 


wherd®| 
Bde < oux (1.8.1) 
which allows to deal with lower order terms. 
We take into account the quantitative assumptions on З and 6; 
86,4%; < е К<, (1.8.2) 


which allows to deal with nonlinear terms. 


The proof of Theorem can be divided in two main parts: 


1. Global Energy-Morawetz estimates in M. This step relies heavily on the following 


main ingredients: 


(a) Derive first ВЕЕР estimates for P by relying on a suitable linearization of the 
wave equation of P. The RHS of this scalar wave equation contains quadratic 
terms, which are dealt with our quantitative assumptions (1.8.2), and linear 
terms containing fewer derivatives which can be dealt by the iterations assump- 
tion (1.8.1). 


(b) Use these estimates for P together with the Bianchi identities to derive BEF H 
estimates for all other curvature components A, B, A,B. The RHS of the 
Bianchi identities contain also quadratic terms, which are dealt with our quanti- 
tative assumptions (1.8.2), and linear terms containing fewer derivatives which 


64By improved estimates, we mean in terms of ер rather than є. 

65This is based on an iteration assumption allowing to recover the control of J + 1 derivatives from 
the one of J derivatives. To initiate the iteration procedure, we start at J — ы. for which we have full 
control of 6; апа 9X; thanks to the decay estimates established in Theorem M1 and М2 for A and А, 
and in Theorems M3 to M7 of [53] for all other linearized curvature components and all linearized Ricci 
and metric coefficients, see Lemma 9.4.13 in for the corresponding statement. 
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can be dealt by the iterations assumption (1.8.1). The most demanding part 
of the proof is to deal with the estimates in the trapping®| Given that P is 
already under control, we rely on the triangular structure of the Bianchi iden- 
tities which allow us to control first (B, B) from P, and then A from B and A 
from B. 


2. Weighted estimates in the region of (80 ML, where r > ro for sufficiently large ro, for 
all top derivatives of the curvature components. This is proved using r? weighted 
estimates for Bianchi pairs in a similar fashion as the corresponding estimates in 


section 8.7 of [50]. 


1.9 Organization 


The paper is organized in 3 Parts and 16 Chapters as follows: 


e Part I: 


— In Chapter 2, we give a full account of our geometric framework based on non- 
integrable horizontal structures and derive the null structure and null Bianchi 
equations. We also rephrase these equations using complex notations. 


— In Chapter 3, we provide the main formulas in Kerr. 
— In Chapter 4, we discuss the linearized quantities, introduce our notations 


(Гь, Ig), as well as other important quantities in perturbation of Kerr. We also 
provide numerous useful commutators. 


— [n Chapter 5, we derive, in perturbations of Kerr, the Teukolsky equations, the 
generalized Regge- Wheeler (gRW) equations, and the Teukolsky-Starobinsky 
identities. 


e Part II: 
— [n Chapter 6, we introduce a simplified RW model and provide precise state- 


ments for the corresponding Energy-Morawetz-r?-weighted estimates. 


— In Chapters 7 and 8, we adapt the Blue Andersson method to derive basic 
Energy-Morawetz estimates for the RW model equations (1.6.6) in the partic- 
ular case of Kerr. 


66This requires in particular to differentiate between the good direction R and the other directions, 
and make systematic use of the Bianchi identities to recover the remaining derivatives. 
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— In Chapter 9, we extend the results of Chapters 7 and 8 to perturbations of 
Kerr and also deal the case of higher order derivatives. 


— In Chapter 10, we conclude the study of the RW model (1.6.6) by deriving 
r?-weighted estimates for it, hence proving the statements of Chapter 6. 


— [n Chapter 11, we extend the results of Chapter 6 on Energy-Morawetz-r?- 
weighted estimates for the RW model to the full generalized Regge 
Wheeler equations for (9, А). We then rely on this result to prove Theorem 
M1, restated here as Theorem [1.5.2] 


— [n Chapter 12, we extend the results of Chapter 6 on Energy-Morawetz-r?- 
weighted estimates for the RW model to the full generalized Regge 
Wheeler equations for (9, А). We then rely on this result to prove Theorem 
M2, restated here as Theorem [1.5.3] 


e Part III: 


— In Chapter 13, we provide the geometric set up and the precise statement of 
Theorem on the control of high derivatives curvature estimates. 


— [n Chapter 14, we derive energy-Morawetz estimates for P. 


— [n Chapter 15, we derive energy-Morawetz estimates for (B, B) and then 
(A, A). 
— In Chapter 16, we derive r? weighted estimates for the Bianchi pairs to recover 


the correct r decay using the control of Energy-Morawetz for (A, B, P, B, A), 
hence concluding the proof of Theorem [1.5.4] 
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Part I 


Formalism and derivation of the 
main equations 
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Chapter 2 


Non-integrable structures 


2.1 A general formalism for non-integrable structures 


We present here a general formalism extending the one used for perturbations of Minkowski 
space to perturbations of Kerr spacetimes. 


2.1.1 Null pairs and horizontal structures 


Let (М, в) be a Lorentzian spacetime. Consider an arbitrary null pair ез = L, e4 = L, 
1:8: 
g(es, ез) = Е(еғ, e) = 0, g(es, ел) = -2. 
Definition 2.1.1. A vectorfield X is (L, L)-horizontal, or simply horizontal, if 
g(L, X) = g( L, X) = 0. 


We denote by O(.M) the set of horizontal vectorfields on M. Given a fixed orientation 
on M, with corresponding volume form €, we define the induced volume form on O(M) 


by, 


eror eeu Y Xx (2.1.1) 


1 
2 


Given a null pair (L, L), the horizontal vectorfields O(M) define a horizontal distribu- 
tion, Le. a sub-bundle of the tangent bundle T(.M) of the manifold. In the standard 
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terminology used in differential topology, a subbundle E C T(M) of the tangent bundle 
is said to be integrable if for any vectorfields X and Y taking values in E, the Lie bracket 
[X, Y] takes values in Е as well. According to the Frobenius theorem a subbundle E is 
integrable (or involutive) if and only if the subbundle E arises from a regular foliation of 
M, i.e. if locally the subbundle E can be realized as the tangent space of a submanifold 
of M. An useful example of integrable structures, which have played an important role 
in [23], is that provided by S-foliations, i.e. regular foliations whose leaves are topologi- 
cal spheres orthogonal, at every point, to the null pair (L, L). In this work we consider 
general, not necessarily integrable, horizontal structures. 


Given an arbitrary vectorfield X we denote by 9 X its horizontal projection, 
1 1 


Definition 2.1.2. A k-covariant tensor-field U is said to be horizontal, and denoted 
U € O;x(M), if for any vectorfields X1,... Xy we have, 


UL s X eU x. LT 


Define the projection operator 
пе = gt + (IPL +1517). 
Clearly ПЕПЕ = II^. An arbitrary tensor U,,. 4,, is horizontal iff 
Па Un cem ыз 
Definition 2.1.3. For any horizontal X,Y we defind!] 
Ү(Х,Ү) = £( XY) (2.1.2) 
and 


(2.1.3) 


x(X, Y) = g(DxL,Y), 
x(X, Y) = g(Dx L,Y). 


where D denotes the covariant derivative of g. 


Observe that x and x are symmetric if and only if the horizontal structure is integrable. 
Indeed this follows easily from the formulas, 
MAY) -xO,4) = g(Dx 5 Y)-g(Dy L, X) =—g( 7 [X, Y]). 


'In the particular case where the horizontal structure is integrable, y is the induced metric, and y and 
x are the null second fundamental forms. 
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We can view у, x and x as horizontal 2-covariant tensor-fields by extending their definition 
to arbitrary vectorfields X,Y according to, 


YX,Y) = (MX, MY) 
and 


x(X,Y) = x(x, 9?y), x(X, Y) = x( 9x, MY). 


Given a general 2-covariant horizontal tensor U we decompose it in its symmetric and 
antisymmetric part as follows, 


GU(X,Y) 


(U(X,Y) + U(Y, X)), 


()U(X,Y) 


NIe мн 


(U(X,Y) — U(Y, X)). 


Given a horizontal structure defined by e3 — L, e4 — L we associate a null frame by choos- 
ing orthonormal horizontal vectorfields ei, e» such that (ea, €b) = da. By convention, we 
say that (e1, ез) is positively oriented on O(M) if, 


1 
Є (е1, ео) = 5 Є (еі, €2, ез, €4) = (2.1.4) 
Remark 2.1.4. We note that the particular choice of an orthonormal basis is immaterial. 


All the quantities we work with are tensorial with respect to the horizontal structure. 


Given a covariant horizontal 2-tensor U and an arbitrary orthonormal horizontal frame 
(€a)a=1,2 we have, 


Ua = 5 (Uu +0), ӘС = iUa — Usa). 
Definition 2.1.5. The trace of a horizontal 2-tensor U is defined by 
tr(U) := PUn = 0? Uw: (2.1.5) 
We define the anti-trace of U to be 
OinU) :=E® Uy =E” OU o. (2.1.6) 


Observe that the first trace is independent of the particular choice of the frame ej, e». 
On the other hand, for fixed e3,e4, “tr depends on the orientation of e1,e2. Also, by 
interchanging ез, ед, “tr changes sign. 
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A general horizontal 2-tensor U can be decomposed according to 
(s) (a) F al I s (0) 
Ua = Uab + “Ua = Uab + эда (0) + 2 Cab tr(U), (2.1.7) 


where U denotes the symmetric traceless part of U. 
Definition 2.1.6. We introduce the notation 


try := Mery), trx := (х), try := Фу). (2.1.8) 


trx := tr(x), 


The quantities X, tr x and X, trx are called, respectively, the shear and expansion of the 
horizontal distribution O(M). The scalars try and try measure the integrability 
defects of the distribution. 


Accordingly, we decompose x, x as follows 


07 5 t : Ea Oi 

a = ab | 9а T Uo E a ПШ 

Xab Xab 5) btr X 2 b TX 
" 1 1 (а) 

Хы = Ха T одах + 5 6а “йу. 


А Аъ 2 


In what follows we fix a null pair (ез, ел) and an orientation on O(.M). 


Definition 2.1.7. We define the left and right duals of a horizontal 1-form © and a 
2-covariant tensor-field 0, 


ed =Eab Eb, £^ a Éb Gba; 
( MAP —Cac Пав (U*) ab = Uac бор. 


Lemma 2.1.8. Given a horizontal 1-form 6, we have 
*( ES = 36 15 = =E", 
Lemma 2.1.9. Given a covariant horizontal 2-tensor U, we have 
1. *(*U)=-U. 
2. If U is symmetric, then *U,y = —UR..- 


3. If U =U is symmetric traceless, then *U = —U* is also symmetric traceless. 
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4. In general, 


Given a general horizontal 2-tensor U we have, according to (2.1.7), 


A 1 1 
Da — p Lg 2 Cab tr(U) = 2а @tr(U), 


A 1 1 
"Usa = “Ua + 5 Ea tr(U) — zab Dtr(U). 
Hence, 
Ж = = “Umt Ea tr(U)— ôa Otr(U). 


We note the following lemma. 

Lemma 2.1.10. Given two 1-forms Є, т we have, 
Een =E ene. 

Given a 1-form € and 2-tensor U we have, 


^ 1 1 
EUa = &°бь+ 5Eotr(U) — 58 tr(U), 


“ер = EU + ЫШ) = 56 t(U). 
Thus, 
“EUn + EUa = &(trU) — *&( rv). 
Also, 
“EUS, EUa = —2EU av. 


Proof. We have 


^ 1 1 
"S Uab um ( gi ә Sab tr(U) — дда Өңі) 


: 1 1 
= —&бь+ s&tr(U) — 5 76 tr), 
Я 1 1 
аав = E" (ta + goutr(U) + 2 Cab Өй) 


^ 1 1 
= Vay 60) – 56 tr(U), 


which implies the formulas involving U and £. 
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Definition 2.1.11. We denoté?| by О,(М) the set of all horizontal tensor-fields of rank 
k on М. We denote by So = S9(M) the set of pairs of real scalar functions on М, 
$1 = 5ı( M) the set of real horizontal 1-forms on М and for, k > 2, в, (М) the set of 
fully symmetric traceless horizontal real tensors of rank k. In particular во = $2(M) 
denotes the set of symmetric traceless horizontal real 2-tensors on M. 


Definition 2.1.12. Given real &, п € 61 we denote 
Eon = "o,  EAN=E* Lam =E: "n, — (E®m)av :— ать + oma — Sav + N. 
Given 6 € 51, U € вә we denote 
(5517 = 9 Ы 
Given U,V € во we denote 


(UAV)a :— езу». 


The following two lemmas аге immediate. 


Lemma 2.1.13. Given € € 51, U € 52, we have 


"C 
Lemma 2.1.14. Given U,V € s; we have, with respect to an arbitrary orthonormal basis, 
0../ + Ў, = 640 «V 
where 
U-V= бас фра А 
In particular 
Ў = 28р 
2 
with | |2 = Y Ý. 


Remark 2.1.15. The previous lemma implies in particular UaeVep = 0. 


?Using the convention of raising and lowering indices we make no distinction here between covariant 
and contravariant tensors. 
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We generalize the lemma as follows. 


Lemma 2.1.16. Given U,V arbitrary 2-covariant horizontal tensor-fields, we have 


—- 
SPU, SV, = U-V+ 5 (U)V) — tr(U) ?t«(V)), 
at Т (а) 
ЕСТІЛЕ = UAVS 2 tr(U)tr(V) + t(U) er(V)), 
ЙА” = 5 Uavtr(V) + Vastr(U)) T 2 — *Uab (2 (ү) + : ab WUY), 
where 
U . V де 
UAV пете. 


Proof. In view of the decomposition (2.1.7), we have 
-n 1l 2 " 1 " " 
UacVeb = La ob + 2 (tr(V)Uap + tr(U) Vow) + 2 ( (tr(U) “М + @ér(V) 2j 


+ 


and the proof easily follows, using also the fact that Dp. — ( according to Remark 
2.1.15 


The following is an immediate consequence of Lemma 2.1.16 


Corollary 2.1.17. In the particular case when U — V, we have 


n 1 
QUIT = IOP + z (Cr)? - (t0), 
E% UU, = tU)? tr(U), 


Tae = tr(U)Us. 


As another corollary to Lemma |2.1.16| we have the following. 


Lemma 2.1.18. Let и be an arbitrary 2-horizontal tensor and v € 52. Then 


UacVeb T UbcUVca = даһй Mud (tru)vap + ; (аг m Uca) Veb + (иь = DM . 
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Proof. We give below a direct proof based on Lemma [2.1.14 according to which, given 
u,v € 55, we have 


UacUcb + Чье®са = дами. 9. 
If и is only symmetric and v Є $2 we can write, 
UacUcb + UbcUca = (à. + jor) Ua + (% + ағыта) Uca 
= dqptt-u + (tru)vap. 


If и is an arbitrary 2-tensor and v Є $5, 


1 1 
UacUcb + UbeVea = 2 (uac F Uca + (tac E Uca) ) Ve 23 2 (ure + ис + (иь = ша) ) vea 
= 144 С + tica Vac T (С = Uca Veb gg (иь m ша) Vea) 
1 
= дой о + (tru)Vab + | | — Uca Ueb + (иь — чо) Vea): 


This concludes the proof of the lemma. 


Lemma 2.1.19. The following formulas hold true: 


e Given En € $1, we have 


“E-n=—E- "yn, "E- “n=E-n, EAN = EA "n “EA р ЕЛ), 
“Әп= 9 "п, ESN) = "Әт, "ES * = —£Gn. 


e Given © € s,,U € s», we have 
"(£-U) = 6-70, ТЕП = ee Ы, eC EV, 
e Given U,V € $5, we have, 


"Пуер Ww "D.*yVeU.-vw “CAV АУ. “UAV UAM, 


Proof. The statements follow from the above results except the ones involving ®. To 
check those we write, for an arbitrary basis ei, €», 


(Ст) = боту + 617, 
&( *n) — &( *n)a = т + т, 
(“Elm = (6) ото = am + Eine, 


*(£&m)u 
(ES *n)u 
( ERN) 
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and 
“Өле = Әт — Em, 
(ES “nig = £i "n + €» "m = т + әт, 
(*€@n)i2 = “En + “om = бт + £o. 
Hence, 
*(€@n) = *€@n = £8 *n 
as stated. [] 


Lemma 2.1.20. Given £n € 51, u € 6; we have 


£&(n u) + n@(E-u) = 2(£ - т). 


Proof. Straightforward verification. 


2.1.2 Horizontal covariant derivative 


Given X,Y € O(M), the covariant derivative D xY fails in general to be horizontal. We 
thus define the horizontal covariant operator V as follows 


VxY := (DxY) = DxY - (х, Y)L= SX(X,¥) І, (2.1.9) 
Proposition 2.1.21. For all X,Y € O(M), 
VxY -VyX = [X,Y]- ?xy(X,Y)L – (X,Y) L 
= [X,Y]- i (try L+ try L) € (X,Y). 
In particular, 
Hix Y] = 5 (вх + “try L) € (X,Y). (2.1.10) 


For all X,Y,Z € О(М), 


Remark 2.1.22. In the integrable case, V coincides with the Levi-Civita connection of 
the metric induced on the integral surfaces of O(M). 
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Given a general covariant, horizontal tensor-field U we define its horizontal covariant 
derivative according to the formula, 


ОЕ ОО ee EE Xt = 
=Й (еМ OM 


Given X horizontal, D;, X and DzX are in general not horizontal. We define Vz X and 
VLX to be the horizontal projections of the former. More precisely, 


VLX := U(D,X)-D;X-g(X,D;L)L-—g(X,DzL)L, 
УХ := U(D,X)-D,X-g(XG,D,L)L-g(X,DuD)L 


We can extend the operators Vz and У г to arbitrary k-covariant, horizontal tensor-fields 
U as follows, 


ViLU(X),..., Xy) = L(U(Xy,..., Xx)) — U(VzrX..., Xk 
bbc 
Vin (quce AX) = L(U(Xi,..., АЕ СА? 
= Usus Vae). 
The following proposition follows easily from the definition. 


Proposition 2.1.23. The operators V, Үр and Vz take horizontal tensor-fields into 
horizontal tensor-fields. We have, 


Vy — py mW py = 0. (2.1.11) 


We now extend the definition of horizontal covariant derivative to any Х € T(.M) in the 
tangent space of M and Y € О(М). 


Definition 2.1.24. Given X € T(M) and Y € O(M) we define, 
DxY := “(DxY). 
Given an orthonormal frame еу, ео € О(М) we write 
Юел = ` (Ay) ba €b; (Aya T g(D,eg, £a) 
b=1,2 


Definition 2.1.25. Given a general, covariant, horizontal tensor-field U we define its 
horizontal covariant derivative according to the formula 


DxU (Yi... Y) = XU ie) — UDY X) U(YL 22277) 
where X € T(M) and Y;,...Yy е O(M). 
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Proposition 2.1.26. For all X € T(M) and Y;, Y € O(M), 


X4(Y4, Y) = (рхи, Y2) + (Yi, рх). 


Proof. Indeed, 


X4(Y, Y) = Xg, 5) = врху, Y2) + g(Yi, Оху) = g(DxYi Y2) + (И, Dx 2) 
yY(DxYi, Y) +71, Оху) 


as desired. 


We consider tensors Т,(М) & O;(M), i.e. tensors of the form Un „а.а for which we 
define, 


IY o а = Bub uc ioni 5 Up pi. vg 1-01 EL Las U,, љол. 
wj, ...Vg,Dya1...ai Vj ...ир;ал... Юра 


We are now ready to prove the following. 

Proposition 2.1.27. For a tensor V € О (М), we have the curvature formuld?| 
(D, D, — D, D,) Va = Нам? (2.1.12) 

where, with connection coefficients (Aq)gy = g(Dae,, eg), 


1 
Bays = Ea s „Ва; 


2 (2.1.13) 
Bay = (Ay.)3a(Av) o4 + (Айма Nw) ьа umi (As) за А ва a (Assal Ap )os. 
More generally, for a mized tensor V € Т.М) & O4(.MD), we have 
(D,D, = D.D,,) Vara == Б, 2 uvVoa T Ra { ОЛ) 
with an immediate generalization to tensors V € ТМ) 8 О(М). 
Proof. We have 
: 1 1 . 1 1 
D,e, = Dyula — 78 (Duca, ез)ед — 58(0,еа, e4)e3 = Dyea — 5 (Au) sae = 5 (Au) anes: 


?With an immediate generalization to tensors V € Oj(.M). 
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We deduce 
А 1 1 
D, v, = D, V, — 2447474 m 5 (440473 = У „Фа. 


Нерсе 


D,D, Ya = ey(D, Ya) Є Dy, ., Уа = D,Vp,., 
А 1 1 
= VaV V, m Dp,., V, + 5 (Js DV, gg 5 Au) D, Vs. 


On the other hand 


hence 


By symmetry 


. i 1 
D,D, Ya E У,У „Фа, = Dp,.,, V, = z (A, )за (Au) t4 V 2 z (A, )aa (Au) ba Yo. 
2 2 


Subtracting and using the Ricci formula and the Lemma above we deduce 


Rot’ = [Vy У] — Vt, e, Va 
1 1 1 1 
ШІДЕН = g Uu) a (Ns Jos Yo “Б 5 (A )s« (Au) Ya + z (Av)aa(Ay)os Ya 


НЕ < 1 
= D,D, Ya — D,D, wv, m 5 Babu V", 


from which the desired formula follows. 


Remark 2.1.28. Note that the tensor Babyy is anti-symmetric in both uv and ab. 


Corollary 2.1.29. Let X,Y be arbitrary vectorfields on M and U € O1(.M) an horizontal 
tensor. We havd!] 


(VxVy = Vy V x)U = VixyyU + R(X, Y)U 


with an immediate generalization to U € О(М). 


4Here (R(X, Y)U)a = XY Real. 
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Proof. We have 
VyVxU, = (Y^Dj)(X"D,)U, = Y^X"DjD,U, + (Y*Dy)(X")D,Ua, 
VxVyU, = X"Y?D,DjU, + (X"D,)(Y^?)DjU,. 
Hence, 
(VxVy – VyVx)U, = Y?^X"(D)D, - D,Dj)U, + (Dx(Y") - Dy(X"?))D,U, 
= X'"YVRa,U! + Dp yjU,, 


as stated. 


2.1.3 Horizontal Hodge operators 


In this section we recall the Hodge operators on 2-spheres as defined in and extend 
their properties to the case of non-integrable horizontal structures. 
We first define the following operators on horizontal tensors. 


Definition 2.1.30. For a given horizontal 1-form £, we define the frame independent 
operators 


div E 20 Vi£, сит E =E” V,&, — (V&£)y, = У, + Valo — Sav( div ©). 


We collect here some Leibniz rules regarding the horizontal Hodge operators. 
Lemma 2.1.31. We have for €, € $1, и € бә, 
(Фол) — (curly) *€ = €-Vnt+€- "V *n, 
(ои) E-Vuté- *V *u, 
E (VEn = €-Vf-€-*V"n. 


Proof. Define the tensors on the left Za = (div n)a — (curl n) *€a, Ya, = £&(div u)q» and 
Wa = €-(V@n)a = &(VGr)a, and evaluate components. By simply manipulating the 
definitions we find 

Zi = &:Ут + (6: *V)*m, 

Zo = &: Ут + (6: *V) “m, 

Yu = (6: У)и + (£- *У) "ui 

Үз = (E У)шә + (€- *V) “шо, 

Wi = -Vm E: 'V "m, 

Из = -Vna -E "V "na, 
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which implies the stated identities. 


Definition 2.1.32. Given an orthonormal basis of horizontal vectors е1,еә we define the 


Hodge type operators (recall Definition|2.1.11), as introduced in [23]. 


e Т, takes 51 ті so: 
Т = (div £, curl £), 
e Т, takes 5> into 61: 
(Ф), = Var, 
e T takes So into 61: 
ТАЛ) = —Vaf+ Car УЫ, 
e 705 takes $4 into $3: 
px = -;v8t. 


Lemma 2.1.33. Note the following pointwise identities: 


1. Given (f, f.) € So, u€ бү, we have 
TA E) u= E): Tw — У. (Ри + f.("uy). (2.1.14) 
2. Given f € $1, и € вә, we have 


(Dif)u = f-(Pu)—Va(fou). (2.1.15) 


Proof. To check (2.1.15) we write 
(Vf) и = (Vafo F Vo fa = dapdiv f) Uab = 2(V а) = 2V a(Uarso) = 2(div u) : f 


which immediately yields the second identity. 


In the particular case when the horizontal structure is tangent to 2-spheres S these op- 
erators are elliptic on $ and have remarkable properties discussed in Chapter 2 of [23] 
which we recall below. 


5Recall that so refers to pairs of scalar functions. 
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Hodge operators on spheres 


The following results were derived in Chapter 2 of [23] in the context of general 2- 
dimensional compact surfaces S with strictly positive Gauss curvature K which we will 
refer from now on as a 2-sphere. 


Lemma 2.1.34. Given a 2-sphere S, we have the following: 
- The kernels of both P, and T» in L?(S) are trivial while the kernel of Pë consists 
of pairs of constants in $9. 
- The operators Pë, resp. ФУ are the І? adjoints of Т), respectively Py. 


- The kernel of Px is the space of conformal Killing vectorfields on S. 


Moreover the following identities hold trud] see [23]: 


ТТ = -A, + К, TJA P= —Ao, 


1 i (2.1.16) 
PiP = -5^2 + K, P P= -541 + К). 


Proof. The statements about L?-adjoints follow immediately by integrating formulas 


(2.1.14)-(2.1.15) on S. The formulas (2.1.16) follow easily by using the definitions and 


commuting derivatives. See also the more general Lemma|2.1.36, Note also that for € € $1 


1 
P £ = _5©7 


where y denotes the induced horizontal metric as in Definition [2.1.3] 


As asimple consequence of (2.1.16) one derives the following L? estimates. 
Proposition 2.1.35. Let (5, у) be a compact manifold with Gauss curvature К. 


i. The following identity holds for vectorfields f on S: 


J (Ул? + kr) = (олат) = АЛЫ (2.1.17) 


8Here Ax : Sk — 5k, k = 0,1, 2, is defined by (A,U) 4 = УУ, (А. 
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ii. The following identity holds for symmetric, traceless, 2-tensorfields f on S: 


VP -2K|f|?) =2 | |div f? = 2 d: 
ІК Такур) a | v f| 2 PA (2.1.18) 


іп. The following identity holds for pairs of functions (f, f.) on S: 


f (УЛ Iv.) = / |У (VII = f IPES) (21.19) 
S S S 


iv. The following identity holds for vectors f on S: 


/ (Д — KP) = 2 f Ели (2.1.20) 
S S 


Proof. See Chapter 2 in [23]. 


Bochner identities in the non-integrable case 


We extend the identities above to the case of non-integrable horizontal structure. 


Lemma 2.1.36. Given a general possibly non-integrable horizontal structure, the Hodge 
operators and the Laplacians are related by the following relations for £ € $4 and u € $9: 


PPE = -Мё- 5 69 [Vs Vi] "6 


1 1 

Ps PX = – 5016 + у Є [Vo Vi] "6, (2.1.21) 
1 1 

Ти = — 5 Anu "n Eap (Уа, Vi] “и. 


Proof. We check the last relation by evaluating the components of the tensor Y,, :— 


(DX Pou))as 


Ya = (УӘ (Фи) = —5(Val и} + Vol Фа). — (div (Po) 


1 
= -3(V« V" T VbV Uac - da VOV thea): 
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For a = b = 1 we derive 
1 
Yı = = VaV ui + Viv tie бы VV tea) 


1 
= -У1У/іші- У Уә + g(ViViun + УУ + У, Уәшә + VV 3023) 
1 


1 
= goi + V2V2)u11 + g (V2 Vito — ViV2u12) 


which gives 
yum = i биш = СТЫ! 
1 = 2 2411 2 1, V2]U12 = 2 9411 2 1, У2| Ui. 
For a = 1,b = 2 we derive 
1 
Yo = 2 is: + УУ, — 613 V^ V4) 
1 
= -3(ViVitin + У. Узи» + VoViui + VaV3u13) 
1 1 
= -3(ViViun RE V3V3u12) F 2(У1Узші = V2Viui1) 


which gives 


1 1 1 1 
Yio = ——Ләио + =[Vi, Voju = —-A3u1— -|У1, Val идә. 
2 2 2 2 
Hence 
1 1 " 
Ya = -2 2Ча = 21Уь V2] “uab 


as stated. The other relations can be checked in the same manner. 


Using the pointwise relations (2.1.14) and (2.1.15) and the above lemma, we can deduce 
the following pointwise version of the L? estimates of Proposition |2.1.35 


Proposition 2.1.37. Given a not necessarily integrable horizontal structure, the following 
pointwise relations hold: 


i. The following identity holds for f € $1: 


VSP - 5 ea [Vo 7-7 = [BUT 


(21:95 
(Уе f — (div f)f* — (curl РС). 
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ii. The following identity holds for f € бә: 


у= ; са Va Vi] ТЕ Ге ЗЫ v, (7% - f — 2(div f»). (2.1.23) 


іп. The following identity holds for f € si: 


УР + 1 Є [Va Vi] “ff = 2 Pf? + Va (7% -f+ 2( Dif)” fr). (2.1.24) 


Proof. The above relations are obtained by multiplying relations (2.1.21) by f and inte- 
grating by parts in the horizontal directions. 


Remark 2.1.38. In the integrable case the commutator Є% [V,, Vi] is given by the 
standard Gauss formula in terms of K. In the non-integrable case it can be computed by 
using the generalized Gauss equation, see Proposition |2. 1.41 


Observe that in the relations obtained in Proposition |2.1.37| the divergence terms cannot 
be discarded upon integration because of the absence of an integrable surface. There are 


various ways to deal with this difficulty, such as to integrate (2,1.22)-(0.1.24) on the entire 
spacetime manifold M. 


Remark 2.1.39. Note that the divergence terms in Proposition can be re-expressed 
in terms of spacetime divergences based on the following lemma. 


Lemma 2.1.40. For f € в), we һау41| 
D*f, = Vifar (ntn): f (2.1.25) 


where n, :— ig(ea, Dr, L) and qa := 5& (е, DLL), see Definition 2.2.1] 


Proof. We have, using (2.2.3), 


D° fa — V° fa -$ (Dafa + Dafs) = — (esl) — Рза + ea(fs) — fois) 


= МЕЛІ + 20 fa) = (+n): f 


as stated. 


"Here, we extend the horizontal 1-form f as a full 1-form on M by setting fs = f4 = 0. 
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2.1.4 The Gauss equation 


Note that in the case of a non-integrable structure, we are missing the traditional Gauss 
equation which connects the Gauss curvature of a sphere to a Riemann curvature com- 
ponent. In what follows we state a result which is its non-integrable analogue. 


Proposition 2.1.41. The following identity holds true. 


1 
УУХ, – VbV aXe = Rodat X’ + 5 еш (туз + try Vs) Xe 


1 


-2 Cae кх.Ха- XbeX aq — X, Xa) X^ 


(2.1.26) 


where Redap denotes the Riemann curvature of (№, в). 


Proof. Given the importance of the formula we give below a direct proof of it. 
For X € s, we have, 


D,X. = “Х,, D3X- = V3Xe, 
ОХ. = VX., DX; = —Xy Ха D, X4 = —XvaXa- 


Also, 
1 1 1 1 
D,D,X. — Wa Xe = 3XaDsX. m 5X,4,D4X- TY ә ХасьХз = 5X,,DvX4 
1 1 1 1 
= VaVoXe 3X Vs. m Xap V 4c ED 2 ХасХь Ха + 2 X,  XbaXa- 
Hence, 
1 1 1 1 
D,D,X. = VaVoXe = 5 ХаьУзХе = 5 Xap V Хе iy э ХаеХы^а En 5X, Xtd Xd; 
1 1 1 1 
DiD. X. = УУХ, = 2ХыУз-Хс “= 2X3. УХ RE ХХ. Ха ah 2 Xu ХаХа. 


Subtracting we derive 


Ra, X^ — D,D;X.-— DiD,X. 


1 1 
= VaVoXe = VoVaXe TL g ab TX Xba) V 3Xc Ex gar == Xba 
1 


ET (хх, +% Og ХЕ = X, Xa) A 


82 CHAPTER 2. NON-INTEGRABLE STRUCTURES 
Thus, 


1 
(хаь 77 Xba) V 3Xc + ps T Xj,) V4Xc 


VaVsXe—VeVaXe = jx 


юк ele 


| жаы F XacXbd 7% XbeX od m ха) X" + Reda X*. 


Since 


(a) 


Xab — Xba =Єа (ых, ХХ, =E “try, 


this concludes the proof of the proposition. 


Remark 2.1.42. We note that (2.1.26) can be derived from Corollary according 


to which, relative to an arbitrary frame ep, 


(ViVi — V,V,)X = Vp, «4X + R(eu, e) X 


with R = R + iB and B defined in (2.1.13). The Gauss formula follows then easily by 
evaluating the components Beda of the tensor В and the term Vy, «1X. 


We now specialize the Gauss equation (2.1.26) to tensors. 


Proposition 2.1.43. The following identities hold true. 
1. For a scalar w: 
1 Са) (a) 
[Ve Valy = try V3 + try Va) e (2.1.27) 


2. The only non-vanishing component of Baca is given by 


( (2.1.28) 


I>) 


1 1 = 
В: = -Віо21 = Вә = E AU 2 6) try try + x 
3. For w € s, for k = 1,2, 
1 
[Va Viv = (s (ins (ууд) tk ӘК D Eq (2.1.29) 


where 


&-X— Ram. (2.1.30) 


>| ҥе 


1 1 1 
OK = —-ҥтхїтх— 5 9 try P try + = 
ТАЛА М ш 
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Proof. The case of scalars can be easily checked directly. 


We consider below the case Y € вә. From Corollary |2.1.29| applied to v € 52, we have 


1 1 1 
(Vs Vs E VsVa) Wet = 2 Cab ( (try V + (уу а), xn 5 Ваа + э Ваза 
+ Куша + Вуааь@»а 


where, by definition of B given in (2.1.13), 


Вал: = ХХ, + Xy, Xad — XacXg4 — XqeXbe- (2.1.31) 


Note that by the symmetries of B, all components of Basca vanish except for B1212. We 
have 


Big = =X01X 7 X41X22 F 9X gs X18 


1 225 1 " 1 m 1 Д 
= = t x+ 3 (sux + ы) = (зех + ы) (Str + 3 
I (a) V. 1 (а) 2% 1 (а) ^ 1 (a) PS 
+ т? try + X21 2 trx +X] + -3 Ux + Xz 2 try + X12 


1 ls Ж P "-— A ies cue 
ui xir x — 2 Mots try — XX — X22X3, + Xz1X45 + X12X3 
1 


= BETONA Ory v. 
9r Xr x 5 тх GEN tX: Xs 


This implies for v € $9: 
1 (a) (a) 
(Уі. Мә|ф = 2 trxVa + try Va) 


1 1 re. А 
- xtr X + 9 try у вр 1m) р 


as stated. The case v € s, can be treated in the same manner. 


Remark 2.1.44. The quantity ©) К defined by becomes the standard Gauss cur- 
vature in the case of an integrable structure. We note also that the value of (ӘК for the 
standard non-integrable structure (induced by the standard principal null directions, see 
Chapter |3) of Kerr is given by the formula 


r^ + a?r? sin? 0 — 4ma?r cos? 0 — a^ cos? 0 


AK = 
|416 


Неге is a more general version of Proposition |2.1.43 
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Proposition 2.1.45. The following identity holds true for any horizontal tensor p € Oy 
and set of horizontal indices I = i4... ik 


1 
(Уа, Уу = (5 (nes a ШАЛ Cab 
(2.1.32) 


+ к | (Jaagu — Quads) а T (бай нта) 4 


with К given by (2.1.30). 


Proof. The proof is a simple extension of the proof of Proposition |2.1.43} and is left to 
the reader. 


Remark 2.1.46. Observe that in the case when the horizontal structure is tangent to a 
S-foliation, (К reduces to the Gauss curvature of S. In the integrable case, for k = 1, 
we can calculate directhi| on any surface of integrability S with Gauss curvature K, 


[Vas Vols = К (адь = дада) Y = К (Jsa = дымда) = К Cab "Ws 
which coincides with formula (2.1.29) in this case. Also for v € О» (but not necessarily 


in 52), 


[Vas Vis, s; = K (gsya9tb umi дада)! 59 + К (452440 = ЖО) Ysi : 
= КІ ы іші блаа) = K (паб m VN NM . 


Using (2.1.29) we can rewrite Proposition |2.1.37| as follows. 


Proposition 2.1.47. Given a not necessarily integrable horizontal structure, the following 
pointwise relations hold] 


i. The following identity holds for f € s: 


WFP + "KU = DAP (у: + хуа) 1) f+ div [Pf], 


(2.1.33) 
div [Pif] = V. (Vf - f — (div Р)" — (curl f) *f)"). 
ii. The following identity holds for f € бә: 
1 а а * $ 
VIP erp = 2 pu + s ( (ems + xv) F) f+ di (Paths sap 


div [Pf] :— У (У - f — 2(div f) f”). 


*One can check directly that 05440, — gspWa =Єаь "Vs. 
?Note that according to Lemma |2.1.40| the divergence terms in the proposition can be re-expressed 
in terms of the spacetime divergences, see Remark 2.1.39 
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iii. The following identity holds for f € $1: 
1 * 
VAP OKIP = 21 BaF? — „| (уз Mery) +) f+ div [Pf], 
2 (2.1.35) 
div [PA = У (У f+ APEN” f): 


Proof. From (2.1.29), we have for f € s, and u € ss: 


1 
2 Cab (Ма, Vi] “f 


1 1 
2 Є [Va, Vo] “u = 2 (ууз + (ууд) *u — 200 Ku, 


1 
шш л f= KY, 


from which we obtain the stated identities. 


2.1.5 Bochner identities for the horizontal Laplacian 
Proposition 2.1.48. The following identities hold true. 


1. Given a scalar function w we have 
ДӘР = [V?v[ + ®к|у |? + Ето [А] + div [Ay], 
with 
Ет) := -27% (@éryV3 + (туд) *Vd, 
йылай = Va(Viv- Av - FVW). 
2. For € s, we have 
ӘР = |V + MK (Ivy? — 209 K pP?) + Ern [Av] + div [Ay], 
with 


1 2 
Err, [Ay] := —ZVwv- (ууз + OtrxV4) *V + 5|(@trxVs + ууу 


NINI = 


O K (try V; + Өну. *ф+ K div [P], 


бю ЦА] :— Va( Vie Ay — Vep Vevey). 
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9. For € $2 we have 


JAY? = [Vp 9) K (Vo? -6 EWP) + Ет” [A] + div 2[Aq2.1.36) 


where 
1 (a) (a) x 1|( (a) (a) i 
Ет] = 579: (туз + ©ту) vez trxVs + (тууа) 
—3 O K (try; + OtrxVa)y - *% 20 K div [Py], 
div [Ay] :— Va( Vay Ay — Va) убур). 


Proof. See Appendix 


Remark 2.1.49. In the integrable case, the horizontal structure is tangent to spheres S, 
and we derive the following by integration: 


1. Given a scalar function w we have 


2 сч 2.12 2 
[law = [lv Ф| + | кій (21:37) 
2. For v Є s, we have 
[Iove | o£ + куш? KWP) + f као р (2.1.38) 
S S S 
with 
а |р] = V, (vow -Y — (div yw? — curly "i". 
3. For w € во we have 
2. 2,112 2 2 ; 
flaw = [is “| + | к(уө 6K |u| ) + [ 2K div tao) 
with 
div [Pod] = V. (V* — (div phy). 


2.2 Horizontal structures and Einstein equations 


We apply the general formalism for non-integrable structures to the case of a spacetime 
solution to the Einstein vacuum equation. For an application of the formalism to the 
non-vacuum case, such as the Einstein- Maxwell equation, see [35]. 
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2.2.1 Ricci coefficients 


Definition 2.2.1. We define the following horizontal 1-forms 


MX) := 58(X,Dr L), W(X) = БОХ, D11), 
E(X) = (ХОД),  &(Х):= 580,01), 


With these definitions we have 
ViX := U(D,X)-D;X-m»(X)L-£(X)L 
Vix := U(D,X)-D,X £(X)L —n(X)L. 


In addition to the horizontal tensor-fields x, х,7,7,6,6 introduced above, we also define 
the scalars 


[E 

| 

| 
n 
т 
з 
| 
= 


1 
W := 18 (DLL, L), 
and the horizontal 1-form 


Е ра), 


2 
We summarize below the definition of the the horizontal 1-forms £, £, n, n, Ç € Ox: 
E(X) = ig(D;zL, X) £(X)- ig(DzL, X), 
п(Х) = ig(DzLL X) n(X) = ig(DzL,X), (2.2.1) 
and the real scalars 
1 1 


Definition 2.2.2. The horizontal tensor-fields x, x, т, n, С, E, &, w, о are called the connec- 
tion coefficients of the null pair (L, L). Given an arbitrary basis of horizontal vectorfields 
€1,€2, we write using the short hand notation D, = De,,a = 1,2, 


X, = g&(Da«L e), Xab = B(DaL, €b), 

E, = 580021,6), £= 58001,64), 
о = 1800,21), отв, L), 
1, = Sg(DrL ca), ne = 58(D 1L, e4), 


1 
Ca = 38 (D4L, L). 
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We easily derive the Ricci formulae, 


1 1 
Daer = Vales + =Хаез + 5Х,,64, 


2 2 
Dae, = Xab€b — Саед, 
Daes = X peb + Саёз, 
Озе, = V3€a+ Mats + € ед, 
Dses = —2we3 + 25,6, (2.2.8) 
Dae, = 2we4- 27ь6ь, 
Юе. = Ме, + 7,64 6068, 
D4e, = —2weg + 26еь, 
Diez = 20ез + 2r), eb. 


2.2.2 Curvature and Weyl fields 


Assume that W е T$(M) is a Wey] field, i.e. 


Иви = = Wee = — W aßbvu — nva » 
Иви ub Иов + Иви = 0, (2.2.4) 
БУМ вц, = 0. 


We define the null components of ће Weyl field W, a(W), a(W), o(W) € Oo(M) and 
B(W), B(W) € О. (М) by the formulas 


a(W)(X,Y) = W(L, X, L,Y), 

a(W)(X,Y) = W(L, X, L,Y), 

B(W)(X) = 3W(X, L, L, L), (2.2.5) 
B(W)(X) = W(X, L, L, L), 

e(W)(X,Y) = W(X, L,Y, L) 


Recall that if W is a Weyl field its Hodge dual *W, defined by “МУ, = Ic, Wagpos 
is also a Weyl field. We easily check the formulas, 

W), a( *W) 55 *a(W), 

W),  B(*W)e-—"*BOW,, (2.2.6) 
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It is easy to check that a, a are symmetric traceless horizontal tensor-fields. On the other 
hand the horizontal 2-tensorfield o is neither symmetric nor traceless. It is convenient to 
express it in terms of the following two scalar quantities 


1 1 
pW) = GWE, L, L, L), “oW) = 3 *W(L, L, L, L). (2.2.7) 


Observe also that, 


Thus, 
e(X,Y)-(—pq(X,Y)—- 9 €(X,Y)), VX,Y € O(M). (2.2.8) 
We have 


Wasta = 0a = (—pdap + “р Eab), 
Wab34 E 2 € “0, 


Маса = — CabCed р, 
ШУ = Cab "В, 
W abe = — Eas "Ва 


Remark 2.2.3. Іп addition to the Hodge duality we will need to take into account the 
duality with respect to the interchange of L, L, which we call a pairing transformation. 
Clearly, under this transformation, а <> а, B © —B, p p, *p «€ — *p, 00 č with 
даь = Qua. One has to be careful however when combining the Hodge dual and pairing 
transformations. In that case we have, “а + —*a, *B «€» “0. This is due to the 
fact that under the pairing transformation €qy— — 6а (since Єаь=Єаьза). Indeed, for 
example, 


) 
) 


* * * 
Ag = a( W303 = — бадс4 W 303 =€ac34 W 303 — Cac Oc; 
Q 


W ab — 
( *W ab — “И ллы = — C€a4c3 W capa = — €eb34 W лы = — бас б. 
The decomposition above for Weyl fields applies in particular to the Riemann curvature 


tensor R of a vacuum spacetime. 


In the case of a vacuum spacetime, the non-integrable Gauss curvature defined by (2.1.30) 
becomes 


1 1 га 
әк = ud Xtr x — Л try (try + aX X— P (2.2.9) 
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2.2.3 Horizontal tensor B 


We calculate below the components of the horizontal curvature tensor B defined by the 
formula, see (2.1.13), 
Bay = (Ay)3a(Av)o4 + (Ap )4a (^s )ba = (А, )за СА) = (A, )4a(Ap)os- 


Proposition 2.2.4. The components of B are given by the following formulas: 


Bates = 2( =: X, Tb d Xela = Хса&, sw 27-487 
Bates — 2( =. ХсаТ, + Хот, mi X. бі s ha) 


(2.2.10) 
Bag, = 4( — E & + Eak, — nam, Б ть), 
Ваа = XbeX q + X,,Xad — XacX,4 — X, Xtd- 
The above can also be written as 
Bac = —trx (Seats = даа) = ) try ( Eca Tl — Со Па) 
+2 -£ mw +X Ta — ut + Хеб , 
(Ra in е 5.) (2.2.11) 


Baa = msi Е бап) е ery ( Eca Ue Є п.) 


7 2( - са], + Хат, = X Gs + X a). 


Also, Babca i5 given by 


1 1 P 
Ваа = (-5* xtrx — 9 al try ery + x? ғ) бабай. 


Proof. We write recalling the definition (A,,)ag = g(D,eg,e,) and definition of Ricci 
coefficients, see Definition [2.2.2] 


Bates = (Ac)3alA3)b4 + (Ac)sa(A3)o3 = (A3)3a(Ne)o4 = (A3)4a(Ae)o3 
= —2X Mb — 2Xcaky + 26 Xe + 2aX,, 


and 


B4 = (A3)3a(A4)o4 + (A3)4a(A4)o3 m (A4)3a(As3)o4 = (Ал)л( Аз)ьз 
= A(—€ )& + 4(—na)n, — 4n) — 4(n,)m — (—&)&, 
= 4(-€&  &£, — пт, 4 n,m). 


For the remaining formulas see (2.1.31) and (2.1.28). 
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2.2.4 Connection to the Newman-Penrose formalism 


In the Newman-Penrose NP formalism, one chooses a specific orthonormal basis of hor- 
izontal vectors (еі,еә) and defines all connection coefficients relative to the complexified 
frame (п, 1, т, m) where n = les, | = e4, m = ei + ie», т = ei — es. Thus, all quantities 
of interest are complex scalars instead of our horizontal tensors such as $1,52. The NP 
formalism works well for deriving the basic equations, but has the disadvantage of sub- 
stantially increasing the number of variables. Moreover, the calculations become far more 
cumbersome when deriving equations involving higher derivatives of the main quantities, 
in perturbations of Kerr. Another advantage of the formalism used here is that all im- 
portant equations look similar to the ones in [23]. We refer to for the original form 
of the NP formalism. 


The formalism used here is also related to the so-called Geroch-Held-Penrose formalism 
GHP formalism, which also introduced derivatives with boost weights, which are the 
scalar equivalent of the conformal derivatives used here, see Lemma [2.2.18] Nevertheless, 
the GHP formalism still involves complex scalars instead of horizontal tensor¢™| We refer 
to for the original form of the GHP formalism. 


2.2.5 Null structure equations 


We state below the null structure equation in the general setting discussed above. We 
assume given a vacuum spacetime endowed with a general null frame (ез, ел, е, ез) relative 
to which we define our connection and curvature coefficients. 


Proposition 2.2.5 (Null structure equations). The connection coefficients verify the fol- 
lowing equations: 


m 1 | 
Vatrx = —|X? - СА - (9 try?) T 200 — Qwiry + 2€ - (7 = 26), 
V3 try = —trx try + 2curl £ — 2w try + 2E ^ (9 + т] + 2C), 
VaX = —trxX+ VBE — 2u$ + £8(n - — 2€) — a, 


10Tt also introduces spin weights which partially cure the dependance of these scalars on the choice of 
frames. 
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е ee 1 (а), (0) 2 
V3tr x РОСА try try + 2divn + 2wtr x + 2(€-E+ |?) + 2р, 
Бан! 
Vs try cx AU (х + try P try) + 2curl n + 2w try + DOING 2 *p, 
> 1 25 кр 1 жо (a жос (a S D 
V3X el ra pe X (ву + & try) + VN + 245 
EBE + пп, 
c.c 1l l (a) prey (а) 2 
Vatrx N= бшнк. try try + 2div n + 2wtrx + 2(£- €+ |n| ) + 2p, 
uz al 
V4 try -RA  — (тх + tr x try) + 2curln + 2w try + 26 AE +2 *p, 
> 1 > С 1 жу (a жу (a PEN С 
Vax SGX Te = 5 (ту + € try) + VOn + WY 
ESE + пп, 
x I 
Ух = IR? — 5 (tx? — try?) + 2div € — Quir x + 2€ - (n +n + 20), 
Vi (х = —tr x try + 2curl € — 2w try + 2€ ^ (=n +n 2), 
= -irx&- VEE — WK + €&(n +N + 2C) – о. 
Also, 
^ 1 1 (а) ж ж 
Узб +2Уш = -Х-(6- n) - тх | у trx( “C+ "n) + 2w(¢ — 1) 
> 1 Lo * 
EX 4 т ХЕ 5 trx 6-296, 
т 1 1 а ж ж 
Уа – 20 = X-(-C+n)t strx(- 6 m); PC t6 ш +) 
0а 1 E и 
СЕЕ (ery *£ — 206 — В, 
т 1 1 а * * 
Vas Уа бе ы ы ы + z; trx( *n— п) - 40 B, 
т 1 1 а * 
Va шо Жый о к жг 19) 5469. 
апа 
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Also, 


ET T 1 1 1, a Lb * a * a * 
divX¥+¢-X = Pe Gare | aaa Vg у С— try n= (ту c=, 


= л 1 1 loma 1, " 
dox—GC-X = ЗУХ 27-2 Ver try "C— try *n — P try *£ B, 
апа 
= lo vil (а) (а) (а) (а) * 
curl = 3X AK + Gli x try — irx тх) +w try —w''trx- р. 


Proof. Except for the fact that the order of indices in x, x is important, since they are no 
longer symmetric, the derivation is exactly as in section 7.4 of [23]. 


2.2.6 Null Bianchi identities 


We state below the equations verified by the null curvature components of an Einstein 
vacuum space-time. 


Proposition 2.2.6 (Null Bianchi identities). The curvature components verify the fol- 
lowing equations: 


Уза – УВ = carae Ory *a) +4wa+ (С + A9) 8B — 3(pX --. "p *%), 
V4B — diva = —2(tr хв — try *8) – 208 +a- (26 +n) -3(£p + "€ %), 
УзВ divo = (ХВ + “try *8) +208 +28: X c 3(рп + "p *n) - a €, 
Vap— divf = —S(irxp + try W) + Qn Q- 8-26 B - 5$, 

Va ptori = (ву "po вур) - (1+0): "8-26: "B ER “а, 
Узр divg = —5(тур— ery P) — Qn - 0) B+E- B- 58-0 

Vs "p curlB = -Srx ‘ot хр) – (2n — C) - *B —2€- MEN “а, 
У48 – об = Е *B) +208 -28- X З(оп– р“) – а: &, 
УзВ + diva = —2(try 8 — “try *8) – 208 – a-(-26 +n) – 3(£p — "€ *p), 


^ 1 p T ж ж 
Vaa + V& = xa (9 try. *a) + 4wa + (б —4n)@6 — 3(pX — "p'X). 


"Note that this equation follows from expanding R3aap. 
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Here, 


divo = —(Vp+ *V "p), 
Шоб = -(Ур- *V %). 


Proof. The proof follows line by line from the derivation in section 7.3 of except, once 
more, for keeping track of the lack of symmetry for x, x. Note also that бар = Oba and 
that (div о)ь = V° Qab. 


2.2.7 Commutation formulas 


Lemma 2.2.7. Let Од = Ua,..a, be a general k-horizontal tensorfield. 


1. We have 
Уз, МОА = -X,Y Ua + (m — Go) V3U a + €, VaUA 
k 
1 (2.2.12) 
F 2 (- Єа;с “b, + 2 Baest) LU aua ° ETE 
i=l 
2. We have 
(Уа, СІЗГЕ =з —Xbe V cUa + (n, + G5) V4Ua + EV 3Ua 
k 
1 (2.2.13) 
T > ( Caic * py F ә Вос) Ua... ° NUT 
4=1 
3. We have 
(Ма, V3|U a = 2(n, — 7) V 5U A + 2wV3U 4 — 20V 4U A 
(2.2.14) 


k 


" 1 
F ` (- Cab p sp ә Воз) а 4 ар" 


i—1 


Proof. It suffices to consider the case k = 1. Using Proposition |2.1.27| we have 


Da3D4U, = V3ViUa — mV3Ua — &, VaUa; 
05030, = VsV3Ua — x, VcUa — УЗО, 


a "M 1 1 
D3D;U, == D,D3U, = ІК ЕЛДЕР = Rao. s э Bae U, = — бас “9,0 F 2 Baci U.. 
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Hence, 
Уз, VU, = | VaV4U, — У,У304 
1 
—X,, V Ua t (% G) V3Ua Tr E V4Ua— бас “B Ue zs ә Bac Us, 


as stated. The commutator formula for [V4, V;|U, is derived easily by symmetry. Also, 
0.030, = V4VUa — 20 V3U, — ӘУ, 
D;D4U, = VsVaUa — 2 V4U, — 20V U, 


5 52 m с 1 1 
D.D3U, —Da3D4U, = ReavagUy = Каз + э Ваз» = —2 "peg 0° + ә Ваз. 


Непсе 


1 
[Va,V3]Ua = 2(п,-т"ЫУЫЛ + 2wWV3Ua — 2: V4U — 2 р Ear U^ + 2 BatasUs, 


as stated. 


Using the values of B given by Proposition [2.2.4| we obtain Corollary In the 
following Lemma we specialize to the case of $9, 5; and s». 


Lemma 2.2.8. The following commutation formulas hold true: 


1. Given f € $9, we have 


(Уз, Valf = -5 (irxVaf + try “Waf) + (ta — G)Vaf — &, Vf 


+€ Vaf, 
1 "M " 2.2.15 
МУ] = -3 (У. + Otrx Val) + (1, + G)Vaf -Raf 9219 
F Ea Vaf, 
[V4, Val = 2(m — т): Vf + 22 Vaf — 2wVaf. 
2. Given u € $1, we have 
1 
(Уз, У „иь = -5irx(Vau F TbUa — даь?) ` и) 
1 
E (try ( “Уаш? "us— Єт и) 
(2.2.16) 


um (7 = C)aVatb + Еттзаь[и], 
Еттзаьи] LUI "B. “Up F КЕШ) 2 E Xactc T Xab E Du — X, V cub m WX Ue 
Es X ull Es 
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1 
[V4, Valo = —5tr х(Маш + пш О) 


1 
(0 ту *Vaus + N, “Ча Eab N: U) + (7+ С) „Ули 


2 (2.2.17) 
+ Erragy[u]; 
Еттдаь [иј = * Bs “Up + Ea V 3Up z: bX lle + Xs и – XacV cub ЕК п, Хасис 
T Хаһ? “и, 


(Ул, Va]ua = 2 Уҙча — 2WV au + 2(n, — т) Vsus + 2( - u)ra — 2(n - 400, 


— 2 *p *u, + Errja,|u], (2.2.18) 
Errjg4|u] = 2(€ €, — £26 Jus, 


3. Given u € $5, we have 


1 
Уз, V aluse = = (Vaite + fuae + NcUab — баь(1] 2 (M m ose (m 2 и)ь) 
1 
-3 try ( *Майье + To “Uac + Ne “Uab— Eab (N° u)e— Eac (N  u)s) 
(2.2.19) 
+ (Na = Ga) Узи + Errsabe[u], 


ErT3abclu] = —2 * B “Ube + & V 4ubc — 5, Хаачас — €, Xad'ta + Xa (Час 


+ Xack „Чьа — X „qV dube — MX glide — NX „Ча + X lade + X "аша, 


1 
Уа, Va]tsc = =5tr X (Vattte + N,Uac + lab — ба(0-Ч)-- бае( + ч)ь) 


1 
gi 2 (@) trx ( "V abe та 7, “Нас ыз 7. “Mab Cab (n s u)e— €ac (n ; и)ь) 
2.2.20 
+ (7, + Ca) Ул T ETT Aabe lu], ( 
Erraapc[u] = 2704 “Use + &Мзчье — $Х (Час — &Х ba + ХбаЧас + X, «аша 


— XadV dube — 1, XadUdc — ?] XadUbd + Xan аас T Xach Utd; 


[V 4, Узјиаь = 2WV3Uan — 2WV atlas + 2(7, — Ne) V cua 
— 2 Netlbe — 21,ЛеЧас + NaN Ube + ZMN Uac — 4 "p “Uap + Еттазаь[и] 
= 2u Vua, — 20V наь + 2(7, — Ne) Vea + An (п: ш) (2.2.21) 
= Ап (п си) — 4 *p “Ua + Етғазаь[и], 
Errssalu] = 2( €. — Eag JU b + 2(£ €. — 55 час. 
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We deduce the following corollary. 


Corollary 2.2.9. The following commutation formulas hold true: 


1. Given u € ву, we have 


1 
[V3, div Ju = 5х (divu =n- u) + 5 (ery (div *u—n- *и) + (0 — С): Узи 


T Err, diy [u], 
Ета == P) а тз. б 
те fo (doun) e m i ue à) H+ Fa 

+ ETT; dis [и], 
Ет, = *8- *u-£- Vasu-£-X-u-X-Vu—m-X-u. 


Also, 

z 1 = x 1 X 2 Е 
Уз, V8]u = -ztrx (У®и + пи) - 5 (try. * (Уди + пи) + (n — С) Узи 
+ Errag|u], 
Errsalu] = — "В *u + £8V4u — E(x- u) + X(E-u) - X- Vu — n8(X - u) 
Ей XN А и), 


(2.2.23) 
ка 1 P ж 1 ық 2 Ds 
[V4, V@]u = —5 i x (Уди + n&u) — 5 ery *(V@ut пи) + (n+ С) Уди 
+ Етте 11, 
Етыш- *8@ *u+ £8Vsu — £&(x u) + R(E- u) -R Vu — 98(& - u) 
+ X u). 


2. Given u € $5, we have 


[V3, div ји = — try (div u — 2n u) + 5 try div *u—2n- *u) 
+ (n — 6): Узи + Err; [и], 
Erryg;,[u] = -278- "u+: Vau- E x u- (ше + ux- 


SNe (X u+: u: y 


I>) 
< 
Бы 


[V4, div |и = -Žir x(divu — 29 v) + 5 try (div *u—2n- *u) 
+ (n + Ç) < Vau + Err, di [ul, 

Err dylu] = 2 8: "u +E: Узи -x u- (x we c&-uc.x X: Vu 
a u$. 
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Proof. We check (2.2.23). From (2.2.17) we have 

2[V4 V@]ua = [Va, Value + [Va, Уј, — 0а, div ]u 

x P 1 
= -try (Уди + n&u) + (n+ С), Уали — | try Hap 
+Errgqs[u] + Errgya[u] — Oad EIT ydi lU] 

where Ha» denotes 

Ha: = (*Vate + т "us— Єч) + ( "Vots + T "иа Era N: ч) 

—боь( *V # и+ 7: *u) 
= 2(*VGu) + 2(n& *u) ap. 
Recalling that *€@n = ER * = *(€@n) we infer that H = 2 *(V@u + neu). This 
proves the desired result. 
We check the last statement in item 2. From (2.2.21) 
1 
(Уа, У „иь, = d X (V gigs sp N, Uac F UNI uni баь(1] : и) - бас(7 ` и)ь) 


-5 (try ( *V zug; + 1, “Uac +N, "Uas— Єа (0: u)e— Eac (r1: u)o) 
-F(n, + ба) Маи, 
we deduce, recalling that abab = 0, 
[Vay ee |tte = baal V4; Valute 


E = Str x (div te + (и). — 2r We — (а-а) 


-3 (try (—div *u, + (n: “ue + “(n ue) + ((n 6): Vau) 


which proves the desired result. 


2.2.8 Commutation formulas with horizontal Lie derivatives 


Recall that the Lie derivative of a k-covariant tensor U relative to a vectorfield X is given 
by 


ёх(Ү\,...,Ү) = AU ee YU eg Yk) SUL ioe Y. 
where £xY = [X,Y]. In components relative to an arbitrary frame 
LOO um == Eb uso F Da, Хва, о, que Da, X^U,, . g. 


Recall also the general commutation Lemma, see chapter 7 in |231. 
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Lemma 2.2.10. The following formuld?| for a vectorfield X and a k-covariant tensor- 
field U holds true: 


k 
Dg(LxUay...04) am Lx(DgU ay...cx) a М, aol ЫНЫ шә (2.2.25) 
j=l 
where 
1 
Ты = 5(D« (Отв, + Ds Ол, = D, Ong). (2.2.26) 


The proof of the Lemma was given in [23], see Lemma 7.1.3, based оп the following 
Lemma 2.2.11. Given an arbitrary vectorfield X we have the identity 
D,D,X; = Ra, X" + POT ug. 
Proof. Consider the tensor А, = D,D,Xg — Reu X? — PRIUS and observe that it 
verifies the symmetries 
Аз = Arup = — Ав». 


The proof of Lemma [2.2.11 follows by observing that any such tensor must vanish iden- 


tically} 


We are now ready to define the horizontal Lie derivative operator £ as follows. 


Definition 2.2.12 (Horizontal Lie derivatives). Given vectorfields X, Y , the horizontal 
Lie derivative Ё XY is given by 


1 1 
£xY := £xY + 58 «хҮ, €3)e4 + 58(6хҮ, ед)ез. 


Given a horizontal covariant k-tensor U, the horizontal Lie derivative £ xU is defined to be 
the projection of LxU to the horizontal space. Thus, for horizontal indices A = a,...dx, 


(LeU) ae = VUA DX чке DS XI (2.2.27) 


This holds true for an arbitrary pseudo-riemannian space (М, g). 
“Indeed Ав = —Ayav = Ави = Agyn = Avpy = —Avup = — Арив: 
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Lemma 2.2.13. The following commutation formulas hold true for a horizontal covariant 
k-tensor U and a vectorfield X 


k 
У xUa) — £x(V4UA) + Vee = У OP Ua. as (2.2.28) 
j=l 
k 
Va(£ xUA) — £x(Vaa)  VgxesUa = У OP a Var...” ay) 
j=l 


with] 
COT abe = (У, Олы + Vy tae — Ve лл), 
Pu ae ~ CO qa + Ул “От — Vo тш), (2.2.29) 
ae = (У, CO, + Уз “От — Vi, ОО таз). 


Proof. Follows easily by projecting formula (2.2.25) in Lemma 2.2.10} see also Lemma 9.1 
in | 


We now extend the definition of horizontal Lie derivative to any U € T,(M) & Oj(.M). 


Definition 2.2.14. We define the general horizontal derivatives as follows. 
1. Given X € Т(М) and a general, horizontal tensor-field U € O}( M), we define 
Lev := £ xU. 


2. Given a tensor in U € Т,(М) & О(М) and X € T(.M) we define, for Z = 
Zi,- Zk € O(M) and Y —9Y,,...X1 € Oi(. M) 


LxU(Z,Y) = ХО(2,Ү) -0(Ғх2,--2ЬҮ)-...-0(2,--Ғх2ЬҰ) 
-U (Z, £xYy,..., Y) - ... -U(Z, Y,,..., £xY)). 


M Here, (X) ть is treated as a horizontal symmetric 2-tensor, and (x тад, x )maa, as horizontal 1-forms. 
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3. We have 


Éx(U @V) =LxU 8V +U 8 ху. 
4. The definition can be extended by duality to any mixed tensors tensors in TE (M) & 
Of (M). 


Lemma 2.2.15. The following commutation formulas hold гиф] for є Ox(M) and 
X € Т(М), 


j=l 
The following commutation formula holds true for U € T(M)@Ox(M) and X € Т(М), 


DC xU uus) E Eas DU as = Tapt go. --ақ + ye a m : ақ” 


Proof. Follows easily by projecting formula (2.2.25) іп Lemma|2.2.10} see also Lemma 9.1 
in | 


2.2.9 Main equations using conformally invariant derivatives 


Consider frame transformations of the form 
— / f 
ез = А les, e = Аел, е! = ел. 


Note that under the above mentioned frame transformation we have 


try’ Ах, у mn (у, try = Mrx, try’ 2 А try, 
3 XL ogg qud еле 
o =p. ye ВАВ а 9 


| 
> 
№ 
8 
R 
| 
> 
P 
D 


and 


1 1 
w = А! (w+ zelog 3) - ш=А (^ — 5641108 3) , C—C- V(log А). 
With x defined in (2.2.29). 
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Definition 2.2.16 (s-conformally invariants). We say that a horizontal tensor f is s- 
conformally invariant if, under the conformal frame transformation above, it changes as 


P=) f. 


Remark 2.2.17. If f s-conformal invariant, then V3f,Vaf,Vaf are not conformal in- 


variant. 


We correct the lacking of being conformal invariant by making the following definition. 


Lemma 2.2.18. If f is s-conformal invariant, then: 


1. OV3f := Vaf —2swf is (s — 1)-conformally invariant. 


2. OWV,f := Vaf + 2зш] is (s +1)-conformally invariant. 


3. OV Af = Vaf + staf is s-conformally invariant. 


Proof. Immediate verification. 


Remark 2.2.19. Note that s is precisely what in is called the signature of the tensor. 
In GHP formalism [32], the signature is related to the boost weights of the complex scalars. 


Using these definitions we rewrite the main equations as follows. 


Proposition 2.2.20. We have 


Ж 1 ag: 
Hati = =R = z (trà — try’) + 20 div 26 (n +0), 
OV, try = —trx try + 3 © curl + 2E A (=n +n), 
OV? = —irx + OVE + £8(n +n) — а, 


сос 1 1 а а с) 3; 
-X: X — gfrxtr x + 5 т +209 diun 2(€-€ + In?) + 2p, 


a <> 1 жу (a жеу (a c pen p = 
(ir xX + т) – 5(- 5 try + & (ту) + OVEN + ESE + n8, 


— el 1 TI 
—X- X — ytrxtrx + 5 try P trx + 20 divo + 2(6 ш 


CAS 1 а a c * 
EL co туту + tr x | try) +2 curl + 26 ^£ 2 0, 


1 чё] + 1 же (a ж (a с = = S 
шоо р "Ыш & (Оту *$ try) + OVN + EVE + n8, 


2.3. COMMUTATIONS WITH HORIZONTAL WAVE OPERATORS 


1 
Ov,trx = -RP — z(mx' — Өту) + 2:9dive 26 (1+), 
(OW, ту = —try try 2 curl 2€ ^ (—n +n); 
Ov,g = —trx&4 OVSE+EB(N +n) – a, 
(o) (c) с 1 loss 
Ут = = =) = р n) + ue y- *n) +8, 
2 2 
c c o 1 1 a * * 
OVi- ӘУ = =) =) td n= *n) -8 
Also, 
i 1 
o m ; OV (try) — 2: O(t) — try n- try *£ — B, 
n 1 1 
(dug = ; 9 V(ry) 2. “Әу( try) - try *n — Mery *E +B. 


Proposition 2.2.21. 


(vig — (988 = (ехо try *o) + 488 — 3(o€ + "p " 3), 
(9WV,8 — diva = —2(trx8 — “try *B)+a-n+3(Eot "€ *р), 
OVB + Odivo = (хв + try *8) -28-  -3(pn + “p*n) +a- £, 
Owvip— Odin B = —S(irxp + ‘try “p) + 2n- B – 2. 8-25 а, 
OW, + Әсшій = - ех 'p— (тур) – 2): *8 – 26. *8 + 55: “а, 
OWVsp-- div = —S(irxp — ых о) -2n: B+2€-B- jx га, 
OV, pt отв = —S(irx bu "8-26. "8-17: "0 
O0wv,8— divs = —(trxg4- © 2% "8)--28-X —3(on— р^) – а -, 
(уз + Әйда = -2(trx8 — “try *B) - a-n - 3(£p — "€ %), 
OVa + OVEL = pM ry а) — 4B — 3(oX — "p *X). 


2.3  Commutations with horizontal wave operators 


We have 
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Consider a spacetime (М, в) with a horizontal structure induced by a null pair (es, ед). 
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Definition 2.3.1. We define the wave operator for tensor-fields v € О, (№) to be 


20 = g” D,D. (2.3.1) 


2.3.1 Commutation with Lx 


Proposition 2.3.2. The following commutation (отта | holds true for € 52 and 
X € Т(М), 


|х, 2|%аь Е COq p рар 
Е COM реф, un 200p, D^, m aU ca" 
-D (COF 295, = D (OP, ust. 


Proof. We have 
Ех, 2|Фаь = (Ех, g"D,D, va, 
= (Cee) DD + gx. Ы, Ы, Ya + gn s. D,]va. 
Using Lemma [2.2.15| where recall the definition of Г, COF in section 2.2.8| we obtain 
[E x. 2] Vas кое отт Опер D, y E р” (ООУ 0%, + ОЕ) 
= COT gD Uap КЕ COT о ni ur PL 
е Отту Dia = COT Dwar Е 200p, Diy, = 200у, Da 
-D(F bs m DC. uas, 


as stated. 


2.3.2 Commutation with Dy 


Lemma 2.3.3. We have in a vacuum spacetime 


(X°DgU,) - X°DsOU, = n” D,D, U, + (D"z,? — 53D" trr)DsU, 
—2X?R,,5, D"U, + DP X"Racgu U" 


| 1 1 
—X?Bacg,D"“U, + әре X Bug,U* + 5 XD" Bacup". 


16Recall that £ has been introduced in Definition|2.2.14 
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Proof. Straightforward computation using Lemma |2.2.11|and Proposition |2.1.27| see sec- 
tion 


2.3.3 Killing tensor and Carter operator 


Recall that the deformation tensor of a vectorfield UO is defined as 
CO p = DX, = D, Xy + DX, 


The vectorfield is said to be Killing if Oz = 0. The Kerr spacetime has, іп addition to 
the symmetries generated by its two linearly independent Killing vectorfields T and Z, a 
higher order symmetry defined by a Killing tensor. 


Definition 2.3.4. A symmetric 2-tensor Ky, is said to be a Killing tensor if its defor- 
mation 3-tensor II, defined below, vanishes identically. 


Пле = Di, Kvp = D, Kip + 0,К + D,É,,. (2.3.2) 
Remark 2.3.5. Observe that if X,Y are Killing vectorfields then the symmetric 2-tensor 
K =3(X 8Y +Y 9 X) is a Killing tensor. 
We define the second order differential operator associated to a tensor-field 7) € $. 


Definition 2.3.6. Given a symmetric tensor K its associated second order differential 
operator K applied to a tensor р € в, is defined as 


K(p) = D,(K""D,(v)). (2.3.3) 


We now compute the commutators of K with Lg in terms of the symmetric tensor П. 


Proposition 2.3.7. In a vacuum spacetime, the commutator between the differential op- 
erator K and the Ug operator applied to a scalar function ф is given by 


K, Osl = Ет) 


where Err[Il|(¢) denotes terms involving П given by 


1 1 | -— 
ErrH](ó) :— D" (mr. — zP aw + zP au) D'S — m, D"b'a) 
—2 (D?IIL,,,,,) Бер”. 


Proof. See section [А .3] 
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2.4 Main equations in complex notations 


In this section we introduce complex notations for the Ricci coefficients and the curvature 
components with the objective of simplifying the main equations. From the real scalars, 1- 
tensors and symmetric traceless 2-tensors already introduced, we define their complexified 
version which results in anti-self dual tensors. 


2.4.1 Complex notations 


Recall Definition 2.1.11| of the set of real horizontal k-tensors s; = 5.(М, В) on М. For 
instance, 

e (a,b) € so is a pair of real scalar function on М, 

e f с 5, is areal horizontal 1-tensor on М, 

e u € $5 is a real horizontal symmetric traceless 2-tensor on М. 
By Definition 2.1.7] the duals of real horizontal tensors are real horizontal tensors of the 
same type, ie. *f € 5, and “и Є So. 


We define the complexified version of horizontal tensors on M. 
Definition 2.4.1. We denote by ө,(С) = 5,(M,C) the set of complex anti-self dual k- 
tensors on M. More precisely, 

e a 4- ib 50(С) is a complex scalar function on М if (a,b) € so, 

e F= f+i*f €5,(C) is a complex anti-self dual 1-tensor on М if f € 51, 

e U = u4- i *u € s3(C) is a complex anti-self dual symmetric traceless 2-tensor on M 

if u € So. 
Observe that F € s,(C) and С € s;(C) are indeed anti-self dual tensors, i.e. 
*F = —iF, *U = –10. 

More precisely 


{Лә = Ол =1 "Ui = 1 €12 Uz = =U, 1 = Up. 
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Recall that the derivatives V3, V4 and V, are real derivatives. We can use the dual 
operators to define the complexified version of the V, derivative, which allows to simplify 
the notations in the main equations. 


Definition 2.4.2. We define the complexified version of the horizontal derivative as 
D=V+i"*V, D-V-i*V. 


More precisely, we have: 


e for a 4- ib € 50(С), 
D(a--ib) := (У +1 *У)(а + ib), D(a + ib) := (V — i *V)(a + ib). 

e For f+i*f € s1(C), 

"UPS УМ ТУРЕ 

Ыал ж учее Т), 
DO(fti*f) = (V+i*V)@(f+i*f). 

e Foru-d i *u € s2(C), 
D-(uti*u) = (V+i*V)- (uti *и) = 0, 
D-(uti*u) = (V—-i*V)- (uti *u). 

Note that *D = —iD. 


For F = f +i * є sı(C) the operator -iD is formally adjoint to the operator D - U 
applied to U € s2(C). For h = a + ib € so(C) the operator —Dh is formally adjoint to 
the operator 2. F applied to F € s,(C). These notions makes sense literally only if the 
horizontal structure is integrable. 


Lemma 2.4.3. For F = f +i *f € (С) and U = u + i *u € (С), we have 
(D&F).U = -2F-(D.U)-((H- H)8F)-U -2D-.(F-U). (2.41) 


Proof. We look at the real parts. Then 
(Vf) u = (Vafo + Vofa — Sardiv аа = 2(Vafo)tas = 2Va(tavfs) — 2(div и). f. 
Using Lemma [2.1.40] applied to € = u- f we obtain 
(V@f)-u 2V" (ua fo) — 2( + n) (и. F) — 2(divu)- f 
= —2(divu)- f — ((n +)®f) -u + 2div (и. f). 
By complexifying, we obtain the stated identity. 
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Lemma 2.4.4. The following holds: 


e fines 
(СИС)! 
(+4 "Bn i9). 


cert ee = 


N| =e мн 


&®п +i *(ESn) = 
e If n 651, иЄ 69 
+ ж 1 E TE MEE” GU SEN 
u-nti*u-n = gu t i и): (n +2 *n). 
e Ifu,v € $2 
E 1 БЕЗ = no 
u:vti*u-uv = gu t i и): (v +i *v). 


e If (a, b) € 50 


Уа- *Vb+i(*Va+Vb) = Т(а-- ib). 


If£€s 


VG£E-i'(V&à£) = “D&E +i *£). 


div + icurl& 


Ifu Є $5 
T = a 
divu+i*(divu) = 2 (и 4- i *и). 


Proof. The first identities rely on Lemma|2.1.19| The other rely on the following identities, 
for € € $1, u € $5, 


У. *€=curlé, *V.£— —curl£, "V. *€= VE, VO * = *VBE= *(VBE), 
*V& “© = —VG£, *(divu) 2 V. *u, *V -u = — (аши), *V- *tu=V-u 
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Lemma 2.4.5. Let E, Е € s;(C) and U € $2(C). Then 
EG(F.U)- FR&(E-U) = (Е.Е+Е.Е) О. (2.4.2) 
Also, for E =e+i*e, F=f+i*f 


ЕФ(Е-0) = 4(e- f — ie ^ f)U. (2.4.3) 


Proof. Recall, see Lemma |2.1.20} 
ES(N - u) + n&(£ - u) = AE- nyu. 


For E = E€ +i *£, F=n+i*n and U = u +i “и, we have 


EG(F.U) = (E+i*£) &(n in) Gori) 
= 2(E-i"£)&((u-m) +i *(u-n)) 
= 4(€B(u-n) +i ES), 

F&(E.U) = 4(nB(u-g) +i *(n8(u- 8). 


Therefore 


P 


E@(F-U)+F@(E-U) = A(£&(u-m)- i (£&(u-1))) + A(n&(u - £) + i *(n&(u - £))) 
= A(€®(u-n) + n@(u- €)) + 4i "(£&(u - n) + n&(u - £)) 
= 8((£-m) и) + 8i *((£-m)u) = B(£-m)U 


while 
E-F+E-F = 92(£-q- i *£-9) -2(g-£- i *q- £) = A(E- n). 
Hence, 


EG(F.U)- FG(E-U) = 2(E.F--E-F)U 


as stated. The second identity can be derived in the same manner. 


Leibniz formulas 


We collect here Leibniz formulas involving the derivative operators defined above. 
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Lemma 2.4.6. Let h be a scalar function, F € s,(C), U € (С). Then 


- (hU) = D(h) -U + h(D- U), (2.4.4) 


D(F - U) —2(D.F)U + 2(F- D)U, 
U-DF-—U(D.F). 
Also, 
Е F&(D. U) =2(F-D)U =4F “VU, (2.4.5) 
(F-D)U+(F-D)U 2 Af -VU =2(F + Р). VU. 
Proof. Straightforward verifications, see section C] 
Lemma 2.4.7. As a corollary of we derive the following formula for U € s3(C) 
D@(D-U) = 2250 — A KU — i( tryV3 + (ӘУ) (2.4.6) 
where 
Mi = сті — 1 ery try + 5-5- 7 


Proof. According to (2.4.5) we have 

m — 

zP -U) =(D-D)U = (V° +i *\/°)((М° — i *\/®) = 2A3U — 2i E€% Va V,U. 
On the other hand, appealing to Proposition |2.1.43| we have 


1 
2 E€% VVU = e*[V, УА = 2 Б (try Vs + OtrxVa)y +2 VK л) 


= (хуз + (try V д) — Ai 9 KA 


Hence IDG(D. U) = 2A3U —4 KU — i( try Vs + (У) as stated. 


2.4.2 Main equations in complex form 


We now extend the definitions for the Ricci coefficients and curvature components given 


in Sections апа 2.2.2| to the complex case by using the anti-self dual tensors defined 
above. 
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Definition 2.4.8. We define the following complex anti-self dual tensors: 
A:=ati*a, B:=6+i"*B, P:—p-ci'p В:=8+1°8, А:=а+і “a, 

and 


+i*y, H=nti"n, H=ntin, 2-64 5, 


In particular, note that 


ИХ = try —iMtry, Ў=ў+1°%, Х-и, Х=ў+1°ў. 


The complex notations allow us to rewrite the Ricci equations in a more compact form. 


Proposition 2.4.9. 


1 lA = 

VatrX + (eX)? + 2u trX = Ф.Е+Е Н+Е.(Н—-27)- Х.Х, 
VX + R(trX)X +20 X = gP eet 929 I + Н-92)-А, 

1 -— -— zu 15 = 

УзХ + АХ — 2utrX = D-H+H-H+2P+S-2—5X-X, 


1 == 
VatrX + IANA = у, = D. H+ H. H+2P 


a 1 ^ > Lx Loo 
1 2 = кес! лут qu ls = 
VatrX + 5(trX) +2wtrX = DB+E H+=-(H+2Z)—5X-X, 
МАХ + R(trX)X -20X = "EE | 329(Н--Н--22)-А 
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Also, 
1 з з, > 
VZ + 5trX(Z + H) – 20(2 — Н) = -2Du- 5X: (Z + H) 
1 l= d 
1 la m 
_ XS -wa B= 14.%. 
2 2 
= de = 
узна = -IUX(H- H)- 2X (H Н) – AvE B, 
I= les o. SS 
Vil -V2 = -:тХ(Н- H)- 2X (H — H) - 49 - B, 
and 
Vee + Vium duw —E£—(p-wm-Ct ym = p 
Also, 
qx es lu кы ae 828 . А = 
5 X + 5^ Z = әрт + 27Х2 — iS(trX)H — iS (trX)E — В, 
І о lá 5 ПЕСИ +. 
and, 
Leipa tpr (a) (a) (a) : 
curl = = Lux try — trx тх) +w try — w try + "p. 


We rewrite the Gauss equation in Proposition [2.1.43] for complex tensors. 
Proposition 2.4.10. The following identity holds true for V € s,(C) for k = 1,2: 
[V, Vo] t = (s tis + tryVa)W — ik Uu) аһ (2.4.7) 
where 
ere: 


To Жол. 1 
(к = -атХхиХ - ХіХ ш 


The complex notations allow us to rewrite the Bianchi identities as follows. 
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Proposition 2.4.11. We have, 


l a 1 1 
V:A- 3D8B = —5trXA+ 4wA + 5(Z+4H)8B — 3PX, 
1 — 1 
ViB-5D-A = - ХВ -wB + >A: (ZF Н)+3РЕ, 
TEM 1 = 
V3B—-DP = -trXB+WwB+B.- и: a 
— 3 1 — ee 
1 э _— 1 — 15 
ViP4 D.B S o PXP- OHCZBSBOH x: A, 
2 2 2 4 
1 = 
ViB+DP = -#XB+wB+B-X-3PH-5A-=, 
la = — 
УВ t Р.А = -27X B - wB- 2A (224 H) - 3PE, 
lox 1 1 a ^ 
ViA+ 5DEB = —5trXA+4wA+5(Z—4H)@B - 3PX. 


Proof. We derive the equations for A and B. Observe that from the Bianchi identity in 
Proposition 


Уза – УВ = C xo + try *o) + 4wa + (C + 4])88 — З(о + "p 5), 
we obtain 
"Уза = "*(V&f)— 5 (tex За- (try) +40 *a + "((C--49)88) – 3(p "€ — *pX). 
This implies 


УзА = Va(a-i*a) 
PS d 1 1 
= ү98 +1 *(У98) – 5 (tr xa -+ (у *а) — ex *а — (try) + Aw (a +i *а) 
+(¢ + 4n)@B + *(( + 49)88) – 3(0% + "o" X) — Si(p" X – 95) 
la 1 1 
= 5 Pals +i *8) – gx -% Dtryja — 5 (tr x —i (у) *a + Aw(a + i *a) 
1 T€ © T re еЗ 
+006 + 4n +i (с + 4m)8(B + `8)) – 3(o = i "9X — 3(p — à “p)i "X 


which finally gives 


bs d 1 E EP 
УзА = 5DOB-5tXA+4wA + (7 c 4H)8B — 3PX, 
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as stated. From the equation 


Vab -diva = -2(trxB8 — try *B) – 208 +a- (2C - m) +3(Eo+ "€ "'p), 
we obtain 
"Vab = "diva – 2(trx *B+ (ХВ) — 2ш *8 + *(a- (26 - m) -3( "6p — € %). 


This implies 
МВ = У,.(8 + *6) 
= divati*diva— 2(tr x8 — “try *B) — 2i(tr x *B+ (Әв) — 2w(B +i *6) 
+a: (2 +n) + ЗАРА ea) alee € *p)+3i( ep = 7p) 


= 
= 2 - (a +3 *a) — 2(tr x +i 9try)8 — 2(tr x +1 9trx)i *8 — 20(B +i *B) 


оба а): QC m - i QC g) -3(9 i "0€ (o - i 0% 


which finally gives 


= — Ts sets eee See 
УВ = 22.А- ХВ -wB +A- (22+ H)+3P= 


as stated. The remaining equations are checked in the same fashion. 


2.4.8 Main complex equations using conformal derivatives 


Definition 2.4.12. We define the following conformal angular derivatives in the complex 
notation: 
e Fora+ib € so(C) we define 
OD(atib) := ((wv-ri*Owv)(a +ib). 


e For f -- i*f € (С) we define 


OD f+i*f) = (OV4i* OV) (f + */), 
ODG(f--i*f) = (OV+i* OVE o i*f). 


e Foru+i *u € өә(С) we define 


Op. (u+i*u) - (OV +i* Oy) - (u + i *u). 


2.4. MAIN EQUATIONS IN COMPLEX NOTATIONS 115 


e In all the above cases we set 


OD := GOv-iOv. 


These complex notations allow us to rewrite the null structure equations as follows. 


Proposition 2.4.13. We have 


1 es 
(OwstrX + 5 (trX)” = OD.E+5-H+=-H- 5X X, 
25 de Teraa a Ж 
OVX +R(trX)X = 2 ODE + 5ЕФ(Н-- Н) - A, 
© І Op.H+H-H =.5- 13.5 
VA + TANA = D-H+H-H+2P+S-2—5X-X, 
V3X +-tr7XX = = "DH + ~H@A — -trX X +-=®=, 
2 2 2 2 4 
(е) 1 OD. F zz le.$y 
VatrX + ХХ = D-H+H- H+2P+=-2-5X-X, 
VaX +=-trXX = -~“DSH+-HSH — -tr X +-=®=, 
2 2 2 2 4 
© Lry}? O©OD.5 з=. = 15 5 
VatrX + 5(trX) = Date H+S-H->X-X, 
T к fonce ЖЕР 
OVX + R(trX)X = 5 DBE + EB(H + Н) – A, 
© (vc d ТЫТ 
УЗН — ӘУЕ = -3UX(H - H) - X-(H — H)- B, 
— PES 222. BS 
(v,H — OV; = ТОНН aA) Хун нуы. 
Also, 
S HK n DirX —iS(trX)H —iS(trX)= — B, 
ps lut iet 
p D ue = 5 РИХ — 13 (trX) Н – iS(trX)E + B. 


The complex notations allow us to rewrite the Bianchi identities as follows. 
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Proposition 2.4.14. We have 


LP зм. 1 m а 
eu А — = ODSB = —5irXA + 2H®B — 3PX, 
po — DT 
iv, B= 5 OD-A = ХВ + 54: Н+ЗРЕ, 
жет = жы. == 1 === 
(Әу, В – ODP = -irXB+B-X+3PH+ ;4 8 
1 = — = 1 ~ — 
7 UT = -ХР+Н.В-Е-В-1Ў°Л, 
(©) — -— eom 15 
Ve POD BR. = -ӘЙХР-Н.В-н:В-2ХхА, 
=> =~ 1 — 
Ov,B4 ODP = -"XB-HB.X-3PH-7A-8, 
NS соз hae 
AVB 9D. A = -SHXB—- .A.H -3P8, 
1 =~ 1 ~ zs 
(OV,A + 7 ODB = — 5X A—2H@B —3PX. 


2.4.4 Renormalized Bianchi identities 


We define renormalized derivatives for the curvature components А, B, P, B, A in the 
spirit of Definition 7.3.2 of [23]. These renormalizations play an important role in the 
derivation of the generalized Regge Wheeler equation for the quantity q in section 


Definition 2.4.15. Given a conformally invariant curvature component Y (i.e. either 
A, A, В, B, P) with signature s we define the operators 


Фф» OV Ay + = (3 — s)trX V, 


1 
V, ON4U + 7 (3-- 5)trX I. 
Proposition 2.4.16. Using this definition the Bianchi identities take the от 


— 1————— — ~ — ES 
er (DSB = 2HB —3PX, 


l'Note that B was changed to В to maintain the correct definition. 
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ІШІ 


== pou 
B,* 5; 0D.A- -;A-H -ЗРЕ, 


Me Я m 
Ait 5 ODOB = -2 HOB — 3PX. 
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Chapter 3 


The Kerr spacetime 


In this chapter, we provide basic facts concerning the Kerr spacetime. 


3.1 Boyer-Lindquist coordinates 


We consider the Kerr metric in standard Boyer-Lindquist coordinates (t, r, 0, ф), 


2A Y? (sin 0)? 2amr ,M? : 
m qus 4 EG P (uo - D КЇ ar)? + Ра)" 


qm y2 | E y2 
where 
q = т +iacosð, (3.1.1) 
and 
A = т^—2тт+@?, 
lg? = r?+a?(cos6)?, 
X? = (r?+a*)\q|? + 2mra?(sin 0)? = (r? + a?)? — a?(sin0)?A. 


Observe that 
(2mr — |g[))? = —|g|*A + 4a?m?r? (sin 0)?. 
The metric g = бат can also be written in the form 


A — a? sin? 0 4 : XP 
Te A as cq sin? adido + ar! + lga? + Z, 
q 


sin? 0d9?. 
al? A ql? 
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Note that нб — Еу; = —A sin? 0 and that the non-vanishing components of the inverse 
metric are given by 


„Ти СИ эс gu ec Н 
la? A" la?A" lgI2A sin? 6 ’ 
(3.1.2) 
rr A g” 1 
g” = —, E, 
lal? ІЛЕ 
The volume element du of g is given by 
du = |g|^sin6dtdrd0do, ө] = 1417 sin Ө. 
We also note that 
Т-д,  Z-Ó0, (3.1.3) 


are both Killing and Т is only time-like in the complement of the ergoregion, i.e. |g|? > 
2Mr. The domain of outer communication of the Kerr metric is given by, 


R = ((0,7,t,0) € (0, т) x (ri, oo) x Rx St}, 


where r4 :— т + ym? — a?, the larger root of A, corresponds to the event horizon. 


3.2  Vectorfields m R 


Definition 3.2.1. We introduce the vectorfields T R as follows: 


gu a 

A A 

ВБ: = ---:90.. 3.2.2 
r2 + a? ( ) 


Note that R is regular at the horizon, as opposed to 0,. Unlike T, which is spacelike in 
the ergoregion, the vectorfield T', to which we refer as the Hawking vectorfield, is time-like 
in the domain of outer communication. More precisely we have 


Proposition 3.2.2. The vectorfield T is timelike forr > ть and null on the horizon 
т = ту. More precisely 


(229) 
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Proof. The proof follows from the following more general computation. 


Lemma 3.2.3. The vectorfield T = T + AZ, for a scalar function А, verifies 


е(Т,Т) = m - a®)?(sin6)*) + Ex) 
E\(r) = а? – 4аттА + X? (r +47)". 

To check we replace А by =>? to deduce 
«D = cere rmt) e merae") 

= 5.61 $ alsin в) ) + мез 0, = 215) 

Е - E Т (а? а ар oe 9) E a? Е г2 

= — i (1 | (аз а (sin 9)* — 2 sin? 0) 

= EIC sin’ 0). = ац 

2 
- а 


as stated. To check Lemma we write in BL coordinates T + AZ = д, + A0,. Hence 
g(T + AZ,T + AZ) (д, + Аду, o; + Аду) = gu + 2Ар+ + А? gog 


= „Асен е +27 а) EXT sin? 0 

= aE ( —A-+a’sin? 0 — 4amr A sin? 0 + MY? sin? ө) 

= E + P (4 — 4amrA + X’ (r° +47)? — а X" (sin өл) 
= -5 (1 + a? X (sin 0)*) + wi (a — 4amrA + X° (r? + ay) 
= E (1 + a? А (sin e) - oT EA), 


as stated. 


Remark 3.2.4. As a consequence of the lemma, we also deduce that the Killing vectorfield 
Ty = Т+он2, with wy = 55 the angular velocity of the horizon, is null on the horizon 
+ 


and timelike in a small neighborhood of it in r > т. 
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3.3 Principal null frames 


The Kerr metric is a spacetime of Petrov Type D, i.e. its Weyl curvature can be di- 
agonalized with two linearly independent eigenvectors, the so-called principal null (PN) 


directions. We now present the ingoing PN frame (eG, efi”) and the outgoing PN frame 


out out 
(ef, ef). 


3.3.1 Ingoing PN frame 


The ingoing PN frame (with D3e3 = 0), regular towards the future for all r > 0, is given 
by 


"TENE TT. A a 
ef”) = a, + 0, + 59s, 
141 4 lal (3.3.1) 
in) 72--а? a 
Note that 
el (r) = Ina ей (y) = —1. (3.82) 
We complete the PN frame with the following specific choice of horizontal frames e1, es, 
1 a sin 0 1 
e1 = — 03, ез = — 0. 3.3.3 
jq > Tg рањо aue 
We refer to (3.3.3) as the canonical horizontal basis of Kerr. 
Using the Hawking vectorfield Т= 9, + 722205, we have 
aur ud 2\0 „2 
(ау "Жа (а, A a Сасы. NEM M д 3.3.4 
= lal? | EET 8 A г Ба? " (834) 
from which we deduce 
20 „2 20 „2 
gy f а ü R) in) ra (f R) 
e = ——.—I|T +R), еу = T — В). 3.8.5 
4 lal? 3 A ( ) 
Lemma 3.3.1. The following identities hold true. 
T=- 4 ef ) 4 ef ) › 
2 \r?+a? т? + а? (3.3.6) 
pas lal? QU _ A elin) B 
2\r2+a2 4 т? +а? ? J’ 
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and 


r?--Fa?- asind 


T= 2 ео, 
a(r?+a7)sin?9~ (т? + a?) sin и 
2 = — 2 | ео. 
“| “| 
Combining we derive 
1 in A (in a sin 0 
T- (4 + ef )- 2, 
(r? + a?) віп 0 2 ( (m) , A e И 
2 = ео asin“ Ө | е + — 
lal 2 477 
Note also that Т, В оте perpendicular to the horizontal structure and g(T, R) esi. 
Proof. Straightforward verification. 
Ingoing Ricci and curvature coefficients 
The real Ricci coefficients in the ingoing PN frame are given by 
X=X=€=E=w=0, 
1 Ат % 2а А cos 0 2r 7 2a cos 0 
TONS X= И = И = И 
414 lal? = (ар = М? 
а? cos? 0(r — т) + mr? — a?r 1 A 
n= Са о = — 4 = д, ( ;) 
| 2 114 
Also, we have 
a? sin Ө cos 0 ar sin 0 Е ar sin 0 a? sin Ө cos 0 
Ts S — uma 5 = в, п = TW > 22 5, 
lal? lal? lal? 4/9 
a? sin 0 cos 0 ar sin 0 : ar sin 0 А a? sin 0 cos 0 
n = ae ыг аа ee =" аа” — 
= lal? > lal? а lal? НА lal? 


The complex Ricci coefficients in the ingoing PN frame are given by 


2AF 
deg meae 


X ; 
|444 


— 
= 
— 


>) 
ІШ 


1 
Il 
| 
| 
X 
| 
N 
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The real curvature components in any PN баш] are given by 


2 2 0 
a=ß=ß=a=0, p= ae —S3ra?^cos?0) “р- с. — a? cos? 0). 
U q 
The complex curvature components are given by 
2 
A-B-B-A-0, P=-—. 
q 


In any PN frame the components of B are given by, see Proposition (2.2.4) 
try ( Eca Ль- Сс Па), 
Bates = — Batse = —tr X (Seat, = Seon.) m try ( C ca т,” Ecb 0), 


Bassa = —Выз = —4 (лат, = 7,7»); 


Bas = = Вазе == —tr x (Scan = бота) Е 
(3.3.9) 


1 1 
Вр = -В = Вэр = 5 хых + 2 (а) гу (у. 


Ingoing Eddington-Finkelstein coordinates 


Let rg be a constant то > r,. We introduce the adapted ingoing Eddington-Finkelstein 
function u defined byP] 
T 2 2 
и = + f Mid. dr’. 
a r 


TO 


Note that 
in 2(r? + a?) T a sin Ө 
еш) = GE ef (u)=0,  e(u-0, еи) = " 


Remark 3.3.2. Note that the non-vanishing of еә(ш) in Kerr is connected with the lack 


of integrability of the null pair (еб), em, 


Definition 3.3.3. The principal null pair (е) е) together with the BL function т, 
such that ef) (г) = 1, is called the canonical, ingoing, principal geodesic structure (PG) 
of Kerr. The associated, ingoing, Eddington-Finkelstein coordinates (и, т, 0, p4) are given 


by 


2 2 
watt sr), fe) CR. escéea() В) = 


И 


bls 


such that, 
fry =1, d w= = =0. 


T By definition of principal null frame, a = 8 = B = a = 0; on the other hand, p and *p are gauge 
invariant quantities. 
?Note that the choice of и and u is such that we have u = и = t on the timelike hypersurface r = то. 
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Calculations in the canonical horizontal basis 


Remind that we call (3.3.3) the canonical horizontal basis of Kerr. Note that 


Also 
1 (а) 1 (а) 
g(Daeie) = Ха- 5 “ах (зе, е) = X19 = 3 try, 
which gives 
1 (а) 1 a) 
Уер = 2 trXez, Узе = тхе». (3.3.10) 
Also 
(^i) = g(Diei, e») = 0, 
T2 +a? 
(А5) :— g(Dee1,e2) = E cot 0, 
(^1)i2 = g(Dies, ei) = 0, 
r? + a? 
(A2)12 :— g(D2e2, €1) “148” cot 0, 
Or 
pote? 
Veeri = Vae: = 0, Veli = Ле, Ve,@2=—Aex, А:= “ges 0. (3.3.11) 
q 


3.3.2 Outgoing PN frame 


The outgoing PN frame (with Dye, = 0), regular towards the future for all r > r}, is 
given by 


ou f in r? +a? a 
е! 0. fd ( ) _ & + On + 500, 


4 €4 
A A 
pi- A кн #2402 E A a А (3.3.12) 
: la? 3 la? ^ ЫР” М2 


with еі, e» the canonical horizontal basis (3.3.3). Note that we have 


A 


out out 
00) = е") = т 


eilr) = 0, ез(т) = 0. 
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Using the Hawking vectorfield T= д + ткр» we have, 


2 2 2 2 
(out) | T +a A A (ou) T +a A A 
€4 = А (7 | T24 29.) 7 ез = “Ир” Т —— —0 ; 


and, using also the definition of the vectorfield R, 


ee ZEN, а) ж, 
ge a TG): qp EE se), (3.3.13) 
A lal 
Lemma 3.3.4. The following identities hold true. 
T = 1 А e | lal? e out) 
2 (72-424 т фа? 3 | 
А (3.3.14) 
R m l A (out) _ 4 (out) 
~ 2\ pe ra 12 + 263 | 
Also, 
т 1 ( A | s) es a sin 0 5 
т? + a?) sind ie Ас tes Ex x 
Z= ( x e= zesin? (C5 ( ) f ) 
Proof. Straightforward verification. 
The real Ricci coefficients in the outgoing PN frame are given by 
Х-Х-е<-е-ч-д0, 
2r (a) 2a cos 0 2rA (а 2aA cos 0 
XS Tgp ак шю «$8 ^ 
2 сов? O(r — + тт? – ат 1 A 
died me: сов” (т 10) Е o( :) 
P Й 2 119 
Also, we have 
a? sin Ө cos 0 ar sin 0 : ar sin Ө a? sin 0 cos 0 
Wo 5 “Зе Were ‚= cs 
a? sin Ө соз 0 ar sin 0 Г ar sin 0 422 айвіпбсов0 


"Hj T Cw ПЕ , n == la ^ n — — E n, = PE 
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The complex Ricci coefficients in the outgoing PN frame are given by 


NES 2 2A 
Х-Х-Е-Е-ш-0, oX¥ =", X=- Н--2, 
q “| 
ала 
aqi sin 0 aq sin Ө aqi sin 0 aq sin 0 
Hi = = ја 9 Qc 3 1 = 3 , 2— 3 
ІП “| ІП “| 


Remark 3.3.5. Note the identities 
Н, = —-Z,, Нә = 25, Ну = Н, H3 = — Ho. 
Outgoing Eddington-Finkelstein coordinates 


Let то be a constant то > r}. We introduce the adapted outgoing Eddington-Finkelstein 
function u defined by 


Note that 
zm eu 2(r? + a? a sin 0 
(un) =0, с qu), esu) = 28100, 
[1 Й 
апа 
2.2 
g(Du, Du) — - P d 
q 


Definition 3.3.6. The principal null pair (ee), ебе“) together with the BL function т, 
such that el") (r) = 1, is called the canonical, outgoing, PG structure of Kerr. The 


associated, outgoing, Eddington-Finkelstein coordinates (и,т,0,р-) are given by 


u:=t— f(r), f(r)= À = ; y- :=¢ġ-—h(r), h(r)= 


such that, 
elo) (r) + 1, ег“) (и) Е equ) (0) — eq) (y_) == 0. 


Lemma 3.3.7. Relative to the outgoing Eddington-Finkelstein coordinates (и, т, 0, p_) we 
have: 
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1. The action of the outgoing PG frame on the coordinates (u,r,0,p_) is given by 


ел(т) = 1, e4(u) = 0, ел(0)=0, 63) = 0, 
A 2(r? + a? 2a 
ез(т) = 192° ез(и) = TM ез(0) = 0, ез(ф-) = IPTE 
1 (3.3.16) 
ex(r) = 0, eilu) = 0, e(0) = ial ex ores 0, 
a sin д 1 
e»(r) = 0, ео(и) = Г e(0) = 0, е(ф_) = —. 
ІП |q| sin 0 
2. In particular 
1 0 0 0 
ел д, 
A 2(2+а2) 2a 
2 = B ЕЛЕР : Lu Du 
e2 0-40 ma д» 
е1 0 0 + 0 ды. 
lal 
3. In the outgoing EF coordinates, the metric takes the form 
2 
g = — (1 — =) (du)? — 2drdu + 2a(sin 0)?агар_ 
q 
4mra(sin 0)? Y? (sin0)? 


2 dudo... + |a (d0)? + ——,—(dp_)?. 
[1 [1 


Proof. Straightforward verification. 


3.4 Additional relations 


Observe that, as a consequence of the null structure equations and Bianchi identities, in 
Kerr we have 


PP+3PH=0, РР +ЗРН = 0, 


5 Pa РА A. (3.4.1) 
DEOH + НӘН =0, DSH + НӘН -0, 
which are valid in any frame. 
We also have 
trx try Tárx (try = 0, 
2 2 
- - 0, 
ml Д (3.4.2) 
div (n — n) = 0, 


div ( “n + *n) = 0, 
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which is immediate from the values given in the previous section. 


We also have the following relations, valid in any frame: 


4a cos 0(r? + а?) A 


И 


(а) уез + rye, = 


lal 
4a cos 0 
“хеҙ + (тҳе + An - 9) - *V = Er (3.4.3) 
4 cos 0 
(tres + (а) гуед — АЛе» = ты е 
= |q|? sinf 0 
Indeed, for example in the outgoing frame we have 
2a cos @ 2aA cos д 
rye ER @)tryelow) (out) | evt 
; zu. la? 44“ 
... 4acos6(r? + a?) 1 A ош), la NCO 
1414 Q\re+a2 4 12-422 
|. Д4асоѕ0(т? + a”) — 
[1 
Also, 
200 +7): "V = 2(ņn +n) *е + 2(n 9) "es = 2(n + me» 
|. 4a® sin? Ө cos 0 Да? cos 0 
414 а 7 
which gives 
rye 4 (tpe fot + 2(n +) ENS 
|. Aacos 6(r? + a?) (T 4 a 4a? sin? 0 cos0 Да? сов0, Аасов0 
414 rapa? 414 414 lal? 
We also have, since A = nite cot 0, 
4 0 2 2 
@iryes + '©{туел — 4Лез = ш. Ley | ш 7) 
X ГЕ 221508 
2 2 : 0 1 
=й ps cot e( s - ) 
ІП “| |4| sin 0 
2 Да? cosb 7 A + а? cos 0 gin 4 cos 6 
Е 414 q^ si0 — 2 sin? 0 
q 
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3.4.1 The scalar quantity q 


Recall the definition (3.1.1) of q = r + ia cos 0. We have the following equations for q. 


Lemma 3.4.1. The scalar q satisfies for both the outgoing and incoming PN frames, 


1 lol 5 77 
Vag = 5trXq, Vaq— Ха, Da=qH, Dq=qH, 


1 u (3.4.4) 
Уа= 5(Н+ Н)а, V(a)-—G- ml, qH = —GH. 
In particular |H|? = | H|?. 
Proof. In the outgoing frame, from the value of trX = г! and the reduced equation 


VatrX + $(trX)? = 0 we deduce the equation for V4q. From the value of P = x and 
the reduced Bianchi identity V3P = —3trxXP we deduce the equation for Vaq. Similarly, 


equation (3.4.1) becomes Dg = Hq or Dq = qH. The last equation in (3.4.4) follows in 
the same manner from (3.4.1). Similarly in the incoming frame. 


We write, recalling that q = т + iacos0 and using e,(r) = 0, i.e. Dr = 0, 


АН = Dq=D(r+iacos@) = V(r + іа соѕ 6) + *V(r + iacos 6) 
= iaV соѕ0 — a *V сов0, 

Dq = D(r + ia cos 0) = V(r + iacos0) — i *V(r + ia cos 0) 

iaV соз Ө +a *У cos. 


qH 


We deduce q H = —qH і.е. q Н = —@Н as stated. 


3.4.2 The canonical complex 1-form 3 


Definition 3.4.2. We define the following complex horizontal 1-tensor in Kerr, given in 
components relative to еу, еә by 


А isin 0 " sin 0 
AMET о = ——. 
“| “| 
Note that 3 is regular (even at the axis), as well as anti-selfadjoint, i.e. *J = —ij. 


Remark 3.4.3. The complex 1-tensor J can also be written as 


^ 


J = j+i*j 
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with 


а, ад 2 а, 
H кетер весы (3.4.5) 

4 [1 q М 

In particular, 
ан t qH = 0, 
as obtained in (3.4.4). 
Lemma 3.4.4. The complex 1-form 3 verifies 
| = 3sng > (emg) 
‘J = —1), j=. RG = 
ар” = ар 
Also 
ee m 1 " 
Vas + 7X3 ext). V33 + 279 = 0, (3.4.6) 

or 

Va(q3) = Va(q3) = 0 
Also 

= 4i(r? 2 P 
D.J- i(r 2 DSJ = 0, 
ІП 

апа 


Т()--а%) | D(q)-— a3. 


Proof. Straightforward verification. One can check (3.4.6) using the complex structure 
equations in Kerr 


1__ — 
VSH--IuX(H-H) Vil = --ЫХ(Н - H), 
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and (3.4.4) together with the expressions (3.4.5) of H, H in terms of J. Note that (3.4.6) 


holds true in both the incoming and outgoing frame. In the outgoing frame it becomes 


From the complex structure equations in Kerr (3.4.1) and (3.4.4), we deduce that DRJ = 
0. We then compute 
<D-3 = divj +icurlj = Viji + Vajo + i(Vi1jo — Уәй) 
= —jvu — Jvo2 + t(e1(J2) — Jvi2 + ver) = $(e1(2) + Ајә) 
1 in 0 2 2 in 0 
= d (19 e ) + 2 d cot өз ) 
Й [1 4 [1 


0 212% NA 
= ЗЕ. (т? + а?) 4 А uis езе) = 217 cos, 
lal lal lal 


as stated. 


Using the canonical form J, we can also deduce the following identities, which are not 
immediately implied by the null structure equations. 


Lemma 3.4.5. In Kerr, relative to any frame, the following relations hold true: 
V4H +trX Н = 0, VH + trX H = 0, 


irX H + trX H = 0, trXH + trX H = 0, (3.4.7) 
(-DirX --2trX H — 0, ODtrX --2trXH = 0. 


The above can also be written as 


Van frxn- try *n—0,  Van+ tryn + (тх *n = 0, (3.4.8) 
ir x(n +) + trx(*n— *n)=0, (р) + Mérx(*n- *n) = 0, 


and 


(ON tr y+ * OV (а) try +2 хп 4-2 (ғұ *n -0, 


3.4.9 
(ON tr x + * ON try + 2tryr + 2 9 try "= 0. l ) 


We also have 
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which can be written as 


7 е H (3.4.10) 
V(? try) = x^ (try (n +) + rx Cn - 9). 


Proof. One can check, using (3.4.5) and (3.4.6), that 


1 1 
Va(q Н) = —а\Млў = 2449 = cq. 
On the other hand, using (3.4.4) we have 
1 
V4(qH) = ^4 H -аУаН, 


which implies the first relation. Similarly for H. Also, we have 
CI q 28 „ 
trX H = (^u) = Tae” 

q 


(ш 3) Е 2а - 
q 14? 4%” 


which implies the second relation, and similarly for trX. Finally, using (3.4.4) we compute 


trX Н 


2 2 2a. 4 
OD(trX) = D (2) +ахл =- Pl) 29 = 29 = -rX H, 


as desired. Similarly for tr X. Taking the real parts of the expressions we obtain (3.4.8). 


To obtain the last relation, we use that Уд = $q( H + Н), and since trX = -2 we have 


2A 4A 2A1 a 2A 


VtrX = ——5Vqct —Vd-—— H+ H)+— H+H 
474: qq? 422 ) ap ) 
2А 1 1-- 1 1 = 
= “.(-H+-H+H+H)=-trX(-H+-H+H+H 
qq 2 2 2 2 


By taking the real and the imaginary part we obtain the stated identities. 


3.5 Inverse Kerr metric and Killing tensors 


We summarize here a computation to write the inverse of the Kerr metric which will be 
crucial in Chapter [8] 
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Lemma 3.5.1. The inverse Kerr metric can be written in the form 


lag^^ = Aarar + iR (3.5.1) 
with 
R^? = —(r? ауда) — 2а(т + a?)0[^0) — a*0305 + ДО", 
1 (3.5.2) 
O° = 0899  —50505 + 20 0, + a^ sin? 009). 
Note that 
R98 = (12 + 2) PPE + AQ, 098 — la? (eve? + еей), (3.5.3) 
thus the inverse metric can also be written in the form 
аже = © + (_ pope + ReRe) + 0°. (3.5.4) 


Proof. From the expression of the Kerr metric, the inverse metric can be written in the 
form 


1 
аве? = A820 + +R 
A 
with 
A — a? sin? 0 


sin? 0 


RL = 25000. — 2amróg 0; — 2amró$0; + A080; | 050; 


which establishes (3.5.2). According to the definition (3.2.1) of Т, we can write 
2a 

r? + a? 
22 -( qua TOT a AQUA 

which establishes the first expression in (3.5.3). Finally the second expression (3.5.3) 

can be easily checked from the expressions of єеү,е» in terms of the BL coordinates in 


312. 


Remark 3.5.2. Observe that in |, Andersson-Blue use instead the following expression 
Jor R: 


0^0? + 


2 
RY = —(r? +02)? (aro? + ; 0605 + ДО 


RW = —(r? + a?)2020f — Ааттд 0 +(А— а?)д д} + А0 (3.5.5) 


where 
2 
cos* 6 -a 


тар 205 + а? ѕіп? 6070]. (3.5.6) 


0% = O° —2a0?05 — 0505 = 083 4 
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The relevance of the decomposition of the metric in (3.5.1) is in the fact that the operator 
R^? can be written in terms of д9}, ao^ 0j, aoro and O°, 


Definition 3.5.3. We define the following symmetric spacetime 2-tensors 


ET" xe TT. 

Кү - 4070); 

998 := a? ZOZ’ = a O90, 

сав _ О°В = = а „В a 2) 
4 lal" (ever + езез). 


We denote the set of the above tensors as Sa, for a = 1,2,3,4. 
Remark 3.5.4. Observe that the tensor S5 and S3 are defined with a factor of a and а? 
respectively. The reason for this choice, which differs from the definition in [I], is our 


application in Chapter [8| of the method to 2-tensors as opposed to scalars. Note also that 
Sı — ©з are Killing tensor while S4 is related to the Carter tensor K, see section [3.7 


With the above definition, from (3.5.2) we write 
RP = (r? +a?) S — 2(r? + a?) 89° — S3? + AS. 


More compactly, using the repetition in a to signify summation over a = 1,2,3,4, we 
denote 


RU eR. (3.5.7) 
with R£, a = 1,2,3,4, given by 


R! = —(r-dy, R?^-2-2(?ra?), Ҡ3--1, R'=A. (3.5.8) 


3.6 Commutation properties for T and Z 


We start by collecting the following commutation property between Ут and Vz. 
Lemma 3.6.1. In Kerr spacetime, for i € $9 we have 


(Ут. У2|9 = 0. 
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Proof. Recall, see Corollary [2.1.29] that for X and Y vectorfield 
(VxVy — Vy V x Wa = Vix tar + X"Y" (Rao, + Бс). 
Since [T, Z| = 0, we obtain 
(УтУ2- У2Ут)Фь- TZ” (Recut, + Rago); 


with Rava = Ray + IBay. Using that the only non-vanishing Riemann curvature 
terms are 


Rp = —рдаь F “р Cab; R34 =2 Cab “0, Ios = — барса р, 
we obtain, using from (3.3.8) that T?Z* = T*Z?, 


TZ Basis — T^ Z^ Rage, F T?Z Racza", F T Z’ Ras, 
- —2р ex TEZE ИІ + 4 “(ТУ = т“73) *Wab = 0, 


and similarly T“Z” Rsca = 0. We also have 


TZ“ Boom We = ТАВ асу + TIZ? Bocah + ТВ „ау 
+T? Z Bocsa, + T?Z В зар + T Z Baca, + T Z? Baca ts, 
= (TİZ? ZB, a pm TU B. 
= (TZ? — T?Z’) ( — (бате — баста) — trx( Eda Ne~ Eac Na)) v^, 
+(T°Z* = Т*2% ( = X (daa, — баст) — 51941 € da Hn Ede n, )) v^. 


Using that, in the ingoing frame, 


7273 — T?Z? — NIA Tz тт? — ES 
2191 2 
i 2Ar (a) 2aA cos 0 T 2r try 2a cos 0 
Х.О ыз LX оры. 78 = =i Ce 5 
lal lal ^ Мм ^ |e? 
we have 
" Р Ar sin 0 " 
T'Z"B,,)^ = р Omen. — 5) — (т — n )) V^, 


Aa cos Ө sin 0 


ПЕ ( €2a (Ne + 7 )— €2c (Па + n) V 
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In components, recalling that 74 — n, = 0, n2 +n, = 0, this gives 


Aa cos д sin 0 


T"Z Biew = ТЕ ( Єзї (п + n,)V^,— Eze (m nv) 
Aa cos Ü sin @ 
= —d(M | Єзї (m +n, W ,7 Єзї (m  1)v',) 
Ы 2 Атвіһ0 " И 
TE Вә) .- 7 ТЕ (me m 70% bo sc (112 m n yY b) 
Ar sin 0 


- -pe Me — V^, — (m —,)9^;) = 0. 
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= 0, 


We therefore infer TUZ” (Resa ++ В, = 0, proving the lemma. For а different 


proof in perturbations of Kerr spacetime, see also Corollary |9.2.2 


As Killing vectorfields, T and Z also have favorable properties regarding commutation 
with the D’Alembertian operator Lg for scalars. Nevertheless, the commutation with the 
D’Alembertian operator 05 for tensors presents in addition terms involving the Riemann 


curvature. In the case of Z, those term do not vanish even in Schwarzschild. 


Proposition 3.6.2. The first order differential operators Ут and Vz, satisfy the following 


commutation relations with 05 for р € $3: 


Ут, Lo] Olar“ ty, 
[Vz, DY = O(mr Sty. 


Proof. We first derive the following general computation, which specializes Lemma 


to the case of Kerr spacetime. 


Lemma 3.6.3. In Kerr spacetime we have for w € бә: 


. "E 1 : 
СБ», Vx]; = m«""D,D,v + (эл, - ДЫГЫ) Dav 


+ 


O(amr~*) (X°V3 — X^V4) *v + O(mr ?) X"V *y 
+0( 
+O(ar— 
--O(ar ?)(D? X? + D*x^) *y. 


amr ^) (D?x* u D*X°) р дЫ O(mr-3) es D? Хх? ч 
*)(X* + ХА) (У “y +r *v) +O) (V *b r7 9) 
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Proof. According to Lemma we have for w € 55, 


Н "M 1 : 

[ 2, V x]Vab = TD Diab F (Der = рт) Dawa 

-2 X? Racog D" Ye > 2X’ Rocgu D" Vac + D? X"R,,5, ^ + DPX" Ryo, ip 
қ i 1 1 
—X?B,, o, D Va, m Х?Вьа D” tac F 5D X" Baesu” + 5D X Bregu” 
1 1 

*3X D'Buugi^ d 5X D'Bygi*. 

Using that the only non-vanishing Riemann curvature terms are 


База = O(mr ?)ó0,, + O(amr ^) €, R34 = O(amr ^) Єш, 
Rated = O(mr ?) Cab Ced; 


and the only non-vanishing B terms are 
Ваз = O(ar ^), Baa = Oar”), BaO г); Biz = O(r ?), 


we have 


О, Vx = «""D,D,v + (Би — ДЫ) Dew 


+O(amr~*)(X8V3 — X*V4) *v + O(mr ?)X*V * 

O(amr ^)(D? X* — D'X?) *y + O(mr ?) Ea D^X* *y 

--O(ar 9) (X? + X^) (V р ИШ а “%) 2 Op * TV ч гї К) 
+O(ar—*)(D°X4 + DIX’) ч, 


as stated. This concludes the proof of Lemma [3.6.3] 


Using Lemma 3.6.3) with vanishing (Эт and (Әл, and writing that T?V4 — T^V, = Vg 
and Z°V3 — Z'V, = aVg, and Т = O(ar~'), Z° = O(r), we obtain 


[Vr Му = O(amr-*)Vg "ф + O(amr-*)V "0  O(amr-5) "р 
+O(ar (V 9 еі Чу), 


and 


[Vz Oe) = O(a^mr 9У; "v + O(mr ?)V * + O(amr ?) % 
+O(r (V *y +r *y), 


which can be schematically written as stated. This concludes the proof of Proposition 
3.6.2 
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3.7 Carter tensor and Carter operator 


Recall, see Definition that a Killing 2-tensor K is a symmetric 2-tensor satisfying 
D(,,K,5; = 0. One of the fundamental properties of the Kerr metric is that it admits а 
Killing tensor K which cannot be written in terms of the Killing vectorfields T and Z. 
This 2-tensor is called the Carter tensor [13]. 


Definition 3.7.1 (Carter tensor). In Kerr spacetime, the Carter tensor is defined as 
K^? = —(a?cos?0)g?^? + 09% (3.7.1) 


where the tensor О is defined in (3.5.2). 


Note that the only non-vanishing components of А are: 
Kap = r Sab, Кз, E 2a? cos? 0. 


Proposition 3.7.2. The Carter tensor defined in (3.7.1) is a Killing tensor of the Kerr 
metric, i.e. Du, K,,) = 0. 


Proof. See Section [B.1] 


Associated to a Killing tensor К°, one can construct a corresponding second order op- 
erator K for horizontal tensors № € б, according to Definition given by 


K(v) := Da (KP Dat), 


which has the fundamental property of commuting with the D’Alembertian operator for 
scalars in a vacuum spacetime, see Proposition Its explicit expression in Kerr for 


K as in (3.7.1) is given in the following. 


Proposition 3.7.3. In Kerr spacetime, the Carter operator K for i) € sj is given by 


K = (а? сов? 0)0, + О (3.7.2) 


where O is the following second order angular operator: 


Oly) := la (And + (n+ n): Vy). (3.7.3) 


Proof. See Section [B.2] 
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Lemma 3.7.4. In Kerr, the second order operator O defined in (3.7.3) is equivalent to 


2а?сов0 , 


OW) = № (aw - "E R(T) vs). (3.7.4) 


Also, the operator O can be written in the following ways, all equivalent to (3.7.3): 


O(v) = lal? (ае + 271020 ve), (3.7.5) 
О) = V- (la? Vv), (3.7.6) 
ош) = D5(O*^D4v) — V (a? cos? 0) - МУ, WE 
OW) = |a Ds([g| ODay). (3.7.8) 


Proof. Using (3.4.5), we see that in Kerr 


q 2a? 0 
пъп RLE н) = ж (ә Е ux) Т a 
= [1 [1 [1 [1 
and since * = —1}, we obtain 
2a? cosh, ga 2а? cosh ,..,. 
"іл--- pe SON- ұр 99» 


which gives (27). Using from (342) that Y(lal) = 1004-0 and У (2) = (о, 
we obtain (3.7.5) and (3.7.6). 


Using the expression of the Carter tensor K^? given by (3.7.1), we obtain 
K(v) = Dg(—(a? cos? 0)в°0 № + OD.) 
= (а? cos? бур ОО.) — Dg(a? cos? h)g Day + Dg(OW Daw) 
— (a? cos? Ө) + Dg(O Daw) — g% Dela? cos? 0) Daty. 


By comparing the above with (3.7.2) we deduce (3.7.7). Using that V (a° cos? 0) = V(r? + 
a? cos? 0) = V(|q[?), we deduce from the above 

la Ds(|g| O Day) – lal 0 D(a ?)Dav — V(a? cos? 6) - Уф 
(017209200) + ll 20" Ds(lq?)D. i — V (a? cos? 8) - Ve 

= |q/’Da(\q/ ?O*^ Dav), 


which proves (3.7.8). 


Ow) 
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Remark 3.7.5. Even though the above definitions are all equivalent in Kerr, in pertur- 
bations of Kerr it is important to define the operator О using relation (3.7.4) in order to 
obtain acceptable error terms, see Definition 


From Proposition 2.3.7] we deduce that the operator K commutes with the D’Alembertian 
for scalars, as П = 0. In the case of horizontal 2-tensors, the commutator between Ж 
and Г ә gives rise to lower order terms involving the Riemann curvature which vanish 
in Schwarzschild. Using the relation between K and Ó given by (8.7.2), опе сап ргоуе 
that the modified Laplacian О inherits the commutation properties with the conformal 
D'Alembertian. 


Proposition 3.7.6. In Kerr, the following commutation formula holds true for Y € бо, 


2 2 
iO. laPPié = |4? Iv (= Е ) =) Wa wt O(ar-?) VED ‚ (3.7.9) 


where 0 = (Va,rV4,rV) denotes weighted derivatives as in [50] and [53]. 


Proof. See Section [B.3] 


Remark 3.7.7. Observe that the terms on the right hand side of (3.7.9) come from 
Riemann curvature terms as commutators for a 2-tensor p. In the proof of (3.1.9), we 
use the following relation, see Lemma |9.2. 1| 


Aamr соѕ Ө , 


Vry = {ту + a 


p, 


where the second term is only present for tensors due to curvature. 


3.7.1 The symmetry operators 


We are now ready to define the set of second order symmetry operators which have 
remarkable commutation properties with the D’Alembertian operator ГЪ» for horizontal 
2-tensors. 


Definition 3.7.8. We define the following second order differential operators, acting on 
$9 tensors, as 


$ = УтУт, So = aVrVz, S3 = a’VzVz, Sy = О. (3.7.10) 
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Observe that since T and Z are Killing vectorfields which commute, as obtained in Lemma 
3.6. and because of relation (3.7.8), we can also write? as a unique formula 


S = P Dall S Dey) ^ fora—1,2,3,4, (3.7.11) 
where 5еВ are given in Definition [3.5.3] 


The commutation properties of the symmetry operators in Kerr can be deduced from the 
more general ones for approximate symmetry operators in perturbations, see Section 


3.8 Null geodesics in Kerr 


In this section, we derive estimates for null geodesics in Kerr using the vectorfield д, as 
multiplier. The computations appearing in these estimates present similar calculations to 
the Morawetz estimates for solutions to the wave equations, and for this reason we derive 
here their precise forms. 


3.8.1 Тһе constants of motion for geodesics 


Let (А) be a null geodesic in Kerr. Using the expression for the inverse of the metric 
given by (3.5.1), along (A), since g(7,7) = 0 we have, with 4, = 0944, ^4 = 9240, 
dm = asa 

1 


D. do ee D. р 
0 = jq? gP jats = (20; OP + AT a) Jate = Аў, + ZR P4 Ve 


with 
Raye = (т? + a) yy — 2a(r ra?) ys — a^ yu + AO Yap. 
Since д, = Т and д, = Z are Killing vectorfields, we deduce that 5; = g(y,T) and 


Vo = g(, Z) are constants of the motion, i.e. constants along 7, and respectively called 
the energy and the azimuthal angular momentum. We write, 


ес- =g}, 7), lz := =g(j, Z). 


3Note that we use the calligraphic S for the differential operators, and the normal 5% for the sym- 
metric tensors. 
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We also defind!] 
k? := KPA He 
for the Carter tensor K in Kerr. Since K is Killing, k? is also a constant of motion. 


Indeed, we have 
d usa 
pk OO) = D)Kag Vy ge = 0. 
Since from (3.7.1), K = —(a? cos? #)g + O and y is null we deduce, with 4, = g(74, €a) 


k? = O*?4.45 = |2 (ее? + ee) es = lal? (In? + 421°). 


We summarize the result in the following. 
Proposition 3.8.1. The quantities 
e=-g(7,T),  &--g&$»2, X = K” atp, 
are constant along null geodesics. Moreover, relative to the null frame 
k^ = la? (FP? + lal’). 


With these constants we have 
RAs = —(r* + ауу — alr? + a?) iis — аур + AO" 3. 
—(r? + аге? — 2a(r? + а?)е lz — a?£,? + Ak? 
which is only a function of r along any fixed null geodesic. We introduce the notation 
Rír; a, m, e, £,, k) := —(r? + a?)?e? — 2a(r? + a?)e£, — a?£,? + AK?. 
Note that we have the identity 
—Rí(r;a,m,e,£,,k) = ((r? + a?)e + аб)” — AK?. (3.8.1) 


In view of the above, we infer that 
1 1 
0 = A^, + KR oie = AMA, + a Rr a, m, e, £z, К). 
Since 


dr .. Or 


=з а БЕКЕ IL TT: EM A Ч 
dà m ^y ne x = 5 Vr = ар” 


we finally obtain 


dr \ 2 
a (5) = —R(r;a,m, e, lz, K) 


which is the equation for a null geodesic with constants of motion e, £/;, К. 


^Observe that k? is a positive constant of motion. 
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3.8.2 Trapped null geodesics 
There exist null geodesics along which ^ (7; а, m,e, (,,94) = 0 i.e. т remains constant. 
These are called orbital null geodesics. 


Remark 3.8.2. Trapped null geodesics correspond to null geodesics that stay in a region 
[ri ra] of r with r} < rı < ra < +оо for all values of А, and are thus a priori more 
general than orbital null geodesics. As it turns out, see for example Proposition 2 in [14], 
all trapped null geodesics in Kerr are in fact orbital null geodesics. Thus, from now on, 
we do not distinguish between trapped and orbital null geodesics. 


If r is constant we also have 


dr 4? йт far 
—O,R(r; а, M, e; lz, k) = 9, (|a|^) (5) T AZo) = 0. 


The т values for which such solutions are possible must then verify the equations 
R(r;a, m,e, lz, K) = 0,R(r; а, m, e, lz, kK) = 0. 
Thus, introducing 
II := (r^ + a°)e + al, 
we write from (3.8.1) 


—Rí(r;a,om,e,£,k) = IP — Ak’ = 0, 
—O.R(r; a, m, e, lz, К) 21I(9,II) — (0,A)k? = 0. 


From the second equation, we deduce 


ӘП 
k? = 2П——. 3.8.2 
aA (3.8.2) 
Thus, substituting in the first equation, 
Ад„П 
I? — 2П——— = 
OL и 
or, if II Æ 0, 
П(д„А) — 2(д„П)А = 0. (3.8.3) 


We make use of the following calculation. 


3.8. NULL GEODESICS IN KERR 145 


Lemma 3.8.3. We have the identity 
II(O0.A) —2(0, DA = -27-,, (3.8.4) 
where 


Де = (r? — 8mr? + ra? + ma^ )e — (r — m)a£;. 


Proof. We have 
(0,A)II — 2A(0,M) = 2(r— m)((r? + aà?)e + alz) — 4r(r? + a? – 2rm)e 
2((r —m)((r? + a?)e + alz) — 2r(r? + a? — 2rm)e) 
= 2((— r° + 3mr? – ra — та?)е + (r — m)at,) 
= —2T., 


as stated. 


As a consequence of the Lemma we deduce that all orbital null geodesics are given by the 


equation 
Т, = (т? — 3mr? + ra? + та?)е — (r — m)al, = 0. 


D 


Remark 3.8.4. The following hold true. 


1. There are no trapped null geodesics perpendicular to T = д, in the exterior of a 
non-extremal Kerr. 


2. The values of т for which trapped null geodesics exist depends om the ratio 4,/е. 
More precisely, at trapped null geodesics, we have 


т? — 3mr? + та? + та? a£, 


т = т е 
In particular, for © = 0, the trapped null geodesics are given by the equation 
T := т — 3mr? + а?т + a?m = 0. (3.8.5) 


Remark 3.8.5. Note that one may specify possible values of r for which trapped null 
geodesics exists. Indeed, let 


" 2 lal 
Ty := 2m | 1 + cos 3 arccos us ; 
9 ial (3.8.6) 
a 
Тә := 2m (1 + cos G arccos (2) | 
3 m 


Then, a trapped null geodesics satisfies т € [1,2], see for example [71]. 
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We now show that the trapped null geodesics are unstable, i.e. that 0?R(r;a,m,e, lz, k) < 
0. We have 


П = (r?-- a?)e - al, 
ӘНІ = 2re, 
ӘНІ = 2e, 


and using (3.8.2) to write k? = 4r te, we have 
—O?R(r;a,m,e,£,, k) = 2(д„П)? + 2п(92П) — 2k? 


II 
= 8r^e? + 4Пе — 8 
те“ + е "JA 


e 


4 
= a (2r°ð Ae? + (8, A)IIe — 2rIIe) 
= s (4r^(r — m)e — 2тП). 
Using (3.8.3) to write П = oe we deduce 
4e 4rAe 
-— 2 . — 2 = эшак 
OR (r; a,m, e, lz, k) JĀ (4 (т = те — 2m JĀ ) 
32re? 
= pay rm oma) 
= = a id (rtr —my —m(r? + а? — 2mr)) 
r—m 
8 
= ome (t — my? + m(m? — ^), 


which is positive since r 7 m and |a| € m. 


3.8.3 Morawetz estimates for geodesics 


We now derive estimates for null geodesics in Kerr using the vectorfield X = F(r)0,, for 
some function F(r) as multiplier. The energyP] relative to X is given by 


ех(т) := =g” Xo. 


*Observe that this energy is not positive definite since X is not causal. 
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Our goal is to find a function F(r) such that the energy ex |y] is non-increasing for all т. 
We have, recalling that Юу = 0 and g??4,,55 = 0, 


d Те 1 тер 1 PM (КЕ " a 
—exhl(r) = -D.Xgy*4? = —-(Exgag)Y"Y? = z£x(g"P)ys = zlal ^ £x(la g^?) a. 
dr 2 2 2 


We perform the following computations as done in [4]. 
Lemma 3.8.6. We have, for X = F(r)0, and R^? defined in (8.5.2), 


£Cx(lag?^) = (F0,A —2A0,F) 0°08 + FƏ, (in) | 


Proof. Recall from (3.5.1) that we have [426° = Aded? + 27949, Hence, 
1 
£ x (lal? ge’) = Сх(дд9?) -+ Ly (хк) 


= X(A)090? + A[X, 0,]*08 + ALX, 0,]? + Lx (х=) 


F0,A0*08 — 2A0,F090P + Leo, (хк) ; 
For a tensor U?? we have, 
LxU*? = X^9,U*? -UYO X^ — UMA XP. 
For X = F(r)d, and U”? = 0 = 07°", we deduce 
xU = EOS 
Hence 


1 
Сх(192в%8) = F8, A823! — 2^0, Әв + РӘ, (32°) 


= (Fð,A —2A0,F)d°0y + FO, (zm) 


as stated. 


Using the lemma we deduce, 


d 1 RNC — V жс» 
la? sera blr) = (FAA - 28.7) + ул, (ZR) tate 
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We now recall that, 
R = R jate, 
RP = —(т2 + а2)2020? Море Бош? 
Thus, we have 
O,R*^ = —Ar(r? + а?)дедЁ — Дагд a$ + 2(r — т)О°8. 
This yields 


1 д.А 1 
& EN EN T аву, д 
Fo, (AR 4 ТаУв = —JF A3 R+ FROR ов 
Е Ыс с + z- (—4r(r? + а?)е? — dare l, + 2(r — m)k?) 
A? A в 
1 
and therefore 
d 1 1 1 
De bt. Py _ y; aL pu 
a —erablr) = 5 (д.д 2A0,7 i +579, ( aR) | (3.8.7) 
Remark 3.8.7. In the particular case of trapped null geodesics, for which R = 0,R = 0, 
the non-increasing of the above energy can be obtained by choosing F = —O,R. Indeed, 
for that choice, evaluating on a trapped null geodesic у: 
d 1 1 1 
20 ED Р. 2\2 4 i 
lal’ ero. Dr) A Ə, RƏ,A + 2лд?т 2(0,%)9, ( AR) 


= A(@R)¥? < 0. 


In order to obtain a similar result for all null geodesics, we need to add more freedom in 
the choice of additional scalar functions. 


We obtain the following proposition. 


Proposition 3.8.8. The following identity holds true for any scalar functions F, w = 
red; 


d 1 1 1 1 1 
lal’ zero, ЖО = 5 (Fad = 2A, + Лоа) + ao (ZR) | 5 Urea A К (3.8.8) 


We write the above in the form 


d | 
lal ero Dr) = —-Ay?-u (3.8.9) 


3.8. NULL GEODESICS IN KERR 149 


where 
1 1 
A i= -5F0,A+ Ад — „Ашы, (3.8.10) 
1 1 1 1 
= -579 (2%) - 2 Urea A Te. (3.8.11) 


Proof. Using again (3.5.1), and the fact that 7 is null we can rewrite (3.8.7), for some 
scalar Wred 


1 1 1 
(Хд,д = 20,7) 42 + =F, (хя) + gla wg"? Yop 


d 
2__ == 
11 27679, [](т) J A 


(78^ = 2A0,F) 42 + 579, (42) + sre (^ 42 + 15) 


NIe NIe мн 


1 1 
==, +2 | | 
G 0 A — 2A0,F + Ашы) Үз я 57 д, ( к) E ue e 


as stated. 


In order to obtain that the energy ex [|] is non-increasing for all т, our goal is to choose 
F and w,44 so that А > 0 and И > 0. We collect here the conditions we need. 


Calculation of М. Given a scalar function z we write 


1 1 xh а. 78 КЕГІН. 
229, (2%) е 9. (FR) + 5F2 9,2. 
We then have from (3.8.11) 
0004 1 тат P R 
И = -F8 (ZR) ~ gus R - 57218. (SR) + 5 (2792-шы) Ж 
By choosing 
Шел = Fe Oe, (3.8.12) 
the coefficient of A cancels out. Thus 
= T cedi 2 ек Тк ТЕ (4 ) 
И = -25: ә, (ŚR) = FR, B= 8, (FR). 
Finally, given a scalar function h, by choosing] 
F = —zhR, Wred = —(Opz) AR’, (3.8.13) 


°The relation for wreq is implied by the previous dependence on F. 
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we deduce 
и = Ірай RY 
2 2 ` 


In particular, U is positive as long as h is positive. 


Calculation of A. With the choices of F and wrea given by (3.8.13), we compute from 
(3.8.10) 


1 1 F 1 
A = -37A + A0, F = ә A red = д, (sa) А m 2 red 
Е —zhR/ s» 1 sy gie AR. 32,1 - 
E (ғ) АЗ? — SA(—(0,2)hR’) = -д. (a A? + A(d,2)hR 
1 AR! а аз Л ч) 
SE и (х=) Аза 278, | дї? | шылы 
zR! 
= gl ASA. ( AUS | 
We obtain 
A = — 71/2 ABR" R" — 8 (ы) 
= ; = Op А? ; 


We summarize the result in the following 


Lemma 3.8.9. With the choice of the functions F = —zhR', ша = —(O,z)NR!, for 
functions z and h, the identity (3.8.9) takes the form 


d m 1 - 
gU. с 1/2 3/2457 \52 + n2 
mers (т) = (А82) 92 — LAGU) 


where R! = д. (&R) and R" = Д ERR). 


To obtain a non-increasing energy еро, [7], we are therefore left to choose positive scalar 
functions z and h for which R” < 0. 


Choice of z and h 


From (3.8.1), we write 
R = – (т? + a?y?e? — 2a(r? + a?)e£, — a?6,? + АК, 
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and therefore we have 
2 


R = а(х) 


= -à (xt? ahy) e — 240, (Z0? +02) e — «9, (5) L? + (де). 


We choose z to cancel the coefficient of e? in R’, i.e. 
A 


This choice implies 


T 1 1 A 
R = —2a0,. (as) е. A inni ад, (= + = 2,2 | д, (= E zs) к? 


" dar 0. js: 4a?r t1 - r? — 3mr? + a?r + та? " 
(72 + а2)2 m y (r2 + а2)3 
Remark 3.8.10. Observe that 
A s 2\0 „2 2 2 
е [ы РЕР Т ет - "RC A 
(r2 + a2)? (r2 + a2)3 (r? + a2)3 

where T is defined as in (3.8.5) to be the locus of trapped geodesics with 0, = 0, i.e. the 
trapped set in the axially symmetric case. 


We now compute R”: 


& (п) о, (т 
шаа A2 (OF p2 + а? 
Дат Да?т r? — Зтт? + a?r + ma? 
д. | h -la +8, | h pg tego k’. 
(қатар) et^ ers) t (Кар) 
We choosq'] h to cancel the coefficient of e - £4 in R”, i.e. 
2 243 
D unica d (3.8.16) 
T 
This choice implies 
B'a 4a? 0299 т — Зтт? + a?r + ma? k? 
"\ (7? + a2) j * И r(r? + a?) 
Е 8a?r з 2m(3r*— 6a?r? — a?) , 
Е (r2 Ез а2)2 2) r2(r? ES a2)? ` 
7а the Morawetz estimates for the wave equation we will choose a different h, i.e. h = к бее 


Remark 
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Observe that R” < 0 as long as 3r* — 6a?r? — a^ > 0. Note that 3r* — 6a?r? — at > 0 if 


?(3 + 2/3 
pne for т >ту. 


It thus suffices to check the sign on the horizon т = r, = m + ym? — a?. We need 
therefore, (m + Vm? — a2) > a (3+2V3) or, taking А = € 


3 m? 


(1+ мт А2)? > QE 


This implies V1 — M > |A| ERN) — 1, which is verified for 


а! 3 (3 + 2V3) 


(et ea 


In particular, for Kerr spacetime with || < 0.93, we have 


~ 0.9306. 


SR" >0 for r > ту. 


Remark 3.8.11. Observe that if we restrict our analysis to axially symmetric geodesics, 
for which l, = 0, then the term R” reduces to 


~ r? — 3mr? + а2т + ma? 2 
Rl! = —20,. ( (r2 m а2)4 ) k 


for any positive function h. In particular, by choosing 


(r? + a?)* 


fe Se 3.8.17 
r(r? — a?) ( ) 
we obtain 
BI 2 98 r? — 3mr? + ar + ma? gie _ 93m" — 4a?r? + mat 2 
r r(r2 — a2) г2(т? — a2)? 


which is negative in the exterior region in the full sub-extremal range |a| « m. This can 
be seen by setting a? = ym? andr = (т + Vm?—a?)x = (1+ VI = y)mz, where the 
exterior region is given by x > 1. We then obtain 


3mr* — Даёт + та = m? (3(1 + 4/1 —-+)*2* —A4y(14-4/T— yy? + Y) 


which is positive for x > 1 and 0 € у € 1. 


3.8. NULL GEODESICS IN KERR 153 


The above choices allow to prove the Morawetz estimates for geodesics in Kerr, as sum- 
marized in the following proposition. 


Proposition 3.8.12. Let у be a null geodesics in a Kerr spacetime with |©| < 0.93. 
Then, with the choices 


5! A (r? + a2)? 
F = -—zhR, 2 a2)?’ hex 


the energy exo, |y] is non-increasing for all т, i.e. 


d - ee 
gs = 1/243/27550 V2. — + n2 
2—еғә М) = (ала үр AR) 
A2 , 2 293 2 
T ~ (72 + a2) Rohe caer E ) (RSO. 
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Chapter 4 


Perturbations of Kerr 


4.1 Set-up and linearized quantities 


We consider a given vacuum spacetime (M,g) together with a null pair (ез, ед) and its 
corresponding horizontal structure as in section [2.1.1] We will use the complexified Ricci 
and curvature coefficients of Definition 2.4.8] To be able to talk about small perturbations 
of Kerr we also need: 


e M is endowed with a pair of constants (a, m). 
e M is endowed with a pair of scalar functions (7, 0). 
e The complex valued scalar function q is defined as q :— т + ia cos 0. 


e M is endowed with a complex horizontal 1-form J. 


e Define linearized quantities, such as juger Kerr, R=R- Rrerr, 1.6. subtract 
from the Ricci and curvature coefficients the corresponding values in Kerr, expressed 
relative to (а, т, т, cos 0,3). 


4.1.1 Definition of linearized quantities 


Recall from section [3.3] that the following Ricci and curvature coefficients vanish in Kerr 
X8, Sh dh Б, Б, А, 
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as well as the following additional quantities 
V(r), e4(0), ex(0), D&J3. 


We renormalize below all other quantities, not vanishing in Kerr. We start with quantities 
which are 0-conformally invariant in the sense of Definition (2.2.16 


Definition 4.1.1 (Renormalization for 0-conformally invariant quantities). We define the 
following renormalizations. 


1. Linearization of 0-conformally invariant Ricci and curvature coefficients: 


= AE Н- H+ 44 Pape (41.1) 
lal? lal? ТШ 
2. Linearization of 0-conformally invariant derivatives of r, сов0 and q: 
Dq := Dq + a3, Dq:=D]—- а,  D(cos0) := D(cos) — ig. (412) 
3. Linearization of 0-conformally invariant derivatives of J: 
BD. 407 + o) 9080 (4.13) 


lal* 


Definition 4.1.2 (Outgoing renormalization for the remaining quantities). We define the 
following renormalizations} | 


1. Linearization of the remaining Ricci and curvature coefficients: 


irX := ИХ — 2 irX :— trX + Te 
k i (4.1.4) 
+ 44 . - 1 А 
Z := Z =.) й=ш— 8. (+). 
lal 2 419 
2. Linearization of the remaining derivatives of r: 
—__ A a cn 
es(r) := e3(r) + e4(r) :— ел(т) — 1. (4.1.5) 


laf 


'Note that in Kerr, we have w = 0 in the outgoing principal frame so that this quantity does not need 
to be renormalized. By convention, we thus define à = w if the normalization of the null pair (es, e4) is 
outgoing. In addition, note that in Kerr we have e3(q) = ea(r) and e4(q) = ea(r) so that it suffices to 
linearize e3(r) and ел(т). 
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3. Linearization of the remaining derivatives of 3: 


=. „_ Ag. = шы 
V30 mE V30 = тк Vas := Vas + 2 (4.1.6) 
Definition 4.1.3 (Ingoing renormalization for the remaining quantities). We define the 
following renormalizationsP] 


1. Linearization of the remaining Ricci and curvature coefficients. 


irX :— trX — Te trX := trX + z, 
d ы (4.1.7) 
4%” 271142 
2. Linearization of remaining derivatives of r. 
—— Eno. cna A 
es(r) := ез(т) +1, e4(r) := ел(т) — PE (4.1.8) 
3. Linearization of remaining derivatives of 3. 
€ xo da = Аг ЧАЙ» 
Vad = Vad 20. Vab Vad + ie (4.1.9) 


Remark 4.1.4. In Part II and Part III, we will always consider normalizations which 
are either outgoing, i.e. for which w is small in a suitable sense, or ingoing, i.e. for which 
w is small in a suitable sense. Also, in the region r < r} + бу, we will only consider the 
ingoing renormalization. 


4.1.2 Definition of the notations Гь and Г, for error terms 


Definition 4.1.5. The set of all linearized quantities is of the form Г. UT, with Г,, Гь 
defined as follows. 


1. The set Г„ = Г UTg,2 with 
Гая = E Q, rX, X, Z, H, trX, rP, rB, rA}, 


Tya = аг), r 'V(r), e4(cos 0), "Via. 


?Note that in Kerr, we have w = 0 in the ingoing principal frame so that this quantity does not need 
to be renormalized. By convention, we thus define @ = w if the normalization of the null pair (ез, ед) 
is ingoing. In addition, note that in Kerr we have e3(q) = e3(r) and e4(q) = ea(r) so that it suffices to 
linearize e3(r) and ел(т). 


(4.1.10) 
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2. The set D = Гра U MP U Гьз with 


Li = ІҢ, X, Ф, = rB, A}, 


Гь» = be. D(cos 0), ез(сов 0)}, (4 1 11) 
Гьз = E r D$3, iz 


Remark 4.1.6. The justification for the above decompositions has to do with the expected 
decay properties of the linearized components in perturbations of Kerr. More precisely, we 
will consider perturbations of Kerr for which Г, and Гь satisfy the following estimates, 


see section for details, 
jo | Semin fr 27—1/2—ёаес Tipi I 
[V305 T| S er 27} baee, (4.1.12) 


lo**ri| < ep tat bdec 


for a small constant бас > 0, where 0 = (Va,rV4, Y = rV} denotes weighted derivatives, 
and т is а scalar function on M whose properties are given in section|6.1. 3} 


In addition to the above, as a consequence of the definition of the linearized quantities 
and of (Ts, I), as well as of the relations (3.4.1) and (3.4.7), we also have the following: 


DP+3PH єт £T, 
DP+3PH er ӘЗГ 
DS H + HOH er dT, 
УН +trX Her 'd=Ty, (4.1.13) 
(ODtrX + 2trX H € r d='T,, 
DSH + НӘН € r ST, 
trX H +trXH erT. 


In view of (3.4.3) we also have 


9° 


4a cos 0(r? + a?) A 


4 

А "i (4.1.14) 
а соз 

(а) хеҙ + (уед +2(7 +n): *У = "WB +T,-9. 


(тууз + (try V, = 
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4.2 Commutation formulas revisited 


We revisit the commutation formulas of section [2.2.7] In some cases, we write the 
schematic structure of the error terms by making use of the definition of Гь and Г, 
introduced in section by keeping track of different level of precision for the error 
terms, as they will be useful in different contexts. 


Lemma 4.2.1. The following commutation formulas hold true. 
1. Let h € so(C) s-conformally invariant. Then 


1 js c: 
[V4, D]h = —ztrX Dh + ( H + Z)Vah — 2X - Dh + EVah, 
2 2 (4.2.1) 


1 ls = 


2. Let F € s(C). Then 
" 1 К " m T 
[V4, D8]F = -әшХ (DOF + НӘР) + (Н + Z)BV,F + ESVsSF 


— BOF — -trXESF — =X -DF --X(H- F) + (Гь. ГДЕ, 
_ 2 z (4.2.2) 


= 1 P 28 = P 
[V3, D@|F = -эйшХ (DOF + H&F) + (Н — Z)@V3F + EQV,F 
+ BOF — 5 TASOP - Хх DE + 5 XUI СЕ) t (T) T3)F. 
Using the schematic structure of the error terms, the above can be written as 


n 1 2 " Е 
[V4, D@|F = -31X (DOF + H®F) + (Н + Z)@VaF 
+2-OV3F +r L,-05'F, (4.2.3) 
1 P ~ Е 
[V3, D@|F = -5X(D&F + HOF) + (H — Z)&VsF tr Ty o*! F. 


3. Let U € $(C). Then 


= 1-5 NA —— E 
[V4, D-]U = -5"X(D.U -2H.U) -(Н--2)-У0--5.У30 


= I= lz o i ees __ 
+03 CNXESU IE DU U) E «rl 
2 2 2 (4.2.4) 


= a =: с 
[V3,D-]U = -5"X(D.U -2H.U) + (H — Z)-V3U +2- VU 
1с- 


= | e je m 
-2B.U— WXE.U —;X DU — (X U)H + (Ty TU. 
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Using the schematic structure of the error terms, the above can be written as 


"ES 1--- — EE = 
Va DIU ==- FX (DU = 28 Dee vu 
+=. OV .U +r,- 01007, (4.2.5) 
[V3, D-]|U = —-trX (D -U — 2H -U) + (H — Z)- VU +r Ts 010. 
Similarly, for F € s1(C) we have 
(4.2.6) 


LL | КЕН 
[Vi,D]F = --irX (D-F—H-F)+(H+Z)-VaFk 


+2. OVF +r 1P,-08'F, 
—itrX (D-F-H-F)+(H—-Z)-V3F +r Ty - oS! F. 


[V4,D.]F = 


4. Let U € $2(C). Then 
[V3, V4]U = —2wV3U + 22 V4U + 2(n. — n )VU + 44 (— "pu^ 7) U (4.2.7) 


SETS TC) 


Also, 
1 
(Уэ. У4|0ь = —5trx (аљ sp Uac T NcUab = баь(1] ` Г) = бае(1] ` Uy) 


= ) try ( "NI abe + Nb "Uae + Ne "Usb— Cab (7 И U).— бас (7 К up?) 


+ (Na == Ga) V3U be ЕЕ rT, К 9. 


where the above error terms may also contain terms which are quadratic in the perturbation 


and enjoy better decay properties, or are higher order and decay at least as good. 


Proof. See section [С.Ц 


We collect here the commutation formulas for the conformal derivatives introduced in 


Lemma [2.2.18 
Lemma 4.2.2. The following commutation formulas hold true. 
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1. Let h € so(C) s-conformally invariant. Then 


1 Jm = 
| 9 v,, ӘТІһ- -атХ ODh+ HOV jt ODh + E Ó Vah 


1 jar es 
ts (Sux н 15. H- 5X2 ~B) БаР (ly г. 


2 2 2 
(4.2.9) 


1 SE ERE 
| 9v, OD]h = = ODh + HOV3h— 5X: Өрһ+Е (OV, 


1 jas 
-s(sexm + 52- H- exa E) ВАБ, Р): 


Using the schematic structure of the error terms, the above can be written as 
1 1 
[ ©\у„, ODA = = (©рһ + s5trX Hh + HOVsh 


+E OVgh+r Pr, 03h, (4.2.10) 


1 1 
[OV3, OD]h = -50Х (©рһ — sS frX Hh +H (OV h +r Tp- on. 


We also have 
(9у;, UVR = 2n—n)- OVh - 2s(p — n gh + (Ty T9)h. (4.2.11) 


2. Let F € s1(C) s-conformally invariant. Then 
Ov, ODS lx (ODS с 510 =@ © 
(Әу, 9p&|F = —-trX (DSF + (1—5) НӘР) + НӘ ӘУЕ +28 OVEF 
> 1 A Пр 
ВФЕ — (s + 1) 5trXE@F - 2: (ODF 
PM Tos сд 
Х(Н.Е) urs H)GF + (Dy T4), 
(4.2.12) 
irX (DOF + (s + 1)Н@Е) + H8 OVF + 28 OVE 
T 1 22 КЕЗІККЕН 
— (s — 1)B&8F + (s – DtrXEoF - о ODF 
ls — Jm Sk 
Using the schematic structure of the error terms, the above can be written as 
es 1 8; 8, РЧ 
[Vs, €D8|F = —;trx (€DBF + (1 — s) НӘР) + НӘ ӘУЕ 


+50 © VF +r 7D, ӘК, (4.2.13) 


R 1 2: oe T. 
[9 v;,, 9p&]F = - trX (VD&F + (1 + s)H@F) + H8 OVF c r T, - oS! F. 
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3. Let U € $2(C) s-conformally invariant. Then 


= Е | M p eS 
+E. (09:0 —(s-2)B.U — (s+ 1)5@X= -U - 29 (DU 


ІШЕ == LZ 
=(X -U)H+s-(X- H)-U + (Ty: Dj)U, 
2 2 (4.2.14) 


[V3, ODJU = — -trX((09D- U + (s — 2)H-U) + H- OV3U 
= = 1 lec 
+=. OV + (s +2)B -U+ (s – UztrXE-U – -Х- ӨФ/ 
Е 
шл б сес X OH Uy и 


Using the schematic structure of the error terms, the above can be written as 


1—6 — a= 
| 9v,, OD-]JU = -3tX( 0 -(sq2) gH. ud. vu 
+=. OVU +r T, - oS1U, (4.2.15) 


jm 2а e E 
[ 9 v4, (0D-]U = — 5 WX ( OD -U + (s —2)H - U) +H- OVU +r T,- oU. 


Similarly, for F € s1(C), 


j S 7 -———— == ==. 
|9у,, ODF = -76X (D ау: ғ) +H. OW 
+=. OVF +r DP, ӘЗІР, (4.2.16) 


[eo = = 
| 9 v4, ODF = =X (OD-F+(s-1)H-F)+H- OV4F 4 тт, 08 F. 


4. Let U € ө(С) s-conformally invariant. Then 


(OV; OVU = 2(n- п): (WU + (2 (p—n-n) - 4i(— “p+ An) Jv 

+(Гь : L9)U, 

= 2(n-m- OVU + ((s = 2)P + (5+ 2)Р – 289-0 + 4in ^ nU 
ЖЕРГИ 
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Also, 
(99), Vie = nq VU be — str | OV aUe sre) Uis + пле Га 
ба: U)e — à (n И) 
-5 iy | * ONU, + 8(*Na)Ube + ть “Uae + те “Var 


— Ea (N: U)e— Eac (N: Uy, +r T. 010. 


Proof. See section [С.2] 


4.3 Approximate Killing vectorfields T and 7 
Definition 4.3.1. In M, we define T and Z as follows: 


e [f the normalization of (єз, ед) is ingoing, we have 


5 (cot ке mms). 
5 (26 ya — alsin ye, - А) 


T 


7 = 


e If the normalization of (ез, ел) is outgoing, we have 


T з= (өз " — 2a: 3)'e JI 
a(sin @)2A 


Z = ; Ей + a?yR (3)^ey — а(вїп Ө)?ез — ee) : 


From relations and (3.3.15) and the values of J as in Definition one can see 


that the above бо reduce to the Killing vectorfields T and Z in Kerr. 


The following lemma shows that T and Z are almost Killing vectorfields. 


Lemma 4.3.2. Let Us and (Әт be the deformation tensors of T and Z as defined above. 
We have 


(Da, ты € Г» (Тл, Maga, (Maga, Tas € Гь, 
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and 
2r rt 2r m ely (Z) әҙ, (2) тз, raa, 0b erly. 
Moreover, 
Эл c Га, тт є TL 
and 
(Div Dr); ет” әЗІГ,, (Di Ds), (Di Da), є ФГ, 
(Div Pr), є OT, (Div Әл); € оГ, 


(Div), € roS!T,. 


Proof. See section [С.З] 


We collect here the following commutator identities for T and Z and the D'Alembertian, 
for scalar functions and for horizontal symmetric 2-tensors. For horizontal symmetric 
2-tensors additional terms coming from curvature appear. 


Proposition 4.3.3. The following commutation formulas hold true for a scalar w: 


[T, D] = d(T, әу) + Py 0,0, 


4.3.1 
Iz, Og] = O(P; - 0) + rT y Du in 
The following commutation formulas hold true for Y € $5: 
У, Lo] = O(ar-*)05 y + ә(Г, - de) +T 00, 
—2үл<1 . (4.3.2) 
[Vz, 2]ф = O(r )0^ us °(Г, ` ov) T rs - Dl. 


Proof. See section for the proof of (4.3.1). By putting together Proposition and 
(4.3.1) we deduce (4.3.2) 


Recall the definition of horizontal Lie derivative £x for X € Т(М) as given in Definition 
2.2.14| We collect here the commutator identities for Ст and £z and the D'Alembertian 
operator. 


Corollary 4.3.4. The following commutation formulas holds true for € $5: 


[2,05] = Ә(Г,-ә0)--Г,- Doy, 
22,05] = d(T,- 0Y) + Гь: Оу. 
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Proof. This is a corollary of Proposition [2.3.2] according to which 
х, 2|%аь = ИЕ OTD, Dita T COM pD Ya 
FOE РШ”, - 200p ol Wa ш DOF әре = Dp ur 


where 


1 
3 (Da Өт, + Ов Ото, — D, тов), 


and similarly for ХУ. In particular, we can write 


BOT ada 


ION “т : 1 : 
Ix; 2|%аь о = Or D,D Yab — (Div COR = 5D» Or) Dian 


SOE „р, > 2007 Dba” 27 D (OP Ys = Do Ua 
Observe that the first line gives the same expression as for [X, 0], i.e. (С.4.1), and can 
then be computed as in Proposition [4.3.3] For the second line we compute 


1 
= 5 (D'V. Оле + DV, Oar. DV. (От) 


DF 


Ита, 


VaDiv COR. m V Div Om. +F Oc RE O т? (Ол, 
g 


1 
2 
and 
COP uc D — (r^ (aus v sch em Фа. 
Using Lemma and the improved decay for x in (C.4.3), we obtain 
ВО (СВ СУР eros od 
=D (PP 0% – DOP y," = DT, 


and 


1 
ae == (Va P Tae + Va P Tac = Veroa) = roD, 


2 
(Dye = S (Vo Dra + Vague — VoU mag) = ӘГ, 
а = 3 (Va Pn + Va tae — Ула) = ors, 
Фуа = 59 rae + Va tac — Ve таа) = ГУ, 
OP se = 5(9. ac + Va tac — Ve таз) = Гь, 


1 
up um — g (Va (та, + Уд (2) тае – V. (тел) es 


Putting the above together, this concludes the proof. 
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4.4 Inverse metric and R, О tensors 


In M, we define the vectorfields T and R as follows: 


e If the normalization of (ез, ел) is ingoing, we have 


Т - (аа те Tg Se) | 

В = (ase un) 
e If the normalization of (ез, ед) is outgoing, we have 

Pg isa | ate). 

R= 1 E = а) | 


From relations (3.3.14) ара (3.3.6), опе can see that the above vectorfields reduce to T 
and R in Kerr. Note also that Т, R are perpendicular to the horizontal structure and 
e(f, R) = 0. 


Lemma 4.4.1. The vectorfields R and T satisfy 


^ 
= Z+r Ty -0. 


RT = gans 


Proof. Using the definition in the outgoing normalization, we have 


га O E „ш. 
| 4 (12-424 12242 т фа?“ peta? 


А lal? 
| 21? fae Page 


= i d e и Y, 1 P, A Y, 
2 (r? + a2)? өзі” 221424) 242) 9 972 фа?  \т2 фа?) E 


Using Lemma to write in the outgoing normalization 


[ед, ез] = 2(n — 0): V t 2ues — 2we4 
4 A 
= TR es — 8 sei tr "Tod, 
q q 
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and using (C.7.1) we obtain 
ar^ 


Aasin? 0 


[R, T] = CES (20% + a?) 296 — a sin? дез — 
ат А 4 


lal? 


as stated. 


Observe that with the above definitions we have 


T=T Z 
+ r2 + a2 
Indeed, for example in the outgoing normalization, 
a 1 A = 
T+ "EP = 5 (в + lq? = 2a) а) 
a 2(r? + а?)%(3)°еь — a(sin0)?es — 
т2--а292 з 


1(_А 4/2 ^ 
— 5 EET = Т. 


We also define, in terms of the horizontal structure, 


Оз := a 
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2 pr Hp 


а(віп0)2А 


lal? 


(4.4.1) 


) 


(4.4.2) 


where we recall that Yab = g(€a, €), і.е. y is the metric induced by g on the horizontal 
structure. From (3.5.3), one can see that the above tensor reduce to O°? in Kerr. 


The definition O^? allows us to express the inverse metric in perturbations of Kerr as 


follows, see Lemma for the case of Kerr. 


Lemma 4.4.2. Let (М, в) be a spacetime, with R, T and O defined as above. Then 


" т? +a?’ 
lag B cone) 


тат; 1 
Бе RP + -R 
DE 
where 
RP ue cpu a y тете 4-А0%, 
Thus the inverse metric can also be written in the fornt?) 


` (r2 + a2)? 
ЕЗ a ON 


?Observe that this expression of the metric is not regular at the horizon. 


(—T°T? + Re RP) + 0%. 


(4.4.3) 


(4.4.4) 


(4.4.5) 
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Proof. Using the definition of frames in (M,g), we can write 


1 
ge = =; (егей + ebeg) + eter. 
Using (4.4.2), we obtain 
2-08 1 aß 
ql g = —5lal’ (егей + eset) + O79. 


We then compute, for example in the ingoing normalization, 


ALA EAS 1 2 A 2 A 
Ве R? ED pape ENS ( 4 c? _ 4) ( 4 ef uH 4) 


4 r24+q24 т2 + q2 3 r2 + a? r2 + а? 
1 2 А 2 А 
_ Jal е2 4 e la ee ef 
4 T + а? r2 + a? r? + a? r? + a? 
A 1 
= (r? + a2)? ЕТ - TS , 


which proves the lemma. 


As in Definition 3.5.3| we define the following approximate symmetric tensors. 


Definition 4.4.3. We define the following symmetric spacetime 2-tensors: 


S £e qr. 

SU" = aT Zz”, 

$3" im u LE, 

5% = О°8 = тете, 


We denote the set of the above tensors as Sa, for a = 1,2,3,4. 


Using (4.4.1 to write T — T + эр2! in , we can write 
RU Eq (4.4.6) 
with 792, a = 1,2, 3,4 given by 


Ri = -(r? 407)?, R?=-2(r? +07), ®%=—1, Rİ=A. (4417) 
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4.5 Approximate Carter tensor and Carter operator 


We now extend the definition of Carter tensor as given in Definition to the case of 
perturbations of Kerr. 


Definition 4.5.1. In (M,g) the Carter tensor is defined as the following symmetric 
2-tensor K: 


К°З = —(a?cos?8)g?? + O^, (4.5.1) 
where the tensor O is defined in (4.4.2). 
Recall the definition of Carter operator K for horizontal tensors Y € s; according to 
Definition given by 
Кр) = Ds(** Dau). 


Associated to the Carter operator K we define the following. 

Definition 4.5.2. In (M,g) we define the following second order angular operator for 
ф € Sx: 

2а? сов@ „ 


OW) := lg? (Ae - = 


жарты) (4.5.2) 


Note that the above definition reduces to ће operator О in Kerr, see (8.7.4). 


We now show that O is an approximate symmetry operator for scalars and, up to Riemann 
curvature terms, for tensors in perturbations of Kerr. 

Proposition 4.5.3. The operator О defined in (4.5.2) for a scalar function w satisfies 
the following commutation formula: 


О, |420,0 = lal? [v* (T, - o) + зә (1426-0). (4.5.3) 


The operator О for р € вә satisfies the following commutation formula: 


О, 1420) = |412 


y Е + a?) cos 0 


iP ) ON Vis ын O(ar-?)V2'05'V 


(4.5.4) 
t o? (D, - 0) + Dso(|qi'£ - ZI 
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Proof. See Section Observe that in order to obtain acceptable error terms like the 
ones on the right hand side of we need to derive the commutator using the decom- 
position in null frames of Og as in Lemma [4.7.4] Similarly for 0. The curvature terms 
on the first line of can be obtained as in Proposition [3.7.6] 


Corollary 4.5.4. The following commutation formula holds true for a scalar w: 


аА, д?г» = a [Olare 0°(L, 0) + Dao (laPE - bv). 


Proof. Using the definition (4.5.2) to write that |q|?A = О + O(a?r ?) B -- r^ T, - 9, we 
4.5.3) 


deduce from Proposition 
[lq] A, 14^О Јр = [O, al Dg] + Oa?r 7) [8 |a Cg] + [r T's - 9, |a Dg] 
= М [Ory + ә (Г, - оф) + Dav (lal'£ - Dav). 


as stated. 


4.6 Approximate symmetry operators 


We can finally define in M the following approximate symmetry operators as in Definition 


Definition 4.6.1. We define the following second order differential operators, acting on 
бо tensors, 


Sı = VrVT, 5» = aVrVz, S3 = a° VzVz, S4 = 0. 


Recall that in Kerr we had also the alternative definition of Sa give by (3.7.11). In 
perturbations, they differ by error terms in the following way. 


Lemma 4.6.2. Let 
Sab = a Dalas Day) for a = 1,2,3,4, 

where Se are given in 7. Then, we have the following comparison with the 
approximate symmetry operators of Definition 4.6.1; 

Si Tz Sı + Гь d 0, 

S> 55 + rT, * 0, 

Ss S3 + тГь * 0, 

$4 — O + тГь 0. 
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Proof. See Section [C.6] 


We now collect the formula for the commutators of the approximate symmetry operators 
Sa for a = 1,2,3,4 with ГЪ. 


Proposition 4.6.3. The following commutation formulas hold true for Y € $2: 


61, 20 = О(ағ 79053) +0? (T, І dY) + o(T, Р 2%), 
[5,000 = Olar? y +0? (Г, оф) + ro (Ts - Co), 
[S3, О Olar? E Py + o? (T, - dy) + ra (Ts - 2%), 


and 


[Sa |a Do] = |4? [О@аг?) 07^ + o? (T, оу) + D30(|q|7E - Dav). 


Proof. The first three relations are straightforward from (4.3.2) in Proposition [4.3.3] The 
commutator for S4 = О is obtained from Proposition [4.5.3] 


4.7 Wave operator and Energy Momentum tensor 


Consider variational wave equations for real-valued tensors Y% € ө,, of the form 


Tk — Vv = М, (4.7.1) 
where V is a real potential. The variational wave equation has Lagrangian 

ЕМ) = g” Dy рир +Уф 9, 
where the dot product here denotes full contraction with respect to the horizontal indices. 


The corresponding energy-momentum tensor associated to (4.7.1) is given by 
1 | . | 1 
Ош = Dph Dui — ув» (Dr DY + Vv v) = Вр: Вир — ze 0). (4.72) 


Lemma 4.7.1. Given a solution v» € ө, of equation (4.7.1) we have 


: қ қ i 1 
D'Q, = Бф. (Ged — Vy) + DY RAB” — ЛА 
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Proof. We have, making us of Proposition |2.1.27 


D'Q, = Бр. Б, +В". (D.D, Е D,D,) V — VD: V 5, 
| "E | 1 
= О.Р” ОФ + DY Rawuh — УР. — әрҺУУ y 


= ПО, s ( кїй - Vy) + DY Rawu md арау 


with lY]? := v. v. 


Standard calculation for generalized currents 


We collect here some general calculations for generalized currents associated to equation 
(4.7.1). 


Proposition 4.7.2. Let )  ө, be a solution of (4.7.1) and X be a vectorfield. Then, 


1. The 1-form Р, = Qu X" verifies 


D'p, = 29 n+ Хр): (Ce — Vy) - 5X (И)? + X" DY Bag". 


2. Let X as above, w a scalar and M a one form. Define 
„1 : 1! 2 l, 2 
P |X, w, M] = ОХ + ошу. Dub — | диш + Ф| M,. 


Then, 


1 1 1 1 
D"P,[X,w, M] — 22: On — 5X (VII T 50610] - 1 gU 


А 2 1 
+ ХОБ, + ШІ ШЕЛ 


+ (xt + guo) (bo - vo). 


Proof. Let P,[X,0,0] = Q,, X". Then, 
D"P,[X,0,0 = Q,D^x"*-4 X"D"Q,, 
1 : : : і 1 
= 52 O08 + X"D,v - (Dy) — Vy) + X DY Rawu — ЛАЦ 
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where we used Lemma [4.7.1] This proves the first part of the proposition. To prove the 
second part we write 


D"P,[X,w,M] = 50 - On а-Х(у))-(Гу-Уу)- 427) + XD Ra 
+ 5D^wi D + ju рф. D, 
l i, ls 1 1 
T 29) kY - 2% -D'yd,w — 1 gU + Div) 
1 


1 i a : M 

= 20. On- XV) + zw D^ Duh + >ш (Oy) 
: 1 1 Е 

+ XD Rau — 49 gU + ШЕЛ + X(w) - (Оьр — У) 


which gives the desired result. 


We now specialize Proposition to the case of equation (4.7.1) in perturbations of 
Kerr. 


Proposition 4.7.3. Let Y € ө,(М) be a solution of (4.7.1) and X be a vectorfield of the 


form 
X= Же + P don 
Then, 
1. The 1-form Р, = Q,, X" verifies 
1 1 
рер, = 50: s e Хр) N - XVW — ( "om^ m) У хааа хае" 7) 
1 
- ;S (mx nx? + irX HX*) Ур. * + r (XT, + X^T,)oy р. 


2. Let X as above, w а scalar and М а one form. Define 


1 1 1 
P |X, w, M] := Qu X” + 259 D, — "ІШЕГІ + 1 Mu 
Then, 
1, (ю 1 2 1 dou 
D'P,[X,w, M] = 59: Or- zX(V)|uf + 00] — TIU Dg 


— ("o n^mn)Vxss хз 7) 
1 
= 59 (xax +trX нх?) ‚уф. ty 


; Dile) + (xw + T .N 


r ?(X?Ty + XT,- v. 


+ 
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Proof. By Proposition |4.7.2} we only need to specialize the computation of the term 
Хер YAR appl? to the case of X = X%e3 + Хел and perturbations of Kerr. Since 


Raw, is antisymmetric with respect to (a,b), we have 
. : 1 . l 
X"D'y^Ra, ij = 2 a Хе, DY К "a. 
Introducing the spacetime 1-form 
Е, = eR X", (4.7.3) 
we infer 
BUM s 1 * 

X"D'y Rad = LED. y. 

Next, we rewrite F, as 
P, = е? Rocu4 X*+ е” Rocu3 X? 


and we compute the various components of F,. То this end, recall that we have the 
following decomposition of the curvature: 


Каза = 2€a "p, 
Rates = Ea *8, = ЗІ, 
Rae = — Ea "Беті, 
Also, recalling Proposition the components of B are given by the formula 
Ваз = —tr X (Scat — Seva) — Otrx( Eca m Ecb Na) 
+ 2(— € hb + X a= Xak, + Xa£,) 
= —tr X (Scat — бата) — trx( Eca m— Ecb Na) +77'Ts, 
Bates = —tr X (Sean, — дый] ) — a € n,- Een 2.) 
(ал + Neil Se Nake) 
= —tr x (Seam, — бо) — ery ( Eca meg du Tay 
Bassa = 4( — € & + ££, — nan, + Пл) 
= A( — nat, + 1,1) Vo E. 
Using the definition of R, we infer 


Rasa = 2( ба» p + ( = "all, + пт). 


1 1 
Каз = —5ttx (Boars — бәт) — z tex( Eca ъ— Ecb Na) tr Гь 


: etry ( Eca Tl, Ecb п.) Tr, 


. 1 
Raves = us X (can, s бап) - 2 
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We deduce from the definition for Р, and the above identities for the components of Ваш 
Жі = ch Rocas X? 
= ck ( — 2 Ebe *p— 2(7,7е = та а 
= -4 ӘХ%- (ала) X*, 


Еу = Є RygaX4 = 4 *oX' + A(n^m)X?, 


and 
Е, = E Rees X’ є Rx 
= ; є? (- tr x (Sene — Seems) — Otrx( €a m.— Eec m) + a 
+ = di — tr x (Sm, — Sect), ) — try( Eeb T], — бес т) + mn a 
— ( =. S ут ye + ( = trx “n, + tryn, x* Tr CT, + X“T,), 
1.е. 
Е, = —4 "eX? — (n^ m)X?, 


Еу = 4 px*+4(nAn)X?*, 
Е, = (- tr X “ne + ар + (- trx *n, + туу ух" tr QOD,- XT). 


Since we have 


: . d us 
Хер? = ; Dp. "р 
1 . 1 Р 1 . 
= ағару. "V + ағыу. br ;AD'y. "V 
1 1 1 
= РУз <- es 443У4% 00 + ;RVw ep, 
we infer 
X DY Rawy” 


= (рът) Ухаа, ses IU 
1 

+5(( = *n + try) X3 +(-trx*n+ tryn)X*) Vy: “Y 

r7 CT, + ХАГ,)ор - 
and hence 
X DY ы)? = -( "p F 7] ^ n) V x4e4— X3e U Uy 

1 
-59 (ихних? 4 trX нх?) ‚уф. b +r (XT, + ХАГ,)ор р 

which concludes the proof of Proposition [7.2] 
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4.7.1 Decomposition of the wave operator in null frames 


Lemma 4.7.4. The wave operator for W € Sx is given by 


кї = -$ (VaV + VaV) + (е = ;"x) Vay + (^ - str x) Vay 


(4.7.4) 
+ Аьр + (n +n): Vv, 
where A = V°V, denotes the horizontal Laplacian for k-tensors. 
Proof. By definition 
dv = g”D Diy + ®О„Эз +g” D Da. 
We write, using (2.2.3), 
Пі) = Май, 
D3D,4v V3 Vay — 20V ар — 2]. VV, 
D,Dsv УУзу — 20V 3 — 2n - Vy, 
Daw Vay, 
s 1 1 
D.Dav У.Мау- ә Xea V3% = 2X4 V4V- 
Hence 
ЖҰТ Їз м "T 
кф = —-53DsDav - 5 D4Dsv tg"D.Dav 
1 " 1 1 
==. (УзУа) + Ууз) + g^ | М„Маф— Xe Vs — 5X V4 
+ WV tN: V9 + шз rn: Уф 
1 1 1 
= -2(У3У4% --УУҙ))--Аф- Т XVa% — ә ХУ ар 
+ WV +n: Ур + озу +n: Vy. 
Непсе 
А 1 1 1 
кф = —5 (Мз + Ууз) + Any + (в = x) Vay + (^ u x) Узу 


T +n): УФ, 


as stated. 
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Lemma 4.7.5. The wave operator for i» € s3(C) is given by 


А 1 1 
ow = —\Мл\Узї — 3 TXV4v RE (20 = gu x) Уз + AY + 21] . Vw 


(4.7.5) 
+2i( 'p-n^mn)v - (Гу Tg) V. 
Moreover, if i» € s3(C) is 0-conformally invariant, the above can be written as 
: (оуу, ©) 1 уо T wid © © 
2р = — ЗУ Узр — 9 TX Vay — 9 7X Уз + Aad +2]. * V (4.7.6) 


+24 ( "o—n^m) v (Ty TS) : v. 


Proof. Using Lemma for у € $2(C) and using (4.2.7) , we obtain 


. 1 1 1 
2) —VaV3y — glV3: Valy + As + (в = 71 x) Vay + (^ = pi x) Vay 
+(n +2) Уф 
1 1 
= —VAWVa + Axy — gt XVa + (20 — 27 x) Узр + 2n: V 


+2i ( “p= пл) y +T- To) V, 


as stated. The second relation for w of signature 0 is straightforward. 


~ 


4.7.2 Representation of the wave operator using T. R 


Lemma 4.7.6. We hav! for V € Sk, 


| NW 
lal Cv = rye =VaV дї + VaVav) + 27У рур 


+ la? And + la (n +n) Уф +r’, ov, 


(4.7.7) 


where Ag denotes the horizontal Laplacian for k-tensors. 


Proof. See Section [С.Л] 


‘Observe that the expression in (4.7.7) is not regular at the horizon, i.e. for A = 0. 
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4.7.3 The wave operator using complex derivatives 


We now express the laplacian in terms of complex derivatives. We summarize the result 
in the following. 


Lemma 4.7.7. We have for v € (С), 
DG(D.y) = 4A — 2i (туз + (тууа) v - 8 i (4.7.8) 
where ®K is defined in (2.2.9). In particular, in perturbations of Kerr we have 


DG(D.v) = AA) — 2i(tryV3 + (ууа) v 
+2 (tr xtrx + (а) try try + 4p) V (T$: Гь) Y, (4.7.9) 
DED- Y) = 4A — 2i (P trxVs + (ууа) v 


NECEM EE E 
+2 тх + 2P + 2P) V 4- (Г, - Tj) - V. (4.7.10) 


Proof. See section |C.8] 


We rewrite the above using the conformal derivatives introduced in Lemma [2.2.18 
Lemma 4.7.8. We have for v € s3(C) s-conformally invariant, 
ODQ( OD. v) Д (©) А — 9i (try GAVA EN try V4) ф 
+ 2| (tr xtrx + (try try + 4p) 
1 (4.7.11) 
— is (“ех try — trx try) +2 D IE 
TD D): 


where (9 A; := 7% OV, OV, is the conformal Laplacian operator for horizontal 2-tensors. 


Proof. See section [С.9] 


By putting together the canonical expression for the wave operator given in Lemma [4.7.4] 
and the expression for the Laplacian given in Lemma 4.7.7) we obtain the following. 
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Corollary 4.7.9. We have, for € во(С), 


: ПСВ 1 1 
ow = -УУзу + 1P9(D * v) + (2. = зик) V aw = әт Уау + 2n * Vw 
(4.7.12) 


1 1 . 
T (-5* хх = | (9) try try — 2») V 2i ( "p— nn) V T (Ty: D): v, 


which can be rewritten as 


lm 1 1 
2) == —\Мл\зї + 1D8(D $ №) + (20 = зх) Vai = әтАУау F 2n * Vw 


(4.7.13) 
е-е. = 
xs = re ses = 2P) р — 2i (n ^ n) w+ (Гь: To). 


4.7.4 Commutators with the D'Alembertian 


We collect here some additional commutators with the horizontal laplacian, the operator 
O and the D’Alembertian. 


Lemma 4.7.10. The following commutation formulas hold true for a 2-tensor р € бә: 
[Vs lP Аш = (n-e) la VV + (0 — ©). a VYY + div (n — Ola Vau 
-5l (ух: Vi +V try: *Vy) + O(ar *)o*!y  o(T, - 00), 
[Vs |a A] = (n+¢)-|al?VaVe + (0+0) : laP VVav + div (n + Ola V4v 
-lal (Vir x- Vy + V try - АЛ + O(ar ot 
-r?Ds(£ - Doi) 4 o(T, - dW). 
Similarly we have for a 2-tensor 2) € бэ: 
lal Va VY + (n — ©). la VVav 
n= ©) (n +n): (n — Q)laP Vau + О(ат?)о + ә(Гь- dv), 
[VO]. = (n+): la? VaV + (n Qa! VVav 
(div (n + ©) + (n - 9) - (n + ОУ Vay + O(ar ?)o* y 
-r?Ds(£€ - Doi) 7 o(T, - 9%). 


Уз, Oly = (n-6 
-F (div 


—~~— nm. 


Proof. See section 
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Lemma 4.7.11. The following commutation formulas hold true for a scalar w: 


(Уз, Og) = 2wV3Vap — (trx + 2w)Va Va — trxLlgv 

+772054) + O(ar ?) VV +r 20 (T; QU), 

[V4 Lg = 2УА М — (tr x + 220) V4Vav — tr ХО 
tr ?0*'y + O(ar ?)V4Vw + т o(T, - 0v). 


The following commutation formulas hold true for Y € $5: 


[V4 Db] = 209V4VA4V — (tr x + 220) ууз + 2(n + C) - Уур — tr xClov 
EC X)! Vai + O(r ?yo* y + Da(£ - Do) +7 20(Г, - д). 


In particular, the above can be written as 


(Ма, i 20 = —(tr x + 2w)VaVay — trx loy — (ir УЙ ЕГЕТ) 
+O(r 954) + O(r 420 Da(£ - Dap) ыт” ә(Г, 00). 


We can also deduce for Y € бә: 


[rVa, Сор = УУ ау — r(Sirx — 2w) Oa — r(Sirx + 20) As 
+ O(r?)o*!y + Olr Ey + rD (E Day) + ro (T, - оф). 


(4.7.14) 


Proof. See section 


Lemma 4.7.12. The following commutation formula holds true for a scalar w: 


Ук 14040 = Or Og + (7) Др + O(ar "ov + O( V дф + O(ar уу 
+rd (Гь: 0v). 


We also have for a scalar w: 
(УА = Olar”) py +rd(T, - дф). (4.7.15) 
In particular, 


[Va Aly = O(r?A)Av + Ofar") pb ыт” Ә(Г,- оу). 


Proof. See Section 
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Lemma 4.7.13. The following commutation formulas hold true for Y € $3: 


2a cos 0 


l| ЖЬ -Óil ab = 39 K|g| By — | "Ътъ — lalin +n) : Cod 
--О(ағ ?jo5'y + O(ar ?)0*?y 
+02(Г,: )) + rH -Day + Da(ré - Уз), 


and similarly for |q| Pë In particular, 


lal P | 2% = 3ila| Pow 


Sal Pov + Olar oy + оГ, - Y) 
+rH -Oow + Ds(ré- Vv), 

42 700-1147) = -5u Piy + Olar” y +0 (T, - v) 
+rH -Oow + Оз(т - Vay). 


The following commutation formulas hold true for Y € $1: 


la| 21% — Dla Pry = la Piy + Olar? oy + оГ, - Y) 
+rH D + Da(r£- Va), 

201010 + Ofar? + оха, Y) 
+rH Oy + Da(rt- Уз). 


1912.0, — 0414121 


Proof. See section 


4.8 Spacetime elliptic identities 


We adapt the spacetime elliptic identities in Proposition|2.1.47|to the case of perturbations 
of Kerr. 


Lemma 4.8.1. Given a not necessarily integrable horizontal structure, the following point- 
wise relations hold: 


i.) The following identity holds for f € si: 


2a cos 0 


IV? + MRK FP = Фр + "E Vrf- f 
+Da(V°f - f — (div f)f? — (curl f)(*f)*) - T, - 9f f, 


(4.8.1) 
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and 

2a cos (т? + a?) 
41 

УУ f — (div Р) — (ешт РСР") T, Off. 


"Val: f 


IVP + MRF? =| DAP 4 


ii.) Тһе following identity holds for f € бо: 


2a cos 0 
y 2 +20 K 2 =9 2 + TE А 


- D«4(V? f - f — 2(div f)gf^?) + T, - of - f, 


and 


2a cos Ө(т? + a?) , 
VP + 2K FP = ру. + mm +°) р, y 


t V.(V*f - f — 2(div ff) T, of - f. 


iii.) The following identity holds for f € si: 


2a cos 0 
V 2 — (h) 2 _. 2 *pj2 __ RT і 


t D«(V*f - f + 2( Def) fs) + T, - of f, 


and 


К 2а cos 0(r? + a? 
ve- MRIs? = a pir - BO +) 


+ Va( VF- f+ 2( Bef) fi) TD Df- f. 


“Val f 


Proof. Straightforward application of Proposition |2.1.47| and (4.1.14). 


We collect here some elliptic identities involving the operator O and Ag. 
Lemma 4.8.2. We have for w € $5, 
Asp р = — [Vol — (0 +n) - УФ) - v + D'(VoV - V), (4.8.4) 
OW) - = =la PIV? — lal? (n +) - Vd) - v + D*(Ig Vay - v) + T» - ov - v. 
We have for w € во(С), 
Aw b= У — (H + H): V4) 9 + D'(Va9 - Y), Е (4.8.5) 
O(v) -4 = УФ — la ((H Н) У) 9 + D'(|aP Vos : V) E Ty dy - V. 
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Proof. Using Lemma |2.1.40| we obtain 


Ay) = V°Vab- = V'(Vqby)-Ivur 
D^(Vay V) — (n m- VY) -Y – |У 


which gives the first identity. We then deduce, using V(|g[?) = (n+ n)lq|? + "Гь, 


O(v)- V Jal? (As + (n 9): Vb) - v 


= ja УФ + lg DEVa - v) 


= |92? — la ((n +) - VU) - + D'(JqP Voy - v) + Гь: 0v - V 


as stated. 
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Chapter 5 


Derivation of the main equations 


5.1 Teukolsky equation for A 


It is known that the curvature components A and A satisfy wave equations which decouple 
from all other components at the linear level, the celebrated Teukolsky equations. In this 
section we derive, using our formalism, the corresponding Teukolsky equation for A while 
keeping track of the error terms generated by the perturbation from Kerr expressed in 
terms of (Гь, rg). 


5.1.1 The Teukolsky equation for A 


Proposition 5.1.1. The complex tensor A € s3(C) satisfies the following equation: 
L(A) = Err£(A)] (5.1.1) 
where 


1 Ах 1 — 
L(A) = – 9%, УзА + 1 ODS(OD - A) + = жх) OVA 
(5.1.2) 
1 == = = neces 
-5T"XOV,A- (4H + H+ Н). OVA+ (-trXeX +2P) A+ HOH. А), 
with error term expressed schematically 


Err{£(A)] = rS (T, B) + OvjE. B Ts T, A. (5.1.3) 


185 


186 CHAPTER 5. DERIVATION OF THE MAIN EQUATIONS 


Proof. See section [D.1] 


For completeness, we collect here the real and imaginary part of the Teukolsky operator 


L(A) defined in (5.1.2). 
Corollary 5.1.2. The Teukolsky operator in (5.1.2) can also be written as 


L(A) = RLA) + 05(0)(4) 


where 

R(L)(A) = – 9v, OViA- ӘЛА + (4p +27) 9VA— Lry VIA - Sry SA 
И Е 5 rx try ed dn. n) A, 

S(C)A) = -29try 9У;4--4%)- OVA 


1 1 
+ (ех Oix- 5irx try —4*p—An ла) А. 


Proof. See section [0.2] 


5.1.2 Connection to the classical Teukolsky equation 


The Teukolsky equation (5.1.1) is a tensorial equation for A € s»(C), as defined in our 
formalism. The standard derivation of the equation, in linear theory, is done instead with 
respect to the Newman-Penrose formalism, see section [2.2.4] To relate the Teukolsky 
equation in our formalism to the classical one in NP formalism we have to project it with 
respect to the standard horizontal frame e1, ез of Kerr, see (3.3.3), 


ae, Кк; | 1 


| 9, 
(4 19150 ° 
for which the relations (3.3.10) are verified. 


One can check in fact that the standard Teukolsky variable, which we denote by alt”, is 
related to our A via the formula 


ай?! := -TAn Ап = A(e1, e1). (5.1.4) 
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Indeed, in the physics literature, see [16], the curvature component a!*?! is a complex 
scalar defined in Newman-Penrose formalism as 


ol] = (І, т, 1, т) 


where l and m аге related to our (ingoing) frame ед, ез, е, ез by 
l = ед, КЕНЕЛЕ ӨКЕН 


апа W coincides with the Riemann curvature tensor R for vacuum spacetimes. We 
therefore deduce 


2 _ 
ol = -Bowte, (е1 + iez) , e4, (e1 + ie2)) = 2” (Wai + То + 2Wao41 — Waos) 


= ET (Wai — Waos + 2/W443) = —— (Warsi + Идо). 


RQ IRQI 


On the other hand 
Ay = Waar + WWaao 
and therefore alt? = "Aa. 


One can check that in the particular case of the Kerr metric we have 


2_ 2 
lal? maalt’ = —4(r — т)д.а 2! - 4 ("е — r — іа cos ) ða” 
5.1.5 
a(r— m) |. .cos0 [+2] 2 [4.2] l ) 
=4 A Жік да + (4 соё 0 – 2)al™, 
sin 


where Па is the D'Alembertian relative to the Kerr metric. This is the standard form 
of the Teukolsky equation in Boyer-Lindquist coordinates, see [72]. 


5.2 Generalized Regge-Wheeler equation for q 


In this section we derive the generalized Regge-Wheeler-type equation. 


5.2.1 The invariant quantities Q and q 


We start with the following lemma. 
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Lemma 5.2.1. Let С, and С» be scalar functions. The expression 
Q(A) = (у; (УзА + С, (УзА + CoA € (С) (5.2.1) 


is 0-conformally invariant provided C1 is —1-conformally invariant and Сә is —2-conformally 
invariant. 


Proof. Direct verification in view of the definition of the conformal derivative (9 V3. 


Definition 5.2.2. Given a fixed null pair (ез, ед) and scalar functions т and 0 as in 
Section J.1] we define our main quantity q € s3(C) as 


а = qj Q(A) = qd? (Уз OVA + С, УзА + C2A) (5.2.2) 


where q = т + iacos0, and the scalar function Сі, Сә are given by 
(а) try? 


Сі —2trx —2 = — 44 ery, 
(5.2.3) 
1 3 (ту (а) try3 
C, = ztrx? — 4 try? + = e i | -2trx try  4A— |. 
= ^ 2 тх = = ігх 


Remark 5.2.3. Note that q 1s independent of the particular normalization. More precisely 
if e} = A leg, e = Аел and А! = АА then 9 =q. 


In perturbations of Kerr, the quantity q defined above can be factorized as follows] 


Proposition 5.2.4. In perturbations of Kerr, the quantity q defined in (5.2.2) with Сі, C» 
given by (5.2.3) can be factorized as 


—4 LA 
r GAVA G (9 (54))) = if + r^T, * Vz A, (5.2.4) 
от also as 
ТИ 4 
г? Ov, OV, (Za) = + rT,- УА. (5.2.5) 


q q 
r Әу; (= (9: (Za) )) = 2% (5.2.6) 


7 4 
r? Ow, OVW, (£4) = "i (5.2.7) 


Proof. See section [D.3] 


Па practice, we will rely on a more precise factorization, see Lemma [11.1.3 
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5.2.2 Comparison of q with Ma's quantity 


The quantity in Ma, [57], which corresponds to our q, is chosen to be a complex scalar 
alt? obtained by a Chadrasekhar type transformation from what Ma denotes as alt”, 
ie. the complex scalar verifying the standard Teukolsky equation (5.1.5) as derived in 
by using the NP formalism. Thus a!*?! relates to our A according to (5.1.4), i.e. 


at = - An, Ai = A(e1, е). 


Proposition 5.2.5. We have 


4 
qu = -rV Gz (паана). . (5.2.8) 


Proof. The proof is based on the following lemma. 


Lemma 5.2.6. Let U be an anti-selfadjoint complex 2 tensor U € $2(C) in Kerr. Then, 
setting p = 407! we have 


(VaU)i = p les(pUii). 


Proof. We calculate, using the relations (3.3.10) and {Лә = Ug; = (*0), = —iU11, 
V3U 41 = e3(U11) = 20%, = езі == try = e3(U11) + 1 “ату Ы. 
Note tha? eap — à (гур. Непсе 


Уз = e3(Ui1) + es(p)Uii = р l'es(pUii) 


as stated. 


According to Proposition we have, in the ingoing normalization, 


= —4 
da Vs G (v. (Za) )) 
q f 
Therefore, using the above lemma, 


е _4 д 
fan = re Узр) (ғ? |{ ШЕТ) Ан =p түм» rp Ay | 
q rå rå 


tqq “=q | -4- 4) = 2aicosüq ? = pi (etry. 


1 


?We have e3(p) = es(qq |) = —q 
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We deduce, using Ауу = -pa t”, 


d 
qu = ТУҙ (vv. 9) ---ҒУҙ (ev: (: n e| 
a? qrq 
4 
= гуз Caz (ran) 
T 


Remark 5.2.7. Note that all quantities in Proposition are defined with respect to 
the ingoing normalization. If we ы, alt?] with meer corresponding to the 


as stated. 


(out) — 


out) 
outgoing normalization e = = le in ) then ) becomes 


2 A? us 
qu = —rVsa|r^Va г (ош) : 


Ma denotes $4.5 = ST Aa) and defines 


Cg. = (DD (5.2.9) 


where Y is precisely ез = rhe д. + 05 — д. in BL coordinates. Thus ua = —@11. 


In [57], Ma states the following proposition. 


Proposition 5.2.8 (Equation (24.c) in [b7]). The quantity 


МАЛ (АЕО) 
verifies the following equation in Kerr 


COS 


42 05 + 4i (= 140, — aos 0a) bo — 1 (520+ 
= —8(а?д, + аду)Ф\» — 1207¢%,, (5.2.10) 


т? —2mr+2a?\ 5 
r2 +2 


where Пат is the standard D’Alembertian relative to the Kerr metric and 


2, [+2] 


0 (out) 1 0 
42 = pA Й P42 = тезг(Ф,2)- 
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5.2.3 The derivation of the gRW equation for q 


We now state the first main result of Part I concerning the wave equation satisfied by 
q. To start with we note that that we have decided to use as definition of q the more 
complicated expression in (5.2.2) rather than the more direct formula appearing on the 
left hand side of (5.2.6), which is directly comparable (by projection) with the quantity 
2 of Ma, due to the fact that the second formula generates un-acceptable error terms. 
Theorem 5.2.9. The invariant symmetric traceless 2-tensor q € $2(C) in Definition|5.2.2 
satisfies the equation 
.Aa cos 0 


109 – i p VT- Va = LA] + Err[Loq], (5.2.11) 


where: 


e Т is the vectorfield given by Definition 4.3.1, see also Remark |5.2.10 below. 


e The potential V is the real scalar function given by 


4 r?—2mr+2a? Да? cos? 0 
= r mr + 2а? Аа? сов (г? + 6mr + a? cos? 0), (5.2.19) 


lal? p 46 
which for a = 0 coincides with the potential of the Regge-Wheeler equation in 
Schwarzschild, i.e. V = —trxtrx + o( 4), see also Remark|5.2.11| below. 


e L,|A] is a linear second order operator in A, given in the outgoing frame by 


E 8a? A 8aA 
LA] = ad | Е age te B rage ZY 34 


+И ViA+W3V3A+W-VA+ ња) : 


where W4, W3, Wo are complex functions of (r, 0) and W is the product of a complex 
function of (r, 0) with 59), with the following fall-off in r 


a 
aW, = Ws =W = О (а), aw = 0 ($). 


e Err|Ll5q] is the nonlinear correction term, which under the additional condition 


Hcr, 


?This additional condition makes the structure of Err[Llq] in (5.2.13) possible. This structure is 
essential in the control of the nonlinear term in Chapter [11] see also Chapter 5 in [50] in the particular 
case of perturbations of Schwarzschild. 


192 CHAPTER 5. DERIVATION OF THE MAIN EQUATIONS 


is given schematically by the expression 


Err[Dq] = roS? (T, - (A, B)) + V3(r20S?(T; - (A, B))) 
+05! (T, - g) + 7297? (Tp -Tg Tg). 


(5.2.13) 


We now collect some remarks on Theorem [5.2.9 


Remark 5.2.10. The first order term in Ут on the LHS of presents good diver- 
gence properties because of its structure. More precisely, since it is given by an imaginary 
function multiplied by Ута, this term cancels out in the derivation of the energy estimates 
in the trapping region. 


Notice that there is a conformally invariant definition of T (where in Definition 
the vectors are replaced by their conformally invariant counterparts), but since q is 0- 
conformally invariant the two definitions coincide in this case, and equation is 
fully conformally invariant. 


Remark 5.2.11. The potential term V is a real function which coincides, for zero angular 
momentum, with the potential in Schwarzschild in [50], given by 


4A 


Vo = —tr xtrx = (r2 а2)[9|2` 


Observe that the fact that the potential is real is crucial in the derivation of the estimates 
for the Regge- Wheeler equation. This is obtained through the choice of the imaginary part 
of the scalar function Cı which gives SS(V) = 0. This is obtained in Proposition [D.4.3] 


Remark 5.2.12. The scalar functions С, and С» are chosen in order to obtain cancel- 
lation of terms in the derivation of the gRW equation. Тһе real parts of СІ and С» are 
chosen to obtain the cancellation of the highest order terms in the commutator |0, L], 
see Proposition and they coincide with the values in Schwarzschild in [50]. As 
mentioned above, the imaginary part of C, is chosen so to cancel the imaginary part of 
the potential S(V) and the imaginary part of the functions appearing as coefficients of 
the highest order terms in L,|A]. Finally, the imaginary part of C» is chosen in order 
to have а good transport relation between q and A, see Гетта [11.1.3 a fact used in the 
derivation of the estimates. 


Remark 5.2.13. In the derivation of the estimates for the Regge- Wheeler equation, the 
linear second order operator L,|A], which contains at most two derivatives of A, will be 
treated as a lower order term through transport estimates. The form of the highest order 
terms in L,|A], i.e. Vr(V3A) and Vz(V3A), is crucial for the estimates in the trapping 
and relies on an important cancellation obtained in Proposition|D.4.5] 
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We now describe the steps of the proof of Theorem |5.2.9| relying оп the computations 
collected in Appendix 


1. In Step 1, obtained in section we apply to the Teukolsky equation £(A) = 
Err[£(A4)] the operator О = V3V3 + Сі ӘУ; + Сә. We then compute the 
commutator [Q, С], and find conditions on the real part of C? and С» in order to 
have lower order terms in the commutator, denoted Lg(A), which are О(|а]), see 


Proposition 


2. In Step 2, obtained in section |D.4.2| we derive the wave equation for Q(A) and q. 
We first obtain, see Proposition |D.4.3, the wave equation for Q(A), and we then 


rescale Q(A) through the function f = qq? by defining д = f Q(A), which satisfies 
an equation of the form, see Proposition |D.4.4| 


. ‚4а cos 0 ——. І 
„иа? Ута – Ид = ГА + f (Ext 2Q] +Ty-05'Q). 


3. In Step 3, obtained in section we derive additional conditions on the scalar 
functions С, and С» by imposing the reality of the potential of the equation for 
q as well as a specific structure for the lower order terms. More precisely, this is 
obtained by first imposing that the potential and the terms in L4[A] involving two 
derivatives of A should be real, see Proposition and then by combining the 
potential term with the lower order term to have only T and Z derivatives of УзА. 


5.2.4 Тһе real part of the gRW equation 


Since q € $2(C) is a complex anti-self dual tensor, we can decompose it as 
9= 0+4 “р (5.2.14) 


for some Y% = Ж(4) Є (К). Taking the real part of (5.2.11), since V is real, we then 
obtain an equation for w, which is given by 


4a cos 0 


Jo + "E "Ут = Ир = RA) + (Err[Doq]). 


We summarize in the following. 
Proposition 5.2.14. The tensor p € (Е) satisfies 


Да cos Ü AA 
LA MEE Е 
ae OY °= G+ ОТ 


22) — Vo = — (5.2.15) 
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with the right hand side N being given by 


N := (V — Vo) + R(L,[A]) ЖЕ” іі) 
= No + Ni + Мр, 


where: 


- No denotes the zero-th order term in 2), i.e. 


AA a 
н (0 аут) а 


- №, denotes the lower order terms іт, i.e. 


М. JG 8a? A 8aA 
pu 


P pag V TV А — = VzV34 


fep 


+ WAV4A + Wa3V3A +W - VA + WA 


(5.2.16) 


(5.2.17) 


(5.2.18) 


where W4, Ws, Wo are complex functions of (т, 0), and W is the product of a complex 


function of (r, 0) with *R(3), having the following fall-off in т 


a 
Wi = ОИ = W = О (a),  sw-o(c). 


- Np,,[v| denotes the error terms, i.e. 


Мру] = R(Err| i 241) 


which are schematically given by 


Nal] = 1205?(LPq- (a, 8)) + Va(r?o€ (Ts - (a, 8))) 


+0 (Tg) + тә? (T) T, Tg). 


Also, recall that y and A are related by the differential relation: 
b= R( q? (Vs УзА + C, УзА + С.А), 
with 


(а) try2 
= — Ai try, 


Ci = 2trx – 2 


ЛАС 
5 tr x? 


1 
С» = try? — 4 try? + 


5 +i (cate 


(a) try? 
tr X 


(5.2.19) 
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5.3 Generalized Regge-Wheeler equation for q 


In this section, we derive the generalized Regge- Wheeler equation for q. 


5.3.1 The Teukolsky equation for A 


Here we derive the Teukolsky equation for A. In order to capture correctly the non linear 
terms in the equation, we express the Bianchi identity for A in terms of 


1 
A, = OVA + ХА, 


see Definition |2.4.15| which has an improved decay rate as compared to ‘)V,A. In the 
derivation of the Teukolsky equation below, we express explicitly the error terms which 
decay less than roS! (T, - Гь). 


Proposition 5.3.1. We have 


і 1 2 Е 
САР ;"X) A, 2 q(?D  H c AH)8S(OD- A Н.А) 
+3PA+ Errpg 


where Еттге is given schematically by 


Етте = тХЕӘВ + (Р.В) + (X  H)B + (Ty Te) - (A B) o 1209 (T, Г). 


Proof. See section [D.5] 


Remark 5.3.2. Observe that, if we were to obtain the Teukolsky equation for A in the 
symmetric way as the Teukolsky equation for A in Proposition|5.1.1| we would obtain 
L(A) = Emi£(A) 


where 
L(A) = - 9v. OVA + Z OPED: A) + (х -WX ) 99,4 

= Lix OVA + (4H+H - H)- 9VA- (-trXtrX +2P) A+ H&(H - A) 
with error term expressed schematically as 


Err£(A) = roS (T, - B) Ty Te- T,. 
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The above error terms are not acceptable in the forthcoming derivation of the generalized 
Regge- Wheeler equation for а, and we therefore rely instead on Proposition [5.3.1] 4.6. we 
express the Teukolsky equation in terms of A, = (УА + StrX A, which has an improved 
decay rate as compared to (OV 4A. 


5.3.2 Тһе invariant quantities Q and 4 


In this section we consider the analog q of q and derive its corresponding gRW equation. 


Definition 5.3.3. Given a fired null pair (es, e4) and scalar functions т and 0 as in 
Section 4-1} we define our second main quantity q € s3(C) as 


q = 440( А) = qq? (Әу, (OV,A +C, 0 V,A + С.А) , (5.3.2) 


with complex scalars 


(a) try? 


— 44 try, 
tr x 


C, —2irx—2 


1 3 (9 ту 
C, = -trx? – AQ try? + = 
t» К! TX +5 jy 


+ x P try +4 


In the particular case of Kerr, the quantity q defined above can be factorized as follows. 


Proposition 5.3.4. In Kerr, the quantity q defined in (5.3.2) with C1, C» given by (5.3.3) 


can be factorized as 
4 
г Ov, G (9v. (£4) )) = 2d (5.3.4) 


(Әә (с) q^ _ qo 
Va “V4 (54) = ТЫ 4. (5.3.5) 


Alternatively, 


Proof. We proceed as in the proof of Proposition Since the formulas are manifestly 
scale invariant we chose the outgoing normalization of e4 such that w = 0 and e4(r) = 1 
and try = 25, “try = S Thus to check (5.3.4) we have to show that 


АА” | 


Li rVa(r?(Va(rfA))) = (аад + hV1A+ БА) 
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5 4 4 
with f= $ = fi f?, fi = Ec, f; = $ and 


Lh = 2f-"(ef-2r'f), 
hl = f^ (Vae) + 47 le,f + 5o 


Note that e4f1 = zer h, ер = —i try f and therefore 


4a? cos? 0 
БЕ 


“=? ery] /. 
r |q] 
Thus, 


4a?cos?0 2r 
2(f lef + 277) =2(- 
айе) me Fr 


а 
Е (-% cos? 0 E 2r NT ery] 


П 


— 2i ex) 


rial? 412 
(try? 
= 2try—- ‚мы NT try = E 
tr x 


Similarly, see the proof of Proposition |5.2.4| 2 = C which establishes (5.3.4). 
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In the derivation of the gRW equation for q, we will rely on the following more involved 


factorization of q. 


Lemma 5.3.5. Let 


— " 5 EN (а) try? 
Q(A) - ( V + ge —trx —2 m ) Ад. 


Then, ше the following holds 


Proof. We have, see Lemma |12.3.7| 


3 try? 
dq? (9 + 5trX —2 as 


1 
— 24 ery] (9.4 + саха) 
trv 2 
=q+ О(а?)А + P9 T, Гь), 


(5.3.6) 


(5.3.7) 


which together with the fact that trX = tr x +i ?try and A, = (0V4A + ХА proves 


the lemma. 
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5.3.3 The derivation of the gRW equation for q 


We state below the gRW equation satisfied by q. 
Theorem 5.3.6. The invariant symmetric traceless 2-tensor q € $2(C) in Definition|5-3.3 
satisfies the equation 

‚4а cos 0 


oq + i———Vrq—Vq = L,[A] + Ет 194| (5.3.8) 
ІП 


шһеге: 


ө The potential V is the real scalar function given by 


4 r?—2mr--2a? Да? cos? 0 


lal? г? 416 


(2--бтғ--айсов20)) (5.3.9) 


which for a = 0 coincides with the potential of the Regge-Wheeler equation in 
Schwarzschild, i.e. V = = xtry + о(“). 


e L,|A] is a linear second order operator in A given in the ingoing frame by 


8a?A BaA 
@ Б! Ез qt as +W,A,+W,V34+W-VA+ WoA) ‚ 


where W ,, М з, Wo are complex functions of (r, 9) and W is the product of a complex 
function of (r, 0) with *R(3), with the following fall-off" inr 


a 2 


= = 2 ЖЕ M a 
qq W,,qq'W =O ( : ) ; qW, ФИ =O (5) 


e Err|Ll5q] is the nonlinear correction term, which under the additional condition?) 
= = 0, Н=0, for r 2 то, 


is given schematically by the expression 


Err|Dzq] = т2ә<2(Г,: (A, B)) + әх8(Г,: ГЬ). 


^Note that the fall-off provided here for W4, W3, W and W is stronger than the one for W4, W3, Wo 
and W in Г. [А], see section [5.2.3] In fact, provided we replace V3A with Аз in the definition of L4[A], 
Ил, Wa, Wo and W satisfy the same fall-off is r, but this stronger fall-off is unnecessary for the weighted 
estimates derived for q in Chapter [11] 

5In fact, it suffices to assume that E € r~?P and Я € r-!T,. These additional conditions make the 
structure of Err[ 2q] in possible. This structure is essential in the control of the nonlinear term 


in Chapter 
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We now describe the steps of the proof of Theorem |5.3.6| relying on the computations 
collected in Appendix 


1. In Step 1, we take the first derivative in the (? V direction of the Teukolsky equation 
for A. We express explicitly the error terms which decay less than r ?0*?(T, - Гь). 


We obtain, see Proposition [D.6.1] 
(c) 1 (c) 1 
V4 +trX + gi V3 + 2trX + gi А, 


Lus ATA 77. 77 
= 7(OD+ H+5H)8( OD. A, - (H+ H)- А,) +3PA, 


== ж NE 
+3 (Sax = ex) PA + за ( (Ф E A -+ H * А) -+ Етглзл, 
for а one-form J434 and error terms given by 
1 -— 
Еттаза = OV Еттте + (sex + =) Errpg 


4 ODS(X On DA) + ?D&(( 9D. X) 4) 
4-7 ^97 (A, B) To) кт ӘҢГ, - D). 


2. In Step 2, we take the second derivative in the (9 V, direction of the Teukolsky 
equation for A. Again, we express explicitly the error terms which decay less than 


r ^9**(T, - Te). We obtain, see Proposition |D.6.2| 


(try? 
tr x 


(9 + 3trX — SX —2 | (9 + trX + jux) (9: + 2trX + ;"X) A, 
+(2trX — trX)3PA, 
= (OD+H+6H)S (9? Ф - Q(A) + + (H +2H) -Q(A)) + 3P Q(A) 
+- |A, A,, DA,, DA] + Erra34 
where QA ) is defined in , and is such that 


а = PQA) + O(à)A +r (T, ГЬ). 


We denote by А, A4, DA,, DA] linear order terms іп A, A4, DA, DA, schemati- 
cally given by (О.6.11), i.e. 
L(A, A4,,DA, DA] = O(ar *)((9D- A, - (H+ H)- Aj) 
tO(a^r *) (OD - A - H - A) + О(ат” ЭА. 
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The error terms are given by 


er ToS (A, 


+ pue Val i) «oux. й)) 0514. 


ee 
Exrr4434 = OW Err434 + (ux +5 + -irX + 2 IX -) Еттлз4 
TX 
В).ГьЬ) + ae m 
s 


By commuting the operators on the left hand side of and using the expression 
of q in terms of Q(A) given in (5.3.7), we can deduce the form of the equation for q. 


З. In Step 4, we show that the error terms Err4434 can be simplified to obtain, see 


Proposition [D.6.3] 

Eiaa = 7 795 ((A, B) T5) + r *0 (T, - T3). 
We show that the terms which behave worse that r ^07 (T, - T) get improved once 
applied the differential operators ( (9V4 + trX + $trX) and 9V4 +2trX + itrX by 


making use of the renormalized Bianchi identities and improved decay in the null 
structure equations. This ends the proof of Theorem 


As in оар in the case of q, we infer from Theorem 5.3.6) for the real part of 4 
denoted v = , the following real equation: 


. 4a cos 0 4A 
— ee id N. If асс 
2% — Vow 1412 Уту + М, Vo (72 + а2)|а|?” 


where the right hand side N is given by N = № + № + Мру, with 


(5.3.10) 


Aes) (3) v, М-ЖША), Мұ, (En[Dog]. 


5.4 Teukolsky-Starobinski identity 


We state here, in the context of perturbations of Kerr, one of the Teukolsky-Starobinski 
identities, which relate the complex curvature components A and A through fourth-order 
differential operators. 


Proposition 5.4.1. Assume that = = 0 in т € rg. The complex tensors A, А € $2(C) 
satisfy the following relation in the region т < то 


(9v. + 2х) И = roA +0 (Ty - T,). (5.4.1) 
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Proof. See Appendix 


Remark 5.4.2. Proposition is stated without proof in Chapter 7 of [53]. Both 
the assumption = = 0 and the restriction to r < rg are unnecessary and assumed only 
for convenience, as they hold when applying Proposition in Chapter 7 of [53]. In 
particular, the restriction to т < rg allows us to avoid having to track the precise powers 
of r in the nonlinear terms. 


Remark 5.4.3. Choosing a normalization such that w € Г,, and hence trX = = a+ Г, we 
infer from Proposition 4- for = =0 in the region r < ro, 


ZV (PN GN (¢°V4(a4)))) = rt Aeon Ty) 


5.5 The wave equation for P 


Here we derive the wave equation satisfied by the curvature component P. 
Lemma 5.5.1. The curvature component P satisfies the following scalar wave equation: 
ЕР= trXV3P + trX V4P - H.DP— H-DP 


8p — = (5.5.1) 
+5[Хҥх + 2P —2H-H] P+ Ет ЕРІ, 
with error terms given by 

= 1 a — 1 = T 

Err[OgP] = – ®Уз(Е B) - < Ovi(X - A) + ; 9D. (в-Х А E 

ed (2X 54-2) ez(- B neg vB - X. ODB-H-X.5) 
ls cx 1 = l- 
- (+ кх) (= ME A) «5H (в Х+ 5А E (5.5.2) 


Proof. See Appendix 


Remark 5.5.2. From the expression in (5.5.2) and using the null structure equation for 
(OV. X , observe that the error terms Err[L]gP] can be schematically written as 


Ет0,Р| = rS (T, В) + V(£- B) + 2. +т (Г.Г) - А-А. 
The above structure will be used in Самед see (14.2.1). 
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5.5.1 A renormalized wave equation 


Lemma 5.5.3. Let V a scalar function solution to the following wave equation 


gU = trXVa3V + "ХУ, — H-DU — H-DV-- VV c F, (5.5.3) 


where V is a potential and F a scalar function. Then, we have 


z(t) = [v --4 °l) Cv +rT,- 00 + ФЕ. 


Proof. We have 


g(q WV) = q'UOg(V) + Og) Y + 2g?^0, (q?)Og(V) 
= q'Ug(V) + Og(4)Y — es(q?)e4V — ea(q^)esV + 2V (°) VV 


2 2 
= e| 8(0) +4 «(49%- aD) oy — 10 арза OVI. 

Since 
D D -i* L 

9) py 2D) тә - ViN (V i*V)U4 (V +i *V)(g) (9-4%у)% 

4 4 4 4 

= AY VY, 
q 
we infer 
2 2 D D Е. 
g(q V) -e| wae” (yu — 209 oy ае Желле; елі рә], 
q q q q 

Using 
HU eer iy, SOL лай, Hea, def uq 

q 2 q 2 q q 


we deduce 


su Ww = е g( V) +9 “Og (?)U – Хел —trXeU + H -DY + H- DU 


+T -DU + ФЕ. 


Since W satisfies (5.5.3) we infer 


g(t) = lv + q 70, (q?)|\PU +тГь: от + ФЕ 


as stated. 
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5.5.2 Wave equations for q?(T, Z)P 


Lemma 5.5.4. The linearized quantities ТР, ZP verify the following wave equations 


g( TP) = Wq?TP +T,- P + r?oErr[B,P] +7704 (T, - 95! P) + r7Ty - 
gl ZP) = МАР +T,- 07 P ro Err[[gP] + т?0 (T, әзір) + T, - 


g 
; 554 


where the potential W, given by 


3 EN 
W = 5 [eX trx :2P—2H. H| +4720,(0), 


is complex, and satisfies 
R(W) = Wsa, + O(ar ^), S(W) = O(ar 3). 


where Wsen = O(mr-?) is the respective real potential in Schwarzschild. 


Proof. We commute the wave equation for P (5.5.1) 


ЕР =trXV3P+trXV4P-H-DP- H-DP+VP+F, 
with T. Using (4.3.1) and, as a consequence of Lemma [4.3.2] 
Ек es] = [T, e4] = T, ea] = Г, -0 


we deduce 


LTP) TOP +0(l,-0P)+T,-OgP 

= trXV3(TP) -trXV4(TP) - H-D(TP) - H-D(TP)+VTP+TF 
T(trX)V3P + T(trX)V,P — T(H)-DP — T(H)-DP &- T(V)P 
trX[T, V3]P + trX[T, V4a]P +0(T, 0P) - I5: ОР 

trX Va(TP) --trXV4(TP) - H-D(TP) - H-D(TP)--VTP 
+0Err[OgP] + 051 (P, - 95 P) +T - ОР. 


To the above we can apply Lemma and deduce 


gel TP) = WTP +T,- 0°P +r70Err[OgP] + rS (T, 05! P) + T, OP 


where 


W=V + q^ eq 


The second equation in (14.3.1) can be derived in the same manner. 
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5.6 An identity for ODR ODP 


The following identity will be used in Chapter 
Proposition 5.6.1. The following relation holds true: 
(Ow, OVA + 2trX OVA + S(trX)°A 
= ; ODS ODP + (4ODP +6P H - trXB)8 H + SP(rx X LEX) (66.1) 
-EG OV,B + roS (E. A) e r7 1903 (T, - B) - r05! (T, - B). 


From the above, we deduce the following relation between q and P 


| А ] - 
m ly ODS ODP + 4$ (P, rT,) + O(ar)o B + О(а2)А + O(aryo! P (5.6.2) 


+ ro (T, - (P, В)) + ?0* (T, - (rB, A)) + r^E& 9 V4B + r?o* (E . A) 


where the linear term $3 (Ty, rT,) does not contain € or trX. 


Proof. See Appendix 


Part П 


Analysis of the wave equations 
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Chapter 6 


Estimates for the model gRW 
equation in perturbations of Kerr 


6.1 Preliminaries 


In this chapter we introduce the model problem for the full generalized Regge-Wheeler 
equation in perturbations of Kerr obtained in Proposition The model problem 
consists in the following gRW equation for a real tensor Y € s» in the spacetime М of 
section 


4a cos 6 АА 
EE Vid. Е (6.1.1) 


(r? + a?)|q|?’ 
for some right-hand side №. Here 0, denotes the D’Alembertian operator for horizontal 
2-tensors in M. 


р Vip = – 


Remark 6.1.1. We note that in applications to the gRW equation for q, N contains 
linear terms, in particular R(L4[A]), as well as quadratic R(Err|Lloq]), see Proposition 
52.1] 


6.1.1 The spacetime M 


We consider a given vacuum spacetime M satisfying the properties in section H.1] 


e M comes together with a null pair (e4, e3) and its corresponding horizontal structure 
as in section [2.1.1 
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e M is endowed with a pair of constants (a, m). 
e M is endowed with a pair of scalar functions (7, 0). 


e The complex valued scalar function q is defined as 


q:—r-4icosQ. 
e M is endowed with a complex horizontal 1-form J. 
In addition, we assume: 
1. M is also endowed with a scalar function т whose level sets У(т) are spacelike. 
T € [1, 7.] on М for some arbitrary large constant Tx. 
2. The boundary of M is given by 
OM = AUX,UX(1)UX(r.) (6.1.2) 
where 
A:= fr =r; дн, үке, (6.1.3) 


and X, is a spacelike hypersurface on which т takes the values |1,7,| and т > т, 
with n, 2 Te 


3. Let ro a large enough fixed constant. We decompose M as follows 


(int) M = Mn {г < то}, (ext) M = Mn {r > ro}. (6.1.4) 


6.1.2 Admissible perturbations of Kerr 


Recall that M comes together three scalar functions (r, 0, 7), and with a null pair (ел, ез) 
and its corresponding horizontal structure as in section Then: 


e We use the complexified Ricci and curvature coefficients of Definition 


e We define the linearized quantities corresponding to these complexified coefficients 
as in Definition and 4.1.3| i.e. we consider that the normalization of (ез, ед) is 


ingoing. 
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e With respect to these linearized quantities, we the notations Г, and Гь for error 
terms are given by Definition [4.1.5] 
Remark 6.1.2. We define the following linearized quantity 


— (sin 0)? 


ФР = ROP- “=; 


— 


Note that |R(3)|2 = 0 in Kerr. We assume in addition that oS! (t3) 2) € r?T,. 


We this definition of Г, and Гь, we can now state our main assumptions on М. Let kz a 
large enough integer. We make assumptions on decay and on boundedness on (Гь, Г,). 


Assumptions on M 


On M, we will prove energy Morawetz estimates. To this end, we introduce the scalar 
function Tirap defined by 


le on Mrrap, 
Tieni (6.1.5) 


1 on е. 


Then, we assume that the linearized quantities satisfy the following estimates оп М 


r?|o5*e| + r’ T, + roS Te] < e, k < kz, 
€ k 6.1.6 
roe +r T] + ro < —— Е a 925 


іғар 


Remark 6.1.3. Іп this section ky is an unspecified large positive integer. The bounds 
(6.1.6) will be assumed in all results and proofs of Chapter#'| 6, 9 and 10. In applications 
to chapters 11 and 12 we will specify Кі and make additional assumptions. 


Remark 6.1.4. Note that the assumptions for £ in (6.1.6) are consistent with £ € r 1T, 
while © is a priori only in Гу according to Definition 4.1.2] These stronger assumptions 
(6.1.6) for £ will always hold whenever we apply the results of Chapter (6 


e In Chapter |11 this follows from the assumptions (11.1.4) and the fact that © € T}. 


e In Chapter |Д this follows from the assumptions (12.1.3). 
e [n Part III, this follows from the assumptions (13.6.5). 


! Chapters 7 and 8 concern proofs in Kerr and do thus not require assumptions on (Гу, Гь). 


210CHAPTER 6. ESTIMATES FOR THE MODEL СКУ EQUATION IN PERTURBATIONS OF KE 


6.1.3 Basic properties of the т function 
Choice of 7 


Recall that M is also endowed with a scalar function т whose level sets У(т) are spacelike. 
We provide in this section the basic properties of the 7 function that will be used later. 
Recall that, given a time function т, the vectorfield = —g®’Qg70, is timelike future 
oriented. Given a level hypersurface У = Х(т), we denote 


Ns = —g^? OsTOq. 


Definition 6.1.5 (Choice of т). Let бу > 0 small enough. We choose the smooth scalar 
function T on r > r,(1— ôy) such that we have опт 2 r,(1 — ӧн) 


m? 


g(Ns, Nx) < Bra? 


ел(т) > D, e3(T) > 0, [/т|? < sea(r)es(7). 
In addition, we have the following asymptotic behavior for r large 
uo we v 4-21 
Finally, we assume on M 
T(r) 21-4 rI3, У(т) = af(3) + Ts, 


where T is the vectorfield introduced below in Definition |6.1.10 


Remark 6.1.6. We refer to the statement and proof of Proposition 9.3.5 in for an 
explicit example of function т verifying the above properties. 


Coordinates systems on 5(т,г) 


We assume that the spheres S(r,r) are covered by three coordinates systems. 


Definition 6.1.7 (Coordinates systems on S(r,r)). On each S(r,r), let 


e (25,15) a coordinates system defined on = < 0 < m, 


e (25,12) a coordinates system defined on Ẹ < 0 < 2", 


e (xl, zÀ) a coordinates system defined on 0 < 0 < т, 
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so that we have the following control on each corresponding coordinate chart 


max 192 (gy. m RAI < r?e, 
b,c=1,2 


where ge. denotes the induced metric coefficients in these coordinates systems, (да т)ьс the 
corresponding expression in Kerr, and OS? at most two coordinates derivatives. 


Remark 6.1.8. In [53], these coordinates systems are constructed using the scalar func- 
tion 0 and an auxiliary scalar function о as follows 


(22,22) = (zy, zy) = (sin@cosy,sinOsiny), (21,12) = (0,0). 


We refer to Propositions 4.1 and 4.2 of [53] for the control of such coordinates systems. 
Also, see Lemma 2.4.10 in for the form of (Gam)be in the (xb, x7) coordinates sys- 
tem, and see Lemma 2.4.24 in for the form of (дат)ье in the (xk, x2) and (xl, x) 
coordinates systems. 


6.1.4 Regions of integration and basic vectorfields 
Regions of integration 


Recall the time function 7 introduced in Definition We denote by X; the level sets 
of the function т. 


Definition 6.1.9. We define the following regions of M. 


1. We define the trapping region of M to be the set 
T 
MiraplÔtrap) = МП | | | 


FS 
where T is the polynomial in r defined in (3.8.5), i.e. 


T = r? — 8mr? + аёт + ma’. 


1 
= 2 , бар = 10: (6.1.7) 


2. We denote “ы the complement to the trapping region Мар: 


3. We denote M, eq the be the region 
Mrea = MN {r < r4(1 26,4). (6.1.8) 
where the small enough constant 0,44 > 0 depends only on m — |а| and is such that 


ӧн « 420 


теа” 


4. We define the domain M(t, T2) to be the region of M where тү < т < то, where т 
is the time function defined in Definition [6.1.3 
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Basic vectorfields 


We start with the definition of T and Z as in section taking into account that the 
normalization of (es, e4) is ingoing. 


Definition 6.1.10. In М, we define Т and Z as follows 


1 A 
T := 2 (өз та — 2а%(3)°є y 
"v 
Z := Ы (a + а?) R(3)^ey — a(sin 0)?e4 — see) ; 


lal? 
Remark 6.1.11. Note that we have 


A Pee cos 0)? — 2mr К sin 0)? 
"impe PP 7. ee (map - SE) 


g(T, T) 


r? + a? (cos 0)? — 2mr r? + a? (cos 0)? — 2mr 


=> = | ripy-2- 


T ТЕ ы 


where we have used the definition of Гь and its control by (6.1.6). In particular, we have 
the following non sharp estimate for any |a| < m 


5 
g(T,T) <0 ол RE 


so that T is timelike on the region r > 5m of M. 


Lemma 6.1.12. For |a|/m sufficiently small and дьар = the vectorfield Т is strictly 


timelike in Mia. 


n 


Proof. Observe that Мар = [7_,74] where f4 is the unique root to 2 s = бор. By 


TL 


writing a? = ym?, for 0 < y < 1, and defining £4 = =, £, is the unique root of the 
following equation 


(1 + Open ОЕ” зі acr + 2+ + y= 0. 


Since 0 < y < 1, we easily infer 


3 
T+ = e F O 7 ГЕ = 
Е 1 + Otrap о) ( 


3 
1 + trap 


коо)», 


In particular, fixing дьар = i» we have clearly f_ > 2 for у small enough and hence T 


is strictly timelike in Merap(dtrap) in view of Remark [6.1.11] 
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Also, we define the following vectorfields 


x 1 2 A a 1l 2 А 
ІІ = ( id €4 d а). В = ( 4 ед а). (6.1.9) 


3 
2\r2+ a2 r? + a? 


Finally, we introduce the vectorfield T; that will be used for energy estimates. 


Definition 6.1.13. We define the vectorfield 


T.I a aT 
Е а (5 7) Z (6.1.10) 
with Ò = дар and with xo the smooth bump function 
0 if |x| € 1, 
1) = 6.1.11 
Xo(x) | 1 if |a| > 2. ( ) 
We also write 
^ a T 
T;:=T Z ms y |0 s 
б + X54, Xô 5-е ( Z) 


6.1.5 Main norms 


We introduce in this section the main norms needed to state the main results of this 
chapter concerning combined Energy-Morawetz and r?-weighted estimates for solutions 


1. Reduced basic Morawetz norms. 


Mor[v](n, т) := | r |У в? + r ?|pP 


М(т,т) 


—2 2 —1 2 
«f, 270% (r id ш у» ^ (6.1.12) 


Morr[](71, тә) := Могф](т, тә) «f ro WV sy). 


Mr>4m (ті т) 


2. Basic Energy norm. 


ЕҢ ](т) = a (Уай? +r Ум + |М]? + rp). (6.1.13) 
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3. Basic Flux norm. 
Fh 72) :=РА (т, 72) + Fs. [v] (11, T2), 
ЛЛА + [Vor +r lee), 
A(71,72) 


(6.1.14) 
Bum. =f (Ive + Ivo + [Ver er). 
(71,72) 
4. Basic N- norm. 
А», М, тә) By (ael wD iN e |f урф: «f ЛІМ 
M (71,72) Merap M 


ir (6.115) 
«f IN|? + sup | we f ШЕ 
М(ті,т) T€[r1,72] J U(r) X. (11,72) 


5. Weighted bulk norm. For 0 « p « 2, we define 


Byv](n.7) :— Мәні т.т.) + f 


Mr>4m(T1;T2 


P-3( lay]? + 2). (6.1.16 
re (lev eq). (6.1.16) 


6. Weighted energy norm. For 0 < p < 2, we define 


Е (WP) іер<1-4 
nad (6.1.17) 


Ev] + f патр) r) for p> 1-4, 
УЭ к>ат (Т) 


Remark 6.1.14. By a slight abuse of notation, we will often identify Е,Ф|(тә) with 
5ир;ге[, т] E, [0](=). 
T. Weighted flux norm. For 0 < p < 2, we define 
Foll T): = Рт, т) 
+f (аг [vor +P). (118 
У, (71,72) 


8. Combined norms. We denote the combined norm 


BEF,w|(n.Ta):- sup Е,/9(т)-- Вт, 72) + Fpl], 72). (6.1.19) 


тЄ[т1,тә] 
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and 


EF, ()|(1, 72) := ae Eine + Е, (ті, т). (6.1.20) 


9. Weighted N- norm. For 0 < p < 2, we define 


№0, N])(m,7) = М, М(т, 72) + f rl V (ry) N|. (6.121) 


10. (0 М norms. We denote by (е0 B,, (620 Ep, CON, the restrictions of the norms 
By, Ep, Np to (89 М, i.e. the region in M where r > ro. 


11. Higher order norms. We define the higher derivative norms Mor*[w], E*[w], F [0], 
AP, №), В], ЕЛУ, Fily], Л [v], by the general procedure for a norm СУ), i.e. 


QW] = У Opry. 


k<s 


Remark 6.1.15. The fy, (IVgv| + r7! o) |N| part in the definition of of Nw, N] is 
obtained in the proof of the Morawetz estimate while the | Ju Уф: М part is needed for 


the energy estimate. We stress here the presence of the term involving Ут, as its specific 
form will be needed in Chapter [11] to treat the full Regge- Wheeler equation. 


6.2 Main theorems for the model gRW 


We start by stating the main results of this chapter concerning combined Energy-Morawetz 
and r?-weighted estimates for solutions to (6.1.1) on a spacetime M which is an admissible 
perturbation of Kerr in the sense that (6.1.6) holds. 


Theorem 6.2.1 (Basic r?-weighted estimates). The following estimates hold true for 
solutions % Є во of (6.1.1) on М, for alld < p x 2—ó and2 € s € kz, 


sup Е Ф(т)-- В Жат, 72) + Fol] (n 72) S Eel) (1) + МИФ, N], т). (6.2.1) 


T€[r1,72] 
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To state the second theorem we need to introduce the quantity 
“ r 
Y := fale рв“ (6.2.2) 


with fo = r° for r > Rand fa = 0 for r < R/2. 


Theorem 6.2.2 (Improved r?-weighted estimates). The following estimates hold true for 
the quantity v» for solutions » € s; of (6.1.1) on М, for all 1+0 < q < 1—ô, s < kr—1, 


BEF; Ш (т, т) € Её) (т) + Nel, N](ri, 72) + Nescius b (тыл); (6.2.3) 
шһетф| the norms on the right are given by 
Ет) = ЕШ (т) + Be 0 (т) (6.2.4) 


and 


. (6.2.5) 


Ae чу ~ 3 
M>R(T1;T2 


) 


Remark 6.2.3. These results are the analog in perturbations of Kerr to Theorem 5.17 
and Theorem 5.18. in for perturbations of Schwarzschild. 


Theorems and will be proved in Chapter [10|by relying on r?-weighted estimates, 
and Morawetz-Energy estimates derived in ChapterD| In the next section, we discuss these 
Morawetz-Energy estimates. 


6.3 Main Morawetz-Energy results 


The following theorem is our main Morawetz-Energy result for solutions to (6.1.1) on a 
spacetime M which is an admissible perturbation of Kerr in the sense that (6.1.6) holds. 


Theorem 6.3.1 (Morawetz-Energy). Let y an s» solution of (6.1.1) in М. For |a|/m < 
1 sufficiently small, we have, for all 2 < s < kz, and for any ô > 0, 


Mor|(V3, Va, 9) (71, 72) + Е[(Уз, Va, DEVIT) + F((Vs, Va, DYT, 72) 
< ЕЗ (ті) + А), N](11, Тә) 


+ t + e) | sup ЕМ + В (т, т) + ғ) (6.3.1) 


T€[r1,72] 


?Recall that НЕР? 9 (ті,7) = sup,ep, ra) Е) + В (т 72) + F2 [9] (r1, то). 
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Remark 6.3.2. This result is the analog in perturbations of Kerr to Theorem 10.1 of 
for perturbations of Schwarzschild. 


Theorem will be proved in section In the rest of this section, we introduce 
norms needed to state intermediary Morawetz-Energy estimates. Then we state these 
results while providing the outline of the proof of Theorem [6.3.1] 


6.3.1 Additional energy flux and bulk quantities 


In this section, we introduce additional energy flux and bulk quantities that are needed 
for the proof of the Energy-Morawetz estimates. 


Together with the above gRW equation (6.1.1), we consider the commuted gRW equations, 
given by 


4a cos 0 AA 
Фа- VV. = — "Vou Na М Е, 6.3.2 
where Ya is defined by 
Va :— Sap for а= 1,2,3,4, (6.3.3) 


with S, denoting the set of second order differential operators, see Definition 


Sy = УтУту, 
Sop = aVrVzy, 
бу) = a'"VzVzwy, 
Sap = Об), 


and where the right-hand sides N, can be explicitly computed from N and v, see Lemma 


0.2.4 


Pointwise notation 
Definition 6.3.3. We introduce the following pointwise notation for W € $5. 


1. We denote 


4 
Wis = У vu. 
a=1 
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2. Given a vectorfield Y we denote 


4 
Мү = У |Vyvel?. 
а--1 


Degenerate energy norm 


Definition 6.3.4 (Degenerate energy norm). We define the following degenerate energy 
for y € во along X(T): 


А 
Etym / (Veo + зө e Ivo + Ae) 


Refined Morawetz norms 


Definition 6.3.5 (Refined Morawetz norms). We define the following Morawetz norms 
for р Є өз. 


1. The degenerate axially symmetric Morawetz norms in М = M(t, то): 


m T? ұт Е 
Ja ) lV Rl TR (ЇР TE Ive) | 


z m E T? ұт Е 
Мота (тт) = Ja IVR role a (УР + ЧУУР). 


Мот, [v](ni, тә) 


2. We also define the higher degenerate and non-degenerate Morawetz norms in M = 
M (mi, т), for a scalar function z: 


А т, 
Моъ ат) = | "Уш en (Ivev + учр), 
M 
т, — 2 2 
Mors z aeg (т, т) = / 21У 215 +r ТЕДА +r’ УФ. | ) 
M 


wherd?| 
v= 0.0) = Rte, Re = a (Ere), 


3Note that z, R and A are functions depending only on т so that д, in the formula for ЕРІ вішіріу 
denotes differentiation w.r.t. r. 
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with z a suitable function of т to be chosen later, and with the scalar functions RE 


given by (3.5.8), i.e. 
Ri = -(r? +}, 2 =-2(r? + а), %3--1, т = А. 


Remark 6.3.6. Observe the following: 


1. Тһе axially symmetric norms Mor? and Mor™ have trapped Үс and V derivatives 
at 7 = 0, which describes the trapping region for axially symmetric solutions. For 
general solutions, those norms cannot be bounded by the initial energy. Nevertheless 
those Morawetz energies will be used in Part 1 of our proof. 


2. The higher norms Mors. and Mors are positive definite norms where the trapping 
properties are encoded in the term Y, defined above. For our choice z = zo — бог, 


jor = ER the term Y, is given by, see (8.2.11), 


27 (бир (1 + O(r289))O9)) + 


4 
ENS omg УгУлю(1 07778) 


Ш 5 
(P+) 


The overall expression of Y, describes the trapping structure of general solutions. 
3. The norms Mors; and Mors > involve a sum of positive terms, each of which is 
given in terms of a linear combination of derivatives of y. In order to bound them 


by a sum of positive terms involving w directly, one needs to have a full degeneracy 
in the trapping region Mirap, i.e. for small |a|/m, 


т, _ _ т, 
[mailer + f. (Zve 1992) 
M(r1,72) Т r 


M (71,72) 
T 


S sup Еа (Ут, 9)*^v](7) + Mors, aeg [b] (1, тә) + 9 FA] (1, тә) 


TE[T1,72| 
la| 


Fx, (Ут, #) (т, т) + Ва, тз). 


This will be achieved thanks to Lemma|6.3.11 


6.3.2 Outline of the proof of Theorem [6.3.1] 


In what follows, we give a description of the main steps in the proof of Theorem [6.3.1] 
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Part 1: conditional Morawetz and Energy estimates in Kerr 


In the first part of the proof of the Energy-Morawetz estimates, we prove bounds for 
the first derivatives of the solution in what we call conditional Morawetz and energy 
estimates. Such estimates are conditional as they depend on the control of a derivative 
of the solution with respect to Z on the right hand side of the estimate. In the case of 
axially symmetric solutions, those would become unconditional. 


To ease the exposition, the proof of the conditional Morawetz and energy estimates are 
first derived in the case of Kerr in Chapter [7] and will then be extended to perturbations 
of Kerr in section (9.2.10 


First, we derive the following basic degenerate, conditional, Morawetz estimate, see Propo- 
sition [9.2.12] for the extension to perturbations of Kerr. 


Proposition 6.3.7. The following estimates hold true in Kerr: 


1. For all |a|/m « 1, we have 


Мов (тт) $f 


OM (1,72) 


Mwl f (a?r V zl? Зр) 


М(т,т) 


(6.3.4) 
+ (мае), 
M(11,72) 


2. For |a|/m <1 sufficiently small, we have 


Мон linn) 5 | 


OM (1,72) 


mwl f ar (JV [у р) 


Mn тә) 


(6.3.5) 
«f (е + = | IN. 
M (71,72) 


In both cases M (0) denotes a quadratic expression in Y and its first derivatives for which 
we have 


| MO X sup Е.т) + Su Рат, т») + ЕБ, (т, т). 
OM (11,72) 


(ті ЕРІ 


Remark 6.3.8. Observe that the above conditional estimates contain respectively the 
integrals 


f a?r V дд}, f ar (р 2 + 72у 2), 
М(т1,тә) М(т1,тә) 
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on the right hand side. These term can be absorbed only by considering higher derivative 
estimates, as described in Part 2. Also, the difference in the interval for the parameter 
|a|/m in the two estimates of Proposition|6.3.7] is related to the control of the zero-th order 
term. To be able to show that this term comes with the right sign, and thus is only on the 
left hand side, we make use of a Poincaré and a Hardy type inequality, whose validity 18 
restricted to small angular momentum. 


We summarize here the main ideas of the proof of Proposition [6.3.7] which is obtained in 
Section 


1. The Morawetz estimate is obtained by applying the vector field method with the 
vectorfield X = JF(r)O, as multiplier. The choice of the function F is inspired by 
Д, and the current relative to the vectorfield X has the following form (see (7.2.1): 


la? D^P,[X,w] = AV? - u*?(Dav)(Dav) + у). 


The function JF is chosen so that the term U (Day) (0 gv) vanishes at T = 0 and 
the coefficient A of У, is positive for all |a|/m < 1. This is done in Section 


2. By making use of the Lagrangian of the wave equation, the trapped term U^? (Day) (Da4) 
can be upgraded to contain also the time derivative of v». This requires to absorb a 
term by A, which is still positive in the full sub-extremal range |a|/m « 1. This is 


done in Section These steps imply estimate (6.3.4), as shown in Section 


3. To prove (6.3.5), we need to obtain positivity of the coefficient Y of |v|?. This is 
obtained for sufficiently small |a|/ m through a combined Poincaré inequality (which 
extracts extra positivity from the trapped term) and a Hardy inequality (which ex- 
tract extra positivity from the A term). This is done in Section [7.2.4] and completes 
the proof of Proposition [6.3.7] 


Next, we derive a conditional degenerate energy estimate. 


We define the vectorfield 7; 5 such that T — T at the trapped set and Т, = Т away from it, 


with dtrap = $ so that, in view of Lemma |6.1.12| Т is strictly timelike in Мар. We then 
9.2.13 


prove the following, see Proposition for the extension to perturbations of Kerr. 


Proposition 6.3.9. The following estimate holds true in Kerr for solutions of (6.1.1) in 
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М, for |a|/m « 1 sufficiently small, 


Ел (т) + Fx, (т, 72) 5 Еа (т) + 9 (Е, (1+в)(тә)[ё] + Рат, 72)) 


a 
+ моге [a] (ri, тә) T f Vay: N 
т M(r1,72) 
+f ШЕ (6.3.6) 
M (71,72) 


The proof of this proposition is obtained in Section and is an application of the 
vectorfield method applied with the multiplier 75. 


Part 2: S-derivatives Morawetz estimates in Kerr 


The main limitation of the results of Proposition [6.3.7]is the presence of V zv on the right 
hand side of the estimates. To correct for this, we follow the approach of Andersson and 
Blue in [Д based on a remarkable extension of the classical vectorfield method to include 
commutation with the second order Carter operator. To ease the exposition, the proof of 
the S-derivatives Morawetz estimates are first derived in the case of Kerr in Chapter 
and will then be extended to perturbations of Kerr in section [9.2.11] 


We have the following, see Proposition |9.2.15 for the extension to perturbations of Kerr. 


Proposition 6.3.10 (S-derivatives Morawetz estimates). Let the scalar function z given 
by 


A 


= 2 2 
z = Zo — 0925, 20 = (r2 a3 


Then, for |a|/m <1 sufficiently small, the following estimate holds true for solutions of 


(6.1.1) in Kerr: 


Mors z aeg] (ri; T2) 2 | |Ms(w)| + взт, т) 


4 (6.3.7) 
+ x (IV ра + r y.) ДА 
a=1 Y M(71,72) 
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where Ms(w) denotes an expression in v» for which we have a bound of the form 


f М (р) 
OM (71,72) 


Э [sp Eug |a] (T) + ӧн ЕА (71, 72) + Еу, [al (11, J 
Ц Eregl(Vr, PEYI) + бу Fal(Vr, HEYT т) + Е, (Vr, ELE) 


(5% Ег. (Vir, P (т) + б ҒА(Ут, 9) 20) (т, т) + Fe. |(Ут, ЖЫ) . 


[71,72] 


We summarize here the main ideas in the proof of Proposition |6.3.10| which is obtained 
in Section and Section 


1. The Morawetz estimate is obtained by applying the generalized vector field method 
with the double-indexed vectorfield Х = F%(r)O, as multiplier, to obtain the 


current, see (8.1.4), 
la^ D", [X, w] = APV ab. 7,0 + (000 Es Dav, F уб abs. 


The double-indexed function F® is chosen so that the term UP D», D зь presents 
a quadratic expressions in higher derivatives and the coefficients A% are positive 
for all |a|/m « 1. More precisely, by performing a crucial integration by parts (see 


Lemma [8.1.4), we can write 
1 _ 
а Т) р, аф, = әмер, DY + boundary terms, Ф := Ra, 
for some constant coefficients 129, This is done in Section 


2. By using another integration by parts lemma, see Lemma [8.2.3| we prove that the 
term ДҮ a», V. vs is positive. This is done in Section 


3. Finally, to prove (6.3.7), we apply a combined Poincaré inequality and Hardy in- 
equality to obtain positivity for the term Vay», for sufficiently small |a|/m. This 
is done in Section and completes the proof of Proposition [6.3.10 


Finally, to show that Morg,, controls v in M, , we will rely on the following lemma 
rdp 

proved in section see Lemma |9.2.16| for the extension to perturbations of Kerr. 

Lemma 6.3.11. For до > 0 small епоид апа |a|/m < ð, there exists a universal 


^Recall that the constant бо > 0 is involved in the definition of z = 20 — бо22. 
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constant cg > 0 such that the following holds on M J in Kerr: 
(ГУ 2 VE) ere m cor [ут + IVzils e rIvvls) 


-O(ar-?)|(Vr, B) 020] + D, F^ 


where the 1-form F denotes an expression in w for which we have a bound of the form 


| F^N, 
OM (71,72) 


à (5% Ез [(Ут, 0) (т) + óuFA[(Vr, )5%(т,т)-- Fe. [(Vr. ЖР) 


[71,72] 


Nir 


(ті РІ 


” (5% Ез (Ут, PELIT) + би ҒА(Ут, ) %(т,т)-- Fo. (Vr. ELE) | 


Part 3: Outline of the proof of Theorem [6.3.1] 


Theorem is proved in Chapter D] according to the following steps: 


1. First, we revisit the proof of Propositions |6.3.7| and [6.3.10] and of Lemma 
6.3.11| by exhibiting the extra terms in perturbations of Kerr, and prove that the 


conclusions of Propositions [6.3.7] and [6.3.10] and of Lemma [6.3.11| also hold 
in perturbations of Kerr up to the addition of suitable error terms see sections 9.2.10 


and [9.2.11 


2. Next, we prove redshift estimates to remove the degeneracy on the horizon, see 


section 


3. Then, we derive the conclusions of Theorem in the particular case s — 2, see 
section [9.5.1 


4. Finally, we argue by iteration from s — 2 to recover higher order derivatives which 
concludes the proof of Theorem [6.3.1] see section [9.5.2] 


Chapter 7 


Proof of conditional Morawetz and 
Energy estimates in Kerr 


Е this chapter we prove the conditional Morawetz and energy estimates of Propositions 
and [6.3.9] Recall that we are in Kerr throughout this chapter and that the results 
T ath Sars will be extended to perturbations of Kerr in section |9.2.10 


7.1 Preliminaries 


In this section we collect preliminary results to apply the vector field method to obtain 
the desired energy-Morawetz estimates. 


7.1.1 Deformation tensors of basic vectorfields 


Recall the Hawking timelike vectorfield Т = Or > ет 220 defined in 
Definition 7.1.1. We define the vectorfield 


A T 
Ту := 04 + m эх (5-7 i am 


with Ò = дар and with xo the smooth bump function 


fo if |z| <1, 
xolt) = | 1 if lal > 2. (7.1.1) 


225 
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We also write 


A a T 
Ts := OF + Хөд)ҙ, Xs = -z 3X0 (1) . 


According to the definition (9.1.2) of the trapped set, we have that T; — T at the trapped 
set and Т; = Т away from it. In view of Lemma 6.1.12|we can fix ô = i such that T' = 0; 
is strictly timelike in Мар. 


In the derivation of the Energy-Morawetz inequalities we make use of the following vec- 
torfields: 


1. The radial vectorfield X = F(r)0,, for a well chosen function F. 


2. The modified timelike vectorfield jp = д, + xs(r)Os as defined in Definition 
with e. 
10 


Lemma 7.1.2. The vectorfields TT and R are dual to each other in the following sense. 


1. If X = R then 

Xte, — ХЗЭез = Т. 
2. If X = T then 

X*e, — X3eg = В. 
3. If X = д then 


a sin? 0(72 + а?) — 


P do — Жа; = 2 
[1 


4. If X = Ту then, with Xs = (Xs — 2) = аа ((%6-) - 1); 


‚2020 ‚2 

p 7 0 " 

Pes- Фе = (Е = +a 2) B. 
q 


Proof. The first two identities follow from, see (3.3.6), 


^ 1( la? А 5 l1( | A 
Т = | ; R= = 
2 (s ses Pag 2 page Pag 


7.1. PRELIMINARIES 227 


To check the third identity we note in view of the formula for Z = 0, in (3.3.7) that 


Pu _ a(sin0)? з _ A а(ѕіп 0)? 
2 o” m o 
Thus, 
Jle, — Pe, = asin’ @(r? +a?) / ld? A н авіш? @(r? + а?) 2 
$-4 “998 С 219)? rta * peta? ПЕ 


as stated. Finally, with Xs = (xs — урт), 


THT a = Тае, — ТЗез + Xs (01e, — ез) = Ё — X; 


op Hu deo 2. 
_ ъ= СВ Olr? + а?) R 
lal? 


as stated. 


In the lemma below we calculate the deformation tensors of these vectorfields. 


Lemma 7.1.3. The following identities hold true. 


1. For X = FO, we have 
1 
£x(la g^?) = (FO,A —2A0,F) 0°08 + F0, (хк) | 
апа 


1 
Og — — ||? (ға - 2A0,J-)02 07 + FO, (х%%”)) + lal? X (lal?) g. 


B. For Т; = Ó, + x50, we have 


Le (1928%) = -2А(д,ха) 0507 
and 
T 2А(0,х) 

Лл“ m — ~ 0p, 7.1.2 

«б % (71.2) 
with 

2ar Р 
д.6 = — „хо + O(ad~*) xo. (7.1.3) 
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3. In particular, for Т-Әз 777205, we have 
Дат A 
2 ав (a 48) 
La(lals ) m (СЕТ д; 
and 
Ф) oe ITA nana (7.1.4) 


(Pare 


Proof. The first part of the lemma has already been established in Lemma Since 
д,, дь are Killing, since [75, д0] = 0, and since [75,0,] = —0,x50$, we have, using the 


formula (3.5.1) for |g?g^^, 
1 
2, a — 9m а AB a 
£s(lag^^) = £s (ao: oF + AR ) 


= Le Ес + 098; 


1 " 5 а A — a? sin? 0 a 

Vox Gx. ӘР — 2amró?05 — 2аттд®д; 4 227 әгә!) | 
= AlTs,d,]*0° + Дд, 3f] = —2А(д,х»)дедЁ 

as stated. 


To calculate the deformation tensors we simply remark that, for any vectorfield X, 


One® = Ly (lalag) = —|ч| ?£x (4% ~ la £x (lal?) 8°? 
—|a|? £x (lag?) + ТЕР (al?) g 


Note that the second term vanishes for X = 25 The identities for T correspond to the 
ones for 75 in the particular case yo = 1. 


Recall the energy-momentum tensor as defined in Section i.e. 


Ow = Dui Du овы (Do Dv + Vv) = Dp Dib ов. 


As a corollary to the above lemma we derive the following. 


Lemma 7.1.4. The following identities hold true. 
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1. For X = FO, we have the identity 


la^ Q 008 = (2A0,F me FO,A)|V.uP — Fö, tad Dow i Ову 


(7.1.5) 
+ X (lal?) (Lib) — Vip?) — £[]la Diug X 
2. For Ту we have the identity, 
430. r = 2r? + a?) (8x5) Veh - Va 
(7.1.6) 
- (-=% r+a 5x0 + О(ад- x S) Vow Va 
3. In particular 
lo. К = ——— va. Vay. (7.1.7) 


Proof. We compute 


о. 04 


"If : 1 ИРЕ : 1 " 
алы (bavbav = ІІ) = Vs Day - Dob — = Св" rap 
= (ләр. Dew — Liy|Div,X. 


According to Lemma [7.1.3] we һау 


la? On D Ы, = (2A0,F — F8.A)|V.vP — РӘ, (хя) Day Dai 
+X (IaP)g^^ Day - Dau 
= (2A0,F — F0.A)|V.ul — РӘ, (32°) Рф. Doy 
+X (Ia) СС — Viv’) 
and hence 
470-509» = BALF- F0,A)|V wl? — Fa, (хе) Daa) Di 
+X (la?) (10) — Vv?) — £[v]la? Dive X 


as stated. 


!Here V, = Va, 
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Similarly, we have 


^ РР 1 А 
420. СӘЛ = |41249т "Daw Day — 5 dl gas (15) т P Liy] 


1 
= (2A(a-x5)9308) Dat Dov — z (2(0.x5)090? ) gas С] 
= 2A(05) Vow Ур = Ar? + a?) (0 xs) Vow Vg 


since Vg — Vr. Finally, the expression for T corresponds to the ones for T 5 in the 
particular case yo = 1. 


7.1.2 Basic spacetime identity for X = FO, 


In this section we prove a fundamental spacetime identity for X = JF(r)O,, as summarized 
in Proposition The computations in this section follow closely the corresponding 
ones in [4]. 


Recall, see Proposition 4.7.3| that for X a linear combination of ез, ед we can write in 
Kerr 
ic xod i.d Lo a 
D"P,[X,w,M] = 5Q- On – ХУ) + уш] — 210 PCI + [Div( WPM) 
m ( “p ри 1] ^ 1) V x4e4  X3e3U i "y 


1 
= 53 (trXHX* cux HX’) ‚уф. р 


+ 


(vx + T ‚(Оьр — Vy). 


We introduce the expression 


E[X, w, M] := D"P,[X, w, M] - (vxo + T : ( pU = Vy) 
(7.1.8) 
+ (Coen ^n) Уча хаар "б + 2S (eX HX + eX HX) уф. 9) 


which represents the current for the Morawetz bulk. 


In what follows, we assume, in BL coordinated] = FO, =F ria? р, In that case, in 
view of Lemma |7.1.2| 
r? +a? 


У x4e4— X3eg = (ew cae 


?Or, relative to the ingoing null frame, X — (е - ез). 
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2 
Also, since X^ = rur and X? = -iF, we have 


1 їй 
э(шХНХ? tx HX") 2g ( E 2, Es л) = дш ~7°)3) 


44897 ala? |a 
4a?r cos ӨЛ (т), 
= n OQ) 
4| 
Да?т cos 0.2 (т) ( | r? + a? г) 
= дь + a(sin 9)? — T 
(+ arya Tem “Тұр 
4a?r cos bF(r) 5 Дазт cos 6(sin ey Fr) a 
(r? + a?)|q|* lal® | 


Thus (7.1.8) takes the form 


E[X, w, M] = D"P,[X, w, M] 


1 | 2a’rcosOF(r)_— , , 
(Vv ges) Gov) EE Ves тіз 


? +a? — 2a?r cos (sin 0)? 


lal® 


) у. “у. 


With this definition of € we write, using (7.1.5), 


la £[X, w, M] 


1 1 1 1 
ПЕРНЕ ЕГЕ) 


1 : 
exlaPDiv(lifM) 


A 


+5 (X (la?) — |a? Divo X + law) с) 


1 1 1 
E (xuv + |aPX(V) + 5laP e) IP + tla Divy] М). 


= (aar = 570a) |У)? — 570, (ie) Day Dav 


To simplify the coefficient of || we introduce a reduced function ша, given by 
Ша = lal’ Da (lg ^X^) — w = DiveX — |a ^X (lal?) — w 
and therefore we write the coefficient of [0] as 


1 Р 1 _ | 1 
5 (X (lal?) — 120% Х + law) = 5lal?(lal-2X (lal?) — DiveX +) = —|д шы. 
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Hence 


A 


1 1 1 
аа) — 5 (X (la?) V + la? XC) + la e) of? 


1 1 1 . Р 
lal £(X, w, M] = (aar - 570.4) |У „|? т. 579r (хк) Dav ` Dey 


1 ; 
+ кем). 
Finally writing 


lal’ ciy] 


| ) 1 , | 
ld’ g Day - Dav + la? VW}? = (2020; + aR") Daw - Dav + |q V |v)? 
1 | 
= ДУ, Ары) Эв + |У 


we obtain] 


1 1 1 . | 
lal E[X,w,M] = [A8'F —Z2F9,^]||V.v|? — =F, | RP | Dav - Dew 
2 2 A 


1 1 
-3 Wred КЛ + AR Dai Dav + |qV ө) 


1 1 1 
-5 (X (al?) V + laPX(V) + zla Du) Wl? + z la Divim) 


1 1 
= (лд. = 579.4 = 20 Vry]? 


A 
-l(x(la?)v + aP XV) + Дар wrea V ) ||? 
5 (X (a) V + lal X (V) + la Digo + lal wrea V ) [| 


1 1 1 . . 
75 (ie) RE шат”) Daw т Dew 


1 ; 
gla Div). 
We summarize the result in the first part of the following. 


Proposition 7.1.5. The following statements hold true. 


1. Let F, Wrea given functions of т. With the choice of vectorfield X = FO, and scalar 
function w = |g Da (14172 X^) — wrea; the generalized current £[X, w, M] defined in 


?Observe that the first line is identical (with opposite sign) to the computations obtained in (3.8.8) 
in Proposition in the case of geodesics. 
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(7.1.8) verifies 


la PEIX, w, M] = AIV. cu"? (Dau) - (Dav) + у 


1 (7.1.10) 
+ xlaPD^uPM,) 
wherd!| 
1 1 
A = AO, F = 579.4 = g red; 
1 1 1 1 
абс Фад \ L ~~ pap 
и 570, (% ) 5 Urea A R Й 


І 1 
V = -z (X (laP)V + laP X (V) + Zla Dew + laf wreaV ). 


2. If in addition we choose, for fixed functions z, f,h depending onr, 
F =-—zhf, а= Fz '0,z = —(0,z)hf, w= —z0,(hf), (7.1.11) 


then 


gr 
an апата (KR), 


uos = 5899, (FR), (7.1.12) 
1 ^ 
Vaz (o Q Т) + 8hd, (=) s) | 


3. If M = v(r)O,, for some function v = v(r), we have 
ds dcs: 2 Lus 2r 2 
рын? М) = af (20090 vio + (д + те) WP). C143 


Proof. It remains to check the last two parts of the proposition. 


Calculation of (449, As in the computations after Proposition |3.8.8| we have 


Re 


1 1 1 1l 1 z 1 
ab __ __— ор - = pap = == —1 | pap БШ —1 — We e 
И = -229, (ZR ) 5 Urea ® ~ a, ( R )+5(F д.2 — Wrea) 


^Observe that the expressions for М°8 and for A аге the same as the ones for geodesics, see Proposition 
3.8.8 
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Choosing шд = 7210,2, the coefficient of R^" cancels out, and setting F = —zhf, we 
А 


deduce the stated expression for 0%. 


Calculation of A. As in the computations after Proposition |3.8.8| with the choices of 
F and Wreq given by (7.1.11), we compute 


FRA + Ad,F — A = д, (=) АЗ? — A 


A Al/2 


- à, (527 ) AR _ УА(-(0,2)һ = — 50,2 ( hf ) NE 


Al/2 Al/2 


1/2) f 1 
24/2 d 3/2 f 
2 д, ( 172 ) Д + ШАШ 


gee 
= =p AUAM (^ AUR ) 


as stated. 


Calculation of Y. We calculate V with the choices we have made so far. We have 


1 1 
у = -5(X(la?)V + laPX(V) + 520 + ао) = Yo + Y 


with 


1 
Vo i= =al Ow, У = -3 (X (laP)V + laP XQ) + 1а). 
We first calculate Vp. Recalling the definition of w and ша = Fz710,z, 


la? Da (la? (X)^) — Wred = lal’ Da (14172298) = Fa 0, 
|929, (la[ F) + (0.09) — Fz 9,2. 


ш 


We write, for Y = 0,, 


1 1 1 
D,Y* = ——д„(\/|в|Ү°) = —= 3, (v lgl) = 559. (Ia). 
/14| ( 191 МЕ lal? (4? 
Непсе 
2 -2 1 2 = E F 
ш = Jjal"8.(|q| ^.) + qp (la )F = F202 = 0, F — Fz7t0,z 29, (2). 


Thus, in view of our choice for F = —zhf in (7.1.11) 


ш = zð, (=) = —20,(hf). (7.1.14) 
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Now, for a function H = H(r), 


1 1 
Н = —=д„ a895)H = — 0, "д, д„(Лд„Н). (7.1.15 
А Figen (viele в) Fae (Viale )H = 95 ). (7.1.15) 
Thus 
«О.о = д, (Ad, (w)) = д, КТУ 
We deduce, 


Vo = -ila Ow = 20, Q (ол) 


It remains to calculate 
1 1 
Vi = -z(X(la)V + la? XQ) + a wrea V) = -3 (X (aV) + laPusaV . 


Ay. Wred = 2 10,2 and F = —zhf we deduce 


A A A A 
aca мыш aa д a 


= 2А С 2А А 
Thus, as stated, 


A 
V = W-Y- 19, (ao Е) + 2hd, (=) f. 


Recalling that |g|?V = 


Yi 


Calculation of ila Div(|u[? M). We choose М = v(r)O, for some function v = v(r) 
and write 

D" (|p| M,a) = 20(ғ) V. + |Ә DivM. 
On the other hand 


. 1 
DivM = —0, (g^? V/Ig| Ma) = 


2r 
Ta 9. lle) = р go (lao) = ev + Гір! 


1 
ҮЛЕІ 4 


Непсе 


паёрмфыём) = FP (2o ve (a Ae) oP) (тал) 


as stated. 
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We collect here a lemma which will be used in the derivation of the estimates to analyze 
the right hand side of the main equation (6.1.1). 


Lemma 7.1.6. The following identity holds true with X and w as in Proposition 7.1.5] 


1. We have, with T = 0, in BL coordinates 


1 1 н 
(vio еше) туо) = S02) f Vr "e hf p uf 
i 1 (7.1.17) 
m ә т\ Z “УТ 2 T\4 “Vr t 
V-(zhfy:- Vr“) +-Vorl zhfy-V, "v 
2. We have with Z = Әу in BL coordinates 


: 2 2 
n T) Sti Coin тоу ap 
2 2 A (7.1.18) 


- Èv, (ауа ө) + va (sho v. 7v). 
Proof. We set recalling 
Jes (vx + ;") ‚Ут(^%) = (svo + pov) а 
а 


J = АҺ}, Vp `+ 5:0 (hf) “Ут Up 
= thf Ved Vr Yt у, (оар ут t) — eA I Vr t 
-HORS + Vr р 32h fe Ууу, "Y 
= iM Vib Vr — (aU Vr "б + 20 Ghé Vr") 
2— У.У, р. 
For the last term we write 


1 
gn NN 


-MMU УУ, S — Sof [У,у] "v 
= -5à (ehf Ve “) T А АД УМ,“ 
ЕТИ Ds lal Т w) 
J PA 


1 1 : 
= -la (sf V, W) + ohio V, i eht o pip 
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Hence 


DES = ТАД! Ug tese E ows S (2) calices 
* 1 * 
+50: (2hfu Sic v) = ДЕЛІ 277, v). 
Note that V. - Ут "ip -- Уту Vr "p = 0. Therefore, 
1 
J = hearty Ут" hf to ЛЕТА) 


-ia (nto v. чо). 


The second statement is proved in the same way. 


7.1.3 Choice of z, f and h 


In this section, we present a choice for the functions z, h, f. Our goal is to choose 
such functions so that the generalized current £[X, w, M] as given in Proposition is 
positive definite. According to (7.1.10), we have 
а n 1 
laP£[X, w, M] = АУ, + "^ (Dav) - (Dav) + у> + ga D^ (9 P M,). 
We start by looking at what we call principal term in derivative of v, i.e. 


Р:= Uu (Da) (Day) = ЛТ Dey, R89, (+R) . (7.1.19) 


From (3.5.2), we write 


RL = —(r? + a?)?020? — 2a(r? + a?)0j^0 — айда? + АО°В. 
Hence 
JI — __ agb __ (agb)  ,2 2 о 98 
R о, (Flr? РЕЛ 2aÓ, (50 +а?)) әд; aa, (Z) aah 
+(0,z)O™. 


Just as in (3.8.14) in the case of geodesics, we similarly choose z to cancel the coefficient 
of 090? in RF, i.e. 


= ae ae (7.1.20) 
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Recall (3.8.15), i.e. 


2T 
д.2 = (т? n a2)3' 
and thus 
S 4ar Да?т 27 
ав __ (а 48) "m. " 


The principal term P then becomes 


= zM (^c yo" | ESL А того Бар Dg 
= shi (rgo Daw -Doy ) 
-inf y (vw Vo + Gaver uz) 
- shi ("reg Daw Dg + END (vw + maV) | v.) ; 


i.e. using the Hawking vector field Т-д- 722205, 


1 2 : | 
BOS i (reso Deo Duos 


n 
T id Vib Vou) (7.1.22) 


Remark 7.1.7. In the particular case of axial symmetry, i.e. Vw = 0, (7.1.22) becomes 


2 . | 
T 50% Day ‘Dey 


1 
Po aqna 


2 
and thus, to have P non-negative, it makes sense to choose, for a non-negative h, 


2T 
f= 02 = Tae (7.1.23) 


In the general case, we keep the choice of f given by (7.1.23). With these choices, we 
compute according to formula (7.1.12) for A 


A = алто, (417) - 20 (қа-ан): 


т 
r2 + a2 r2 + a2 r2 + Ge |? 
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For the choice of h, in order to obtain a bound for A which is valid in the full sub-extremal 
range |a| « m, we choose h to be (as in (3.8.17) in the case of axially symmetric geodesics) 
(г? + а?) 

r(r? — a?) 


h- (7.1.24) 


Thus, with this choice, 


2 2A? 
= д, ( i ) = {үз (3mr* — 4a?r3 + ma‘), 
m = 


р2 + a2 T r2 — a?) a?) (r? + a?) 


which is positive in the exterior region in the sub-extremal range. 


It remains to calculate the coefficient V of the lower order term. According to formula 


(7.1.12) for V, in view of our choices of z, f, h we derive 


A zu aU aT A? 
00 (=) = r(r? — a?) or (c + x) 


"Los +a?)T , —2r? + 8mr? — 2a?r — Ата? 


Vi 


r(r? — a?) (r? + a2)4 
Е S — Amr? + а?т + 2ma? т? + a? 
m r(r? + a2) mg? 


and 


1 -9Т 1 —27 r? + а? 
1 5ma? 8а“ 12ma* e rom 
= ge (oo (e (ram Ta шылу cas) 


Continuing to differentiate we find 
Е Отт — 46m?r° + 54m?r* 


| 22% 
Yo = (exe -O(a r’). 


We summarize the results above in the following. 
Proposition 7.1.8. The generalized current induced by 

X-—-zhfü, w= —20,(hf), 
with the choices 


A Аы. eek POE 
(г? + а2)2° = = 


satisfies the following: 


2 == 
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1. We have 
2AT 2AT 2T a 
_ = = В, (7.1.25 
С r(r? — a2)(r? + a2)' r(r? — а?)(т? + a?) r(r? — a?) ( ) 
апа 
472 
Wred = =hj 0,2 = 


r(r? — a2)(r? + a2)2 
2. The principal term Р = UL (Day) (Det) is given by 


4ar 


P 


J Trad 2T 
= c 


a 
FU ae + aye? Vall: Ув — eee UN ; uu) ‚ (7.1.26) 


3. The coefficients A, V in equation (7.1.12) of Proposition|7.1.5] take the form 


2A? 4 2,3 4 

A= 202 aj a a) (3mr* — 4a?r? + maî), (7.1.27) 
and 
V= + Vi; 

y= ga = 4тт? + ar + 2та? т? + а? | 

r(r? + a2) "E (7.1.28) 
Omr$ — 46m?r? + 54m3r4 2.3 
V = GF a + O(a*r^?). 
4. For small a, we have 
y = 8r? — 63mr? + 162m?r — 138m? - O(ahr-3). 


r4 


7.2 Conditional Morawetz estimates 


In this section we derive the first conditional Morawetz estimates, proving Proposition 


7.2. CONDITIONAL MORAWETZ ESTIMATES 


7.2.1 А first lower bound 


According to Proposition |7.1.8| for M = 0 (i.e. v = 0), the generalized current is given 


by 


la £[X, w, M = 0] = AV dP? + P + уу, 
Е 2A? 
> r2(r? = a2)? (r? ES a2) ( 
аса 2T 
( 


p2 + ga)? 


3mr* — 4a?r? + ma^), 


Ову ab - У вр — 


тт? — а? 


4 
батар vr veh). 


with Y given by (7.1.28), for which one easily checks that Y = O(r7!). 


In Remark |3.8.11| we have shown that the polynomial 3mr^ — 4a?r? + ma? > 0 for all 
values of r > r, in the range |a|/m < 1. More precisely, there exists a small constant 


бо > 0 such that] for la|/m <1 


2 
A> "2 
We therefore obtain for |а| /т < 1 
mA? 

4 [Х,ш,М =0] > 4 —-IV-v[ +P- O(r Ур 

which implies 
mA? 
E[X,w,M =0] > б " IV? +r 2P — O(r 3) yp. 


7.2.2 A second lower bound containing V; 


We now want to incorporate the identity (7.2.2) with a (trapped) control for the Va 


derivative as well. We achieve this with the help of a new current of the form 


m 


?In particular, note the following computation at r = r} with ^ = |a|/m, 


3mr^ — 4a?r? + та _ m(2(3 – 27) + (6 – y)/1— vy) о 


Ero; q+ 1-7)? 


1 : 1 
Р, = gU V Du - 29 диш, w =—w 


0<7<1. 
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which corresponds to a current associated to a zero vector field X = 0 and a scalar 
function w' to be chosen. In view of Proposition we derive 


1 1 1 1 1 ‚1 a т E 1 1 / 1 
lq £'[0,w^,0] = 24% №)? + g” AM f Dat - De — 2 (5° gw’ = || u v) [ЛИ 


Recall that, in view of (3.5.3) 
RË Day- Dey = —(r? + а) |У? + AO Da - Dav. 


Thus, we have 


1 Hd | „2\2 1 | | 
JaPe[0,w’,0) = элш," - “7 Ivsup ШО ду. Dye 
1/1 j ; 
—5(5lal’Cew" – (ашу) WP. 
By summing the above to (7.2.1) we obtain 
2 / — | w'(r? Tuy „|2 1 / 2 
(£8) = - lve + (A+ лш”) У 
27? ЕЎ ай 
| Ec + a2)? (r? — a?) | 24) Nae Vite 
T 4ar 
От (r? + a?)(r? — КОЙЫ Vet 
1 1 2 / 3 us 2 
+ (0-5 (Gla Caw’ - о) у. 
We choose for some ді > 0 
ЖЕ 4тАТ? 
w ШЕГЕ + а2)4 
so that 
2mT? 
2 ‚ = zal? 
mA(r? — a?) oy? ай 
Ш (1 E r(r? + a2)? ) r(r? + a?) (r? — yo Vo Vay 
15.3 3 T Дат 
Е (4+ Аи) v= (r? + a?)(r? — ay VPP icu 
ps d 1 2 R dsl 2 
(v- 5 (SQ! – wv) ef 
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Observe that for 61 « 1, the coefficient 1 — б аа) is positive in the exterior in the 


full subextremal range. Therefore: we can write 
la (£ +e) 
22. 
= [A= 01- 7) Vp? 


| jT m mA(r? — a?) 1 ab 
| r(r? + a?)? s(a r Veer + ( = r(r? + a2)? ) (r? — ay Vat : vo) 


T dar rn T _1 1 2 AN 24 2 
" (r? + a2) (r? xd VV + (v 2 БШ 19| vv) || . 


Note also that £ + €' is in fact the generalized current associated to X = FO, and w the 


sum between the old w = —2д, (hf) (see Proposition 7.1.8) апа w' = 07, і i.e. 
AmAT? 
w= wy Шеге rae wx = —20,(hf). (7.2.3) 
We replace the vectorfield 0, with R = zx. see (3.2.2), to deduce 
, +a Т Даг 
МЕ +e) = [aE] > Ay EE ge e PL Т A vp Wo 
Ys |0. 
Hence 
(r? + a2)? 5 em Т 4ат 
|х хли fa Р! — ; 
oul # An ppa ТУНЫ +» erp ayer a) УРУ Vol 
1 
+— Vs lel’, 
PM 
with 
2m A?T? ЖАНЫ 
(cct Ыт, va - Y - 5 (54 er кту). 


Fl. 27? m А mA 1 ай 
ж r(r? + a2)? С r 2227 (: Е Ee + т) (r? — m Vals vo) | 


Observe that 


2А? 4 - ОАТ 
As = 72(r2 — а2)2(12 + a?) (3mr —4a'r + ma "= б\ r2(r2 + a2)4 
Е 2A? (3mr* — 4a?r? + тай) mT? 
| 


— ô 
p + a? (r? = а?)? 1 (r* + gs 
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Observe that 
(3mr* — 4a?r? + ma‘) mT? 
(r? — а2)? SS (r2 + a?) 
is increasing on r > r+ for бу > 0 small enough. In particular, we have 


(e — Aa? r? + та?) j mT? ) 


(72 — a2)? ~ (r2 + a2) 


т — 


2А? 
г2(т? + а?) 


As, 


rary 
To compute the expression in bracket on r = r4}, we used r? = 2тт+ — a?, and therefore, 


for т = r,, we have 


(3mr* — 4a?r? + тай) (3m(2mr — a?)? — 4a?r(2mr — a?) + mat) 
(72 — а2)2 Е (2mr — 2a?)? 
(3m(4m?r? — 4ma?r + at) — 4a?r(2mr — a?) + та) 
A(mr — a?)? 
(3m? — 2ma?)r? — (3m?a? — a?)r + maf 


(mr — а2)2 


Using that at the horizon (mr — a?)? = (2mr — a?)(m? — a”), we have for r = r} 


(бт — 7m?a? + a*)r — 3a?m? + 3ma* (бт? — a?)(m? — a?)r — 3a?m(m? — a?) 


(mr — a2)? Е (2mr — a?)(m? — a?) 
_ (6m? — a?)r — За?т 
(2mr — a?) 


On the other hand, we have on r = r} 


mT? (тт – а2)2 т2(т2 – а?) т2-а 


(r? + a2)? Е 2r3 2r3 2r 


and hence, with the notation y = a?/m?, we infer 
(3mr* — 4a?r3 + mat) 5 mT? 
(r2 — a2)? 1 (т? + a2)3 


(6m? — a?)r,, — 3a?m m*-—a 


(2mr., — a?) 2r 
"(ел ІС.) Te ) 
п пат) 
sa аша ТЕР ) 
булл ea 
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Since 0 € y < 1, we infer the existence of a constant 6, > 0 such that for |a| < m 
(3mr* — 4a?r? + та“) Р mT? 
(r2 — а2)? 1 (т? + a2) 


and hence, for |a| < m, we obtain 


т=т + 


2 
mA 4 


s Rc ETT 


Also, as before we have iz Vi = O(r^?). Finally, the term — uet ray Va V р can be 
bounded by Cauchy-Schwarz by a term containing Vay which can be absorbed by P; 
and a term of the form O(a?r *)| V4]? 


Using (3.5.3) to write OP Vow: У вр = |||, we summarize the final estimate in the 
following. 


Proposition 7.2.1. The generalized current induced by the vectorfield X = FO, and the 
2 

scalar function w = wx — бі гр with F and wx defined as in Proposition 

satisfies the following estimate, for all |a|/m < 1 and for a constant 6, > 0 depending” 

onl- = 


m T? (m 2 
E[X,w] > б, 1а + &— (У +r Vel) 
-= O(a’'r™)|Va~?? — Or) bbl’. 


(7.2.4) 


Observe that the first line on the right hand side of the above is precisely the density in 
Мот [w] (71, 72) as defined in Definition 


deg 


7.2.3 Proof of Proposition estimate (6.3.4) 


We are now ready to prove the first part of Proposition |6.3.7| i.e. estimate (6.3.4). 


For X = Fd, and w = wx — 6, 2774 Lp mAT? z with F and wx defined as in Proposition {7.1.8} 


2--а2) 


-1 
9The term |V 44|? is multiplied in particular by r4(r?—a?)~? € (1 - lel so that we need 6, < 1— lal 


for |a| close to m. 
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using (7.1.9), we have 


EIXU] = DP Xu- (Ух guo) Cy- Ую) + 


2aà?rcosÓF(r)., | , 
(азда A 9 
) у. "a. 


" т? + а? 2a®r cos (sin 0)? 
«(t АЯЛАП) A 406 


We now show how to absorb the last three terms on the right hand side in the following. 
Lemma 7.2.2. We have, for arbitrarily small positive constants бә, дз, to be fixed later: 


1 | 2 
(vx Jr T ы ( ә0- Vi) > — зу Rul? = ЖАШ 


+ O(U(IVgv| + т А] 
+ O(a^r?)| Vs + О(ағ 902 


(7.2.5) 


-D, (ES aao iv D 


and 


: т? + а? 2а3т cos (sin 0)? , 
( 'o* n^n) | inf) Fur. tj 
A lal 
2a?r cos OF (r) 
(r? + а2)|4|4 


T? 1 
< дз БУ + Tive) + О(а2т7%) |2. (7.2.6) 


Vey: 7% 


Proof. According to equation (6.1.1), we have 


4a cos 0 
|442 


(vio zov) ‘(hy – Vy) = (vav + ио) . ( “ее м) | 


We consider the first order term. Using (7.2.3), we write 


1 4acosé , 4a cos 0 1 т 
 Aacos 01 j 


up 249 (“Уте). 
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According to Lemma [7.1.6|and recalling that 0,z = f = {ш шуй we deduce 


4a cos 0 
412 


(vx + ухо) . ( *Уту) 


2a cos 0 


= CT | Ар. Vr “ob 2zhf * “pitt lup 9 (zhfv- Ут И) 
lal 


+0; (zh ТАСА v) 


Hence, 


| 4a cos 0 


ы! (vos OE ( *Vrw) 


2a cos 0 Аасов0 2mAT? 4a cos Ө 
e NUM 5 pgp = 
pee ee ie 


a (o (sho Ут“) - G(zhfo- V. J | 


1.е. 
vee (vxo TOE (Уг) 
8a cos 0 T? HE | 
ОО? r(r? + a2)2(r?2 — a?) (пар) V i 
Е н ПЕ ШІ? 
4 
TEE Tw PUE чи) — 0,(zhfv-V, v) 


Also, notice «Һа П,(сов0|4|7(22/4) = 0 which implies 


2a cos 0 


9 (zhfi- Vir ч) = р, ( ИР (8, zhfv -Vr ~) 


2a cos Ж 


lal? 


"Indeed, we have /|g| = sin |9]? and hence 


1 
5 -2 H = -2 H = — i 2 -2 
D, (cos 6a (0,.) ) Ou |g| cos |9172 (8,.)") sin gj or" Fal cos 0lq| ^) 


NUN 
viel 


019 


= 0. 


247 


A P 
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and hence 
24 0 
EE (хе + TOI (Vv) 
8a cos 0 Т? mA і 
|g? r(r? а2)2(72 — а?) ( Е Ama) yov 
4a cos Ө ce GLO лә 
zage P Y] 


D, (A oyat vew) -a ЕГЕ vv. 


The first two lines on the right hand side can be bounded as follows: 


8a cos б T? | mA 4а созӣ ya 
e re aa | аран) У Tov TP 
WESS M LE 
АР а2 
PES 24 42)3 ОХЕ дд---- I. 2 Vay: Wott 291990) 
O(ar-*)p[? 


which finally gives 


1 4a cos 0 T? 
(vw + jov) (-Ж©®# vie) > А "урш" och tI 


Оқа а + D, ЕСЕП Ve ч) 
E E y, ч). 


Since X = FO, = vL = O(1)R and ш = O(r-!), we can bound the second product 


by 


1 
| (ve + T N| 5 (тат). 
By putting together with the previous bound we obtain the first desired estimate. 


Next, notice that 


АЦТ 


КЕРУ r3 


Ы ат 
215 = nl + Inl S 5 F| S = 


И 
т? 
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We therefore deduce 


" r?-Fa? — 2а%т cos 6(sin 0)? А 
( p+nAn)——4 а L) луге. V 
2а?т cos 0.F(r) 
Vow: * 
(erable e 9 
ат ат 
< “туу р] + ETIT д 
and hence 
И т? + а? | 2a?r соз Ө(ѕіп 6)? . 
(Cotman ae) Бы 
2а?т cos 0.F(r) 
| Vow: * 
адде е 
T? Jan 1 _ 
“Жок; (уги? + SIV?) + O(a^r À)? 
as stated. 


By putting together Proposition and Lemma |7.2.2, we obtain from (7.1.9) 


2а?т cos 0F(r) А 
Сеи 


) луш. "V 


D"PjX,w| = &[X,w|-F (7х4% 2») . ( doy — уу) - 


Е ( ааа © | — 
б. IV gu? + (б, — 5 — бз) D (Giver = уш?) 

-O(ar-*)| 2 — Ory — OQ) Уд] +r WI) IN| 
a (ше Oe be Vr ~) -à (Ee ago 82 D | 


By choosing дә and ô; sufficiently small, integrating the above inequality on the region 
M(t, 72) and applying the divergence theorem we deduce 


IV 


m 7? ұт _ 
Jua vill + (тенте) 


s [f Malf (Сур er wr) + fh (а=) 
OM (71,72) M(11,72) M(11,72) 


where 


M(ih) = P - N + O(ar)zhf- Ут *i + Olar)zhfb- V, W. 
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Recalling that X — "UIS R= O(1 )R, ш = O(r-!), the properties of Ns in Definition 
and 


1 : 1 1 
Pi = РХ, w, M] = Qw X” + sw Di — 2100,0 + РМ 
we easily deduce 


I IMQP)| S вир Eaeglh] (T) + ӧн РА (тт) + Fx, [Y] (Ti, тә). 
OM (71,72) 


(ті ЕРІ 


This ends the proof of estimate (6.3.4) of Proposition [6.3.7] 


7.2.4 Proof of Proposition estimate (6.3.5) 


In this section we provide the proof for the estimate in the second part of Proposition 


The main difference between estimate and estimate in Proposition [5.3.7 


is in the control on the left hand side E n zero-th order E lo. To extend the 
estimate to control such lower order term we will make use of a Poincaré inequality and 
the one-form M in the definition of the current through a Hardy estimate. 


Poincaré inequality 


Recall that according to Proposition |7.1.5| for choices of functions z, f, h and v in the 
definition of M = vO,, the generalized current associated to the Morawetz vectorfield in 


(7.1.10) is given by 
1 
la EX, w, M] = Душ + P+ Уш + cla Ю^( Р M,). 


Here we consider the choices for z, f, h made in Proposition and show that there 
exists a choice of v such that the above expression is positive definite. 


With the choices of z, f, h mentioned above, the coefficients A and Y are given by (7.1.27) 

and (7.1.28) respectively, and the principal term P given by (7.1.26), i.e. 

Тт? + a? 2T 
(r? + a2)? 


Aar 


P = U""(Dav)- (Dav) = (ri ay 


OPV - V gib — 


Үзу. v) 


тт? — a? 
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We rewrite P as 


27: 
ner? + а?)?(т? a a?) d 


р = PH|VyP – О(а)( УФ ту), H= 


To obtain а lower bound for f < Р, we will rely on the following Poincaré inequality. 


Lemma 7.2.3. For р € $5, we have 


57 2 > 2 V 2 ша 2 —4 
[iver = = Z | М1-о (a) / (Wor +r ivr rtp). 


Proof. Denoting by V? the covariant derivative for the induced metric on S, one easily 
checks 


asin 0 


v? = (1+0(ar?))V - 


(1 + O(a? ee 
and hence 
[VY = [vp — O(a) (Ve? +r УЙ?) 


so that 


[ivt = [voe - 00) | (iver +r iver). 

5 

Also, note that in the three coordinates systems of Remark |6.1.8) we have, in view of 
Lemma 2.4.10 and Lemma 2.4.24 in 


max a= ((05)хать — г° (ус) аз) S a? 
b,c=1,2 


where 05? denotes at most 2 coordinates derivatives, and (^s2),4,» the metric coefficients 
on S? in the corresponding coordinates system. We deduce in particular 


Ks = (О Р. rg =r(1+ ш} 


р2 


Applying the effective uniformization result of Corollary 3.8 in [52], we obtain a map 
Ф: S? — S and a scalar function u on S? such that 


$^(gs) = (rs) eys, |В (uo ras S (ar ?)rs. 
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We infer, relying on the well known Poincaré inequality for v € s5(S?), see for example 


[36], 
1 
ДАТ (1 + O(a*r~*)) |. Vs ^u 20009,9) | атор 
Oar) »f. |Ф# 


5 2 f (1 + O(a?r?)) 


ые ы 


IV 


IV 


and hence 


2 2 2 —2 2 -4 
ІШ > = | М1-о «) / (vv Er IVa + rt) 


as stated. 


Next, we define, for 6 > 0 sufficiently small chosen later, the following quadratic form 


Qrs[v] =(1 — 9)A|V,u P + (v vibe) (r2 + aie = 5) ul (7.2.7) 


1 
ТЫЛЫП 
so that, іп view of the above, we have 
1 
lg £[X,w, M] = АУ) + P+ УШ + |4 DY? My) 


ШІ? 
r(r? + a?)?(r? 


БАУ ul? +P + (1-8) (P - all?) + Qrt 


Now, since 


2rT? 
P= aya Wl — OG) (IVER + rV), 


we infer, in view of Lemma [7 .2.3| 


[rs (ror) 


T? 
об fiver Оба) | (уш? env + WP) 
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and hence 


A T? 1 
> MES 2 Eo 2 Etui, 
[exon x ДЕГ + = [V4] ) «f гір 9549) 


O) f (уш? + r? vp? 4 2), 
S 


or 


m Т? 1 
fexem > 6 | (уш + Divu) + f Gort 


—O(ar-!) f (уш? arva + r). (7.28) 
S 


The Hardy inequality 


Note that, using (7.1.13) and (7.2.7), we have 


бый = — 3) AIV. + (v+ Um MM ) Т 


(г? + а?)?(т? = а?) 


+ Fla? (2t: Vw + (де + рте) er). 


In view of (7.2.8), it remains to derive a lower bound for the term Qr;[v] which is done 


in the following lemma. 


Lemma 7.2.4 (Half Poincaré + Hardy). For |a|/m « 1, there exists a function v(r) with 
v(r) = О(т”2Ағ”9/2) and 6 > 0 sufficiently small, such that for all r > r4(1— бу), 


т, 


А2 
0ғ|Ф| > oi ( - ар + ror). 


r 


Proof. We have 


4 
_ [1 qu ler’ 


Qr;[6] =(1 — 6)A у? + oe eer 160-35 


41 — 6).А 


277 1 2r 
+ (v + (1—5) ETER =) |Ф|? + ri (а EE ") |Ф|? 


and hence 


2T? 1 2 Е 
Qr;[®] = (v + (1 = б) (r2 + а?)?(т? = a?) ial’ (а T ae") Е ena") |2? 
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Thus, it suffices to prove that for |a|/m « 1 and ô > 0 small enough, there exists a 
function v such that 
2(1— ôT? D 5 2r 1 
E:=V4 | д,» 4 — ^u* > 0. (7.2.9 
| шетте аду "24 NU aat eina" Ed 


By continuity it remains to prove that there exists a function v(r) for which the condition 
(7.2.9) is valid for а = 0 and 6 = 0. For a = 0, i.e. for Schwarzschild spacetime, we have, 
with Tue 


y = +, 
3 — Amr? 4 3 
VW = ВА 17 qan!) = get (1 - =) ( е =) | 
r r r 
Отт — A6m?r? + 54m3r* тт? — 46т?г + 54m? 
= 8 = 4 i 
r r 
8r? — 63mr? + 162m?r — 138m? 
Ў = 1 : 
Ж 
тА? 
А = T 3r* = mT’. 
T 
The expression E in (7.2.0) becomes, setting 0 = r?v, 
2 Зт\ү 1 2r 1 
pz Sogl. B cU adea q-2,4,2 
у+2( 2) TU ( эуе) 16-6m | ” 
2 3m\* 1 1 
= —{1—— OU) eT P 
dr ( ) qe Gen 


|. 8r? — 63mr? + 162m?r — 138m? | 2 ( my 1 
p Т 


r 


E 10r? — 75mr? -- 180m?r — 138m? К 159 EX: Y. 
p 4 96m 


Introducing 2 = 57 and assuming that v = (£) = 00(2), we derive 
) 


10(2mz)? — T5m(2mz)? + 180m?(2mx) — 138m? 1, 1 E ш» 
(2тх)* 8m 96m (x — 1)? 
40x? — 150x? + 180x — 69 Lc 1 x? 52 
= ке — ы e. 
8ma4 8m ° 96m (x — 1)? ? 


By setting (x) = (x — 1)ko(x), and t = ko + (x — 1), then 


SmE = 4017! – 15027? + 180278 — 69x * + ko + (£ — 1) — 262. 
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In order to have that 2452 with same degree in z than 27! we assume 


ko(z) = Ах 3/2, kolz) = -$ Aa? 
This yields 
8mE = 4017! – 150z?--180r^? — 69x74 + Ax 3/7? — Š A(x -19 99. iy Ааа 
= E — 54) 271 — Í Aa? — 15022 + А2797 + 180273 — 69x74. 


For example for А = 2, the above is positive for т > 1. This results in 


1191 1 /2mM?? 1 f/2mM? 1 (2m\>? 1 /2m\? 
P= = —150—(^— goce 180— Бал 
12 т m (=) s (=) +355 (=) T =(=) 


Note also that in this case 


v—r?j-2 


(2т)У2 , т i 
т7/2 Drs ) 


where v satisfies v(r) = O(m?Ar-9/?), This ends the proof of Lemma 


Proposition 7.2.5. There exists a choice of v(r) = O(m? Ar-9/?) and a small universal 
constant со > 0 such that, for |a|/m « 1 andr > r,(1 — ôu), 


2 
[ewan > o f (Жө + Giver +e) 
S S Т Т 


-Olar | (vof Iv). 


Proof. Immediate consequence of (7.2.8) and Lemma 


We can proceed as in Section to derive a version of Proposition which also 
contains Vaw. We obtain the following proposition. 


Proposition 7.2.6. There exists a choice of v(r) — Om A R, a, redefinition of w 
and a small universal constant co > 0 such that, for all a verifying |a|/ m < 1 and all 
r 2 rí(1-— ôy), 


Ј 8n 


IV 


T? 
a f Емі + (УӘ уор) eter) 
SNNT T 


r6 
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End of the proof 


We now proceed as in Section [7.2.3] and we apply Lemma [7.2.2] to control the right hand 
side in the divergence of Р(Х, w, М]. Since the zero-th order terms on the right hand side 
appear with higher decay in r and are multiplied by the angular momentum a they can 
be absorbed by the positive Morawetz bulk. 


By applying the divergence theorem we then obtain the following estimate 


m _ 7? (m Е 
Js otf rte s (Ive + Iver) 


< f IP- Ns|+ f ar" (IVA + rV) 
OM (1,72) М(ті,т2) 


+f (мае) 
M (71,72) 


with the same bounds as before for M (v) := P - Ny, which is precisely (6.3.5), and hence 
concludes the proof of Proposition [6.3.7] 


7.3 Energy estimates 


We start with the following lemma. 


Lemma 7.3.1. The following hold true with a sufficiently small со > 0, for any |a| < т, 
0.) > Еш) = On) s WIC) 
X(T) 
f Q(f, №.) > oF. (т, т), (7.3.1) 
X. (71,72) 


f say AF Na) 2 Рат) 


Proof. We have 


Q(e, №) = Q С sealr}ea + зе(тдез - ve) 


1 1 
= ges(7) Ом + 56167) Q34 — V° (T) Ола, 


1 1 
Q(es, Ny) = ges(7) Оза + 56417) зз = V° (T) Qa- 
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In view of (4.7.2), we have 


O33 = [Мз |?, Qj, = IV4v p, O34 = Мә + ЖЫ 
Q4, = V4V - У.Ф, Оза = VY У47. 


We infer 
Qi. Ns) > ger)IVail ze (IV9 + VI?) - ГУУ, 
Oles, Na) > Fes(7)(IVOP + УНД?) + Sea(7 Val — [Ут Уз [УФ 


Next, since we have in view of the choice of 7 


giv wed. ате < Ser mG). 
we infer 
8 8 [1 d , 
|У Ур < ТІМ ШЕГЕ (Seale Vadit Ter vor), 
8 8/1 
улузу < Sca(rjea(r)|VoullVul < yË (Seale EG Ivo. 
and thus 
8 1 2 2 1 5 
Ое №) > БР (Seale Vai + Sea(r Ivo) + еи, 
8| /1 "HE: п : 
Oles, Ns) > GI (Seale ul? + бетімен) + seals) lol? 


Using the fact that we hav] on M 


N 


m 
ел(т) > 72? ез(т) > 1, ү > —О(би)1„<т. 


we infer the existence of a constant со > 0 such that, on M, 
О(е, №) > (Уз? ту) - OG) WP tec, 
Q(es Ns) > co(r*|Vav? + Vol?) - Оа) Ра. 


5Recall that we consider the explicit potential V = UHR see (6.1.1), which indeed satisfies 
ү > —O(óa)1r«,. 


IV 


V 
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We infer on M 


A 1 2 А 
О(Т,Ху) = = d Olea, №) + 25846 
> а (ivi? + Elvan? + РФР) - oto (1V0 + WP) er, 


Similarly, using A > т”? and V 2 r^? on У,, 
O(T,Ns,) > co( IVA + IVa? + [Vw erp). 


Also, we have on .A 


Q(T, Na) > —O(6x) Osa — — O(62) (Val? + |019). 


O(02,) Q33 > O(n) |V|? 


This yields 


Qf, Ns) 2 « f СЕЕ Elv + vv) - O(n) E, es, IU] (7), 
Х(т) X(T) 


| QÔ. м) > аһ), 
Nx (71,72) 
| No Z -iFa 
А(т\ T2) 
In particular, we have obtained the desired estimates on X, and .A. 
Also, we have in view of Lemma [7.2.3] 7.2.3 for v € өз and |а| < m, 
a fwe 5 | (vor+river) 
2, 14] 2 2 
Viv? + Чуд + |). 
8 
Together with the above, we infer 


[ етм) = «f (Ives? Eve Ivo + rte?) 
Х(т) x(r) d 
—O(6n) Е-е, [v (т), 


and hence 


f O(F, Na) > Емш} ](т) — О(8н) Eres, WIC) 


as stated. This concludes the proof of Lemma 
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We consider the energy current associated to the modified timelike vectorfield T = 0, + 
Xa(r)Os, as defined in Definition [7.1.1] | with 6 = + and |a|/m < 1 small enough. Recall 


10 
that xs = ge X0 (6711), with xo = 0 in Мар. 


From Proposition 4.7.2) we have for the current associated to Ту; 


D"Pylfs,0,0] = 2 Q- On + RD Rart? + Vs (Cad Vw) 
and hence 
D“P,,[T5,0,0] = 52 ‚ Tdr + FD’ y" Ra, u^ 
*(T; — д)" + Vo. v - (Cay — Vy). 


Since Ra, is antisymmetric with respect to (a,b), we rewrite 


D"P,(T;,0,0 = 50: 9л + jx en Ea, 9- D 
+( аш a t Vav- (Coy — Vy). 


Introducing the following spacetime 1-form 


A, := © R07, (7.3.2) 
we infer 
" 1 ^ 1 | ж А А 
DP 0, 0] = 5° ў (т Es ^v "V ` D" + (75 = OA DY Rawu” 
TV. ( ой — Vy). (7.3.3) 


Next, we compute the components of A. 


Lemma 7.3.2. Let A the spacetime 1-form given by (7.3.2). Then, we have 


A, = -4 00 — 4(n ^ nO? + x((?8, Aq (try (д. ™a,), 
Аз = 4 *p0} c A(n ^ m0) + trx(M An) — Mtrx(n-™2,), 
Ac = (= try net Pint (textus tna 


1 
Е: (40 + tr xtrx + (try ir) *(098,)... 
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Proof. We rewrite A, as 
A, = ее Ңызд?+ €* Recut t+ є Rf. 


Next, we compute the various components of A,. We have in Kerr, using the horizontal 


tensor 99, defined by (290), = (Ә/)р, the definition (2.1.13) of R, and Proposition 2.2.4) 
Ад = e* Быз? + є R,,4407 ; 
— gb ( —2 €x "p — 2(n,y. — тә ДӘ 


1 
+; €* (іех(бал, - бел) + Фах(евт,- Eae 1,27 


1 
= —4 'p0? — A(n ^ п)д? + i E (tr x(n, Ts =n, T c) + @try(—1, “(90 + (ШЛЕЛ) 
= —4 *g0? — A(n ^ nO? + tr x (à, Ат) — (a try (n - a), 


Аз = є“ Ric340t + е Rica" 
A %д + A(n ^ n)O; + tr x (98, An) – try (n . MOL), 


and 
А. = © RicesdP+ е В. ад €* Ricca? 
= ; E (- tr x (deste — Sect») — try ( Cep Ne— Eec ))д 
+5 есе ( _ tr x (Seon, _ бее) = éry( Eeb T],— бес т))9 
+5 ers (-2 CheCed P — р (tr xtr x + etry (у) 2) B 
= (- tr X “Ne + tryna) OF + (- тх n + (а) tryn ШІ 


1 
= (40 ЧЕ xtrx + try try) (I)e 


as stated. This concludes the proof of Lemma 


We infer the following corollary. 


A= D, (s (22)) | (7.3.4) 


Corollary 7.3.3. We have 
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Proof. We have in Kerr 


1 g. dA 


2! ЕРІГЕН (8) = (98), = -aR (3). 


д; = 
Plugging in the identities of Lemma |7.3.2| we infer 


A A 
Ay = —2 Lir — 2(0Л vg = atr x (R(3) An)+a (try (n S8), 
Аз = 2%-2(0 An) – atr x (R(3) ^n)-Ta (try (n . %(9)). 
1 А 1 
ы H * (а) Gad AN * (a) 
Ae =( trx “Ne + trane) 4? + = ( trx ^m + аха,) 


+5 (4p + try + (try ery) (9). 


Next, we rewrite 2A, as 
24, = (- REX)S(H.) - SXR.) m + ( R(trX)S(H,) - S(eX)RGL)) 


-а(4%(Р) + R(trX)R(trX) + 3(trX)9(trX)) “%(2). 
(trX Н.) +aR(4P + trXtrX) "R(3). 


—% 
2 aqn 1). (2(- aren) ) ( 8m те) H 
= -3 ae Pu | RG), 
(- 414127 lal? а\ gp 4127 4 |94? Ф 9) 


SQ o) (D) n) n 


and hence 
2а, = Ме (s (2+ 1) 3( - (2) RO) -aR Ез RG) 
- 42 (®(4)9@)- (4) эд) -« (7) "nov. 
= aR (= RO) 
Since 
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we infer 
4 
Ас = ak (=) У,(соѕ0) = R (Sv ext) 
4m 4m 
= (SPV li cos n) =9ľ (22740) 
and thus 


Next, we rewrite А, as 


Ay = -2 pis — 2p me ate x(RG) - 7) + a ex (y: RO) 
= -2 Pis — RUD) SUL) cs — REX (RA) IH) – aS (RU) %2)) 
ae RET ) SUD) cs - a (RESCH) + 9(trX)R Н)) RG) 
= c» рт, - 20H) SUD); – азах H) RA) 
and hence, since (3) = *R(3), 
ee ы з жары ал). (07) — aS ey _ 44+ RIG 
Ay = ch pis ete Ram) S0 - «a (os (доз) ) sm 
* A 2 A ^ АЧА Cx ^ OX 
= cR py + 2 cs (RORO) 3698) - (SRA) RAIA) 
+20? nS) RG) 
= =2 ру + 4a? ROSOR + 20? аё) RD 
TE wo да? ROSOR + e RDI] IR)! 
‚А 
= —2 Pros: 
q 


Since e4(q) = As, this yields 


lal? 
mN A m 
Ад = 4$|— | =4$[— |е 
i ee Ө 


|| 
| 
[qv] 
ны 
гч 
[90] 
ж. 
bo 
ЗЕ 
Хы” ае 
Қы ае 
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and similarly 


Thus, we have obtained 


м (8) e). а) 


and hence 


as stated. This concludes the proof of Corollary 


(7.3.3) and Corollary imply 
э. 1 "m . Ра . . 
DP 50.0] = 5° . Tr- D, (s (22)) +. Dy + (T; — д)", 


+70: (Coy — Vv). (7.3.5) 


Next, we modify the identity (7.3.5) to cancel the second term on the RHS. То this end, 
we consider the following modified current 


P, := P,[15,0,0]- à *V - D,u, (7.3.6) 
for a scalar function 10 = 10(7, cos0) to be chosen below. Since 
D^|i *y-D,v| = à *é- DD,u 4 Dy- Di + D) "В, 
= ü аф. Пф + D" (č) *b - Di 


4a cos 0 


-d*. СЕ E" Vae N) + D'(à) y Dy 


= cai EP v (|р) ар YN + DD) 6 Әу 


lal? 
= D'(à) "чу. Db - D, (a aa we) + ФМ 


we infer 


m ae Да сов0 a : 
3 Е - 0j) D" "Ra, i^ 


+Vaw: (Dj — V9) + *y- М. 
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Next, we make the following choice for w 


2 
o=o (2) зно те 
q “| 
which yields 
Du G + өрө e up) 0) Be + (Fy IDY Ra, ii" 
SENI 2 “ (7.3.8) 


t Va: (Cop — V4) +0 *y- М. 


Using (7.1.6), we have 


Q ; (Ts) | 


MAS 


Ala|r _ | 
CETA EUMD Эма) МУ gi 


MAS 


4148 
ЛАҒЫ 


Also, we have Т; — д = xs(r)O, and hence 
(T, — IN Dy Raovu” 
= Dunt є° Rau "V D^ 
- ju) (-5& E” Rassy "ib Vai — 12, E” Вы, *v - Узр + Of E” Ray “W > u) 


Since we have 
б =Ош "А Gew $50) RO, 


we infer, together with the definition (2.1.13) of R, and Proposition 2.2.4| 


05 ет Raps, = д; е” Rassa E д5 eu Rasse = O(a)( `0, т) + O(r)xn 


= O(ar?), 
o" ab T. КЕ ӘЗ ab т д ab т = A * 
ф е Ra, = ф Є Ras + Фф = Ru = O(ar X р, т) + O(r)xn 
= О(ат *N), 
ді е” Rabcu = д; е” Raves + 83 е” Raves F д g% Rana 


= O(a)xn + O(ar ^A)xn t O(r)(p, xx) 
= O(r*), 
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which implies, since xs = 522 Хо (9-12), 


|f; — IN D Y „л? 


5 ам П (9% е Rasull é- Vav| + [др e" Йыш v - Узи 
+105 E” йш *v- 794) 

5 Dt (Уай + дуз + у) 

4- м, (Ун + Vel + VWI) Tol 


Finally, using equation (6.1.1), we have 


: 4a cos 0 А 
Vg: (wv) = АЛАЛЫ 
4a cos 0 
= -e (Vry do Vd): Vrh + Vah N 
4a cos 0 " 
= UP XVet: Vry + Vg VN 


where we have the crucial cancellation Мт. *V 4p = 0. 
We summarize the result in the following. 


Lemma 7.3.4. Consider the modified current 


P, = P,[550,0] +0 *v -D,u, In 


(я), 
where the vectorfield T; is given by Ty = 8, + ха(ғ)9; for ӧ = i: and |a|/m « 1 small 
enough. Then, for айт > r4, 


4a cos 0 
|412 


D (5. + oft e) - (Vau d W) м 


|a| 


S my (ноту + У + Уй + [тї] + vel] “) 


Integrating the above inequality on М = .М(ті,то) and applying the divergence theorem 
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we deduce, in view of the definition of Morgz, v] (T1, то), 


E . 4a cos 0 ~ _4acos 0 
| (P, + ata ; WP) ass / (P, + ara 5 we) №, 
У(т) [1 У. (71,72) [1 


4a cos Ө 


«f (P, + ata ; P) «Na 
A(n11,72) 4 


E _ 4а cos 0 a дік 
s f (Praa WP) Na + batons oltra + | / Va 
У(т1) М(т1 т) 


ТЕ m 
+ f INP 
M (71,72) 


where we used the fact that |2) <amr~? to control the term w 5). N. 


Finally, since |@| 5 amr ?, we have for a vectorfield № 


_ 4a cos Ü 


(P, «ate tp) = QN) à "6 Veo + gO NAT lf 
= Q(T5,N) – O(amr?)|v||V vv 
~O(a?mr-)|g (9, №). (7.3.9) 


Also, we have, in view of Lemma and the definition of Еле], for some constant 
Co > 0 


f OÔ No) 2 cabal lo) ~ O(n) Erer [C 
І _ ОФ. М.) > as lr. m 


f gy OF Na) 2 Onan) 


Since we have, in view of the definition of T 


we have Т gem T on >, and A, and hence 
| Q(T;, Ns.) > ой», (т, т»), 
Dx (71,72) 


ri gy Re Na) Z бА ng. 
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In view of (7.3.9), we deduce for |а| « m, mó;, 


- _ 4a cos д 
| (®. eats о WP) ж. > ess Dor. 
У, (71,72) 


~ _4acos Ü 
/ (5. " Ru) Ge SPAN 
А(т1,тә) 


Also, we have 


In view of the above and the properties of yo, this yields 


І PRINS > әв) - OW | |0(9, №)|а eas - Обн) Ee [CT 


+(7) 
Since the set E < 26 is localized near т = 3m for |a| < m and 6 > 0 small enough, we 


infer, using also (7.3.9), 


" 4a cos 0 
| ) @ us “lv | № 2 3 Bacal] (7) — O(óx) Err, [¥](7), 


and hence 
Ел (то) + Бп, T2) 5 Еа (т) + ӧн (Ere atin (72) [VY] + Fall (ti, 72)) 


a 
Е мо „йт. т) + f Vav- n] 
M(71,72) 


m 


«f INT? 
M (71,72) 


This concludes the proof of Proposition [6.3.9] 


7.4 Conditional control of Energy—Morawetz estimate 
for r large enough 


In this section, we prove the following conditional control of Energy-Morawetz estimate 
in M(r > ri) for rı large enough. 
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Proposition 7.4.1. Let w a solution to the gRW equation (6.1.1). Also, recall the norms 
Еф] and Mor(v] introduced in section|6.1.5| Then, for ті = ті(т) large enough, we have 


Mor,>2r,[P](T1,72) S sup E 4lvJ(r) + rı Mor, crear v](ni тә) 
теат (7.4.1) 
Ne. [v, N)(m, 72), 


and 
тір Eran) Esse Mr) + Абеу АТК) + Morn crsan (ris т) 
TE [T1798 
|a| (7.4.2) 
ш т Мотәзн (т, 7а). 


Proof. Let а smooth cut-off function xy such that x = 0 for r € 1 and x = 1 for r > 2, 
and let x,, and v, defined by 


Xs (T) = (2) И Vr, = Xn V; 


so that the support of v,, is included in r > rı and w,, = v for r > 2rı. Then, since 4) 
satisfies (6.1.1), Yr satisfies the following gRW equation 


. 4a cos 0 
2Ur, m Ұл» c la? “Мт, + Nn, 


(7.4.3) 


№, = в, ("Ved + Docs) + х (2) N. 


We start by deriving a Morawetz estimate for ,,. According to Proposition |7.1.5| with 
the choice M = 0, the generalized current associated to the Morawetz vectorfield in 


(7.1.10) is given by 
la En [X w, M 20] = АУ, P + Pld] + Vide. 


Here we consider the choices for z, f, h made in Proposition so that the coefficients 


A and Y are given by (7.1.27) and (7.1.28) respectively, and the principal term Р[ф„,| is 
given by 


laP|vvp — 


= rs ( IT 


4 
ea 2: BU 


r r? — а? (r? + a?) 


Note that we have for r > rı 
А = бт(1 + О(ттт!)), у = 1+ O(m), 
Р = 2r(1+ O(mr™))|Veby,? + O(m)|Vathr, |У, | + O(m?r™) |У, ^, 
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where we used in particular (7.1.27) and (7.1.28). This implies, for r > rı with тү = т (т) 


large enough, 


m 1 1 
Er |X, ш, М == 0] = al Vr | + -Vyn ЕЗ sgl? БЕ O(m?r >’) Vatn]. 


Also, since we have for r > rı 


= T + O(mr~*)), f= zn + O(mr-1)), h = т°(1 oar, 


T r3 


we easily obtain the following simpler analogs of the estimates of Lemma 


(хи, Р evn) (б), — V.) 
= O(ar~)|br,||Vrvr,| + O(a?mr 99%, |2 + О) (У gus | 77 р, DIN | 
! D, ЕТЕ ` Vr s) = д, к И М, чы) 


апа 


р т? + а? . 2a?r cos 0(sin 0)? : 


A^ -- ПЕ 
2a?r cos OF (r) 
V Ti^ i Tl 
(аит eec 
aim 
алата а 


In view of the above, and since ,, is supported іп r > rı, we obtain from (7.1.0), for 
ri = ri(m) large enough, 


D” (Pr )a[X, ш] 
$ 2 0 
B En [Х, w] ш (Va. T T : ( 2%, — Vy.) TERT 


" r?--a? 2а3т cos 0(sin 0)? р 
= (( p ^m) A | "s ) ) жун ` Wr 


m 1 1 

al Wrens P + 10 | + 310 = O(m?r 3)|V sv». |? = О(1) (Уя + ж) [М | 
2 2 

D, ( ДЕТІ ` Vr чы) ии д, ( ME eh en У, чы) E 


Voy, © "Vr, 


IV 
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By applying the divergence theorem, and using that v, is supported in r > rı, we then 
easily infer 


m — — 
f ENP Hr а 
+ 


m? 
5 ар Esse / TVs f (Ivi eres Diva. 
ES + 


TE[T1,72] 


Also, given the form of N,, and w,,, we deduce 
[Badal ros P+ ЧУАР 
2 R*"1 Ti Ti 
мат 


2 
5 зир Essi / "рї Мога [Iri тә) + Neon h (т, э) 


те|т1,72) Ме. 


То complete the desired Morawetz estimate, we still need to recover the control of Vay,,. 
We compute 


ма ( T? - m : Mha А 2m rr 2 
D (2%, ` Dai, ) = an Doy, + 72D Фа” Dos, — SP Ur, : DrYr 
m 4a cos 0 m . 
= an li (ve. E ЕГЕН "Ут, xs мы) En 2D Un H Doty, 


2M py : 
“788 Yr : D, Yn. 
Since Y, is supported in r > rı, we deduce, for rı = rı(m) large enough, 
hiy m а т, ЕЕ 
D° (Fn Dat) = 5000тг) уф 


т, 
+O(1) (SIV gis P тр Poa) 
-O(mr-?)|v., МА. 


Together with the above, we infer 
m m = E 
/ -31V а]? М |? + r rl? т М, | 
Ма T T 
m? r 
5 sup Ё, (Шт) + f |М |2 + Мог, «rear, (т тә) + Neon Lb, М](т, т). 
TE[T1,72] му T m 


Since w,, is supported in r > rı, and since w,, = v for r > 2r,, we deduce, for т = т (т) 
large enough, 


Мог,» (т.т) 5 вир Е, [UM (7) + — Mors, ceo ll (ri, 72) + М ls NI (ri тә) 


T€[r1,72] 
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as stated. 


Finally, it remains to control the energy. In view of Lemma applied to w,,, we have 


-- _ 4a cos 0 us 
D (27 “т ааа, В) m (Van +w br) ` Nn 
a a aym 
S vg, lives. + У Ib | + liv aval [Vb | IV I] ben 


where 


~ A 422% % me тт, 
LPs ЕЕ Pade ITs, 0, 0] tw Фа ` D Yr, w=-S (z) . 
By applying the divergence theorem, since w,, is supported in r > rı, and since д, = wv 
for r > 2r,, we easily infer 


n | Lipo [v] (т) < Er>r [v] (ті) + Abg W, N] (ті, Тә) 
TE|T1,72 
Ti la| 
+ Мог, «oj, [01 (т, 72) + Мог, ә, [v] (m, т») 
m Ti 


as stated. This concludes the proof of Proposition [7.4.1] 
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Chapter 8 


Proof of S-derivative Morawetz 
estimates in Kerr 


In this chapter we provide a complete proof of the S-derivative Morawetz estimates as 
stated in Section Recall that we are in Kerr throughout this chapter and that the 
results of this chapter will be extended to perturbations of Kerr in section (9.2.11 


8.1 Preliminaries 


In this section we collect preliminary results to extend the vector field method to include 
commutation with the following second order differential operators, see Definition [3.7.8] 


S| (v) = VrVrý, (№) =aVrVzy, S3(v) = a^ V zV zw, Say = O), 
which we denote Sa, for a = 1, 2, 3, 4. 


Lemma 8.1.1. Given а өз tensor 2) solution of the equation (6.1.1). Then the commuted 
бо tensor Ya :— Фа) satisfies 


Аа cos Ө 
lal? 


d, — Vu, = “Мт + Nay a = 1,2,3,4, (8.1.1) 


where 
Nal 5 |ӘЗМІ--ағ py], а-1,2,3,4. 
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Proof. Since v satisfies (6.1.1), i.e. 


А 4a cos 0 
-Vy = - ФР *Vrý + №, 
we infer 
: 4a cos 0 
2%а Е Уфа = "V TUS F Na, 
lal? 
. 4 0 
Na = —|Sa, al + [Sa, Vjv Ee 5. M Vr ф + =, a= 1, 2, 3, 
1 : 1 1 
Na := “Тар 65141720 + qe oe lal’ V]y — 1412 "[81, 4a cos 0 V 7| + 077 N, 
and hence 
<2 : cos 0 
[Nal 5 [SEN] + [[Sa, OY] + |[Sa, Viy] + a | | Sa, "E ——5-Ут|0|, 28-124, 


INal 5 SN] 754, la СЫ + 777 |[54, |a? V]u| + ar? |[84, cos Ут]. 


Next, since 
4A 4A 
eo МЕ = 
Pray o (а), 
see (6.1.1), we infer [5,, V] = 0, a = 1,2,3, and [S4, |g|?V]v = 0, and hence 


Nal S [ON] |6, Po] +a |: e we 


а = 1,2,3, 


ІМ| 5 [OPN] т 2064, la Da] + ar |[S4, cos OV т]. 


la] 


Also, using Lemma |3.6.1| we have 


We also have 


r?|[S4cos0Vr|v| 5 rHS (cos Olot Vp | + 77?|[S4, Ут] 
5 rp? 
We infer 
IN, 5 | *?N|-|[S4L]v|, а-1,2,3, 
Nal 5 |22164, la P Cla) | + ar? |ә. 
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Finally, we have 


[Sa Fold] S arpe], а= 1,2,3. 


~N 


Also, in view of Proposition |3.7.6} we have 


r^^ [Sa |g? | | € ar? py]. 


We infer 


IN 5 [PEN] + ar ?[o*?y| 


la 


Ig 


= 1, 2, 3,4, 


as stated. This concludes the proof of Lemma [8.1.1] 


8.1.1 Basic spacetime S-valued identity 


We extend the definition of generalized current as given in Proposition to the case 
of double-indexed vector fields, functions and 1-forms. 


Definition 8.1.2 (Generalized Current). Let X be a double-indexed collection of vector 
fields X = {X®}, w be a double-indexed collection of functions w = {w®}, and M = 
{M2} а double-indexed collection of 1-forms, all symmetric in the indices a, b. 


Consider a solution w € s of equation (6.1.1) and let Ya = Saw verifying (8.1.1), i.e. 


Е 4a cos 0 
эфа = МҸ = — al? "V mb, + Ма. 


The generalized current P, = рм) [v] associated to Wa, Vy is given by 


1 . 1 1 
Py. = Qva, Xo" + ш Data: Yo — g Ow Фа -Po + gMr Ча -%ь (8.1.2) 


We also define 


1 . | 
О, (Wa, Vs) = Diya: Dry n 9 Suv (g^ Data Davy F Vy, : %) 
| . 1 
= D,v, - ПО, = g8w P [Va V]; 
£s, Ye] = g^ Data ` Dg, + Vta * Wp. 
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We also define, in analogy with (7.1.8), the modified divergence 
E[X, w, M] := D"P,[X, w, M] - V[X, w], 


МХ, w] := О? u TEA (Cov, – V) 


4 | (8.1.3) 
— ("o n ^n)V axes, (xa) а: “Yr 
1 
а 59 (ux rct? +trX H(x2b*) 29,2 рь 
Using the above notation we derive the following analogue of Proposition 
Proposition 8.1.3. The following hold true 
1. If we choose 
Xe = 2%, we = lal Div(|g| 7X) = web, 
then the generalized current defined in (8.1.3) verifies the identity 
lal ERX, W; M] = АУ ab ! V rip T up Dav. ` Davy T Vipa ! [2 
ТЕТІ ae (8.1.4) 
+ 0“ (ма, - v) 
where 
ab ab 1 ab I ab 
А = Ад, F” — 97 94 - 9А 
1 1 1 1 
aBab _ ab aB\ =, ab ^ 4aB 
и 57 д, (% ) 5 Urea ХЫ А 


2 lfa „ 1 a à 
ры (xev + la? X*(V) + zl eut Pu) 


2. If in addition we choose, for functions z and h, and a double-indexed function f% 


Ре = —zhft, w= (hf), wea = Ur Oz, (81.5) 


red 


then 


ева — sh 120, ( X RAP) | 


1/2 fab 
ab _ 1/2 A 3/2 21] 
де = адзн, (в 5) 


йі 1 (Ao. (ә, (һу®))) + 2h f2, (: A ) . 


т? +a? 
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3. If M = v%(r)ð,, for a double-indexed function v = væ(r), we have 
1 2 гу; ab 
qla? Div( (ba: t) М) 
1 2 ab ab 2r ab 
= 44 20" (rA, Vrp + | O-v™ 4 a” Wa Ve |. (8.1.6) 


Proof. The proof follows exactly the same steps as in the proof of Proposition For 
the convenience of the reader we derive below the formula for V. We write 


ye = У-у, 
УР 


= «ше, 


ab 
Yi 


1 а 
—5(X*(laP)V + |#Х(у) + ашыу). 


We first calculate Vo. Recall that 


w? = |g"De(|g| ? (X*5^) — wea = [42р (14727892) — 277,2 
lala. (l 27795) + (0,98) — 2%; 0,2. 


Using that D40? = ae 9, (|? ) we have 


1 ab 
ut = г (379) 53 (al!) mt — Fate 2 = 2 78 - 75:18: = 20, (75). 


Thus, in view of our choice for F% = —zh f% in (8.1.5), 


Recalling formula (7.1.15) for OH (т), we deduce 


yg = —Flal? gut = — 0 (Ad,(wt2)) = 14, (Aa, (20, (nf%))). 


Remains to calculate 


a 1 a a а 1 а! а 
ye = -5 (x#(laP)V + la’ X*&V) + la ug.) = -z(X ^ (lgPV) + ағу). 
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Recalling that |q|?V = 445 we, = 2%;-10,2 and FÆ = —zhf@ we deduce 


r2--a2? 
А А 
ab RT ab [ ab 
A A 
= —2 (7o. ( 2 ;) + рін | 
r*-Fa т^+а 


А А 
—1 ab ab 
—22 0, (ға m =) FC = 2h f” 0, (ға : =) Р 


This proves the proposition. 


We simplify the notations by writing (8.1.4) as 


la*£[X,w, M] = P+I4+J+K (8.1.7) 
where 
P := М°5®Ту va: Dp, 
I = APV pba - Vr, 
Joi Vya: We, 
1 а 
K = ze D^ (Mg, us). 


In what follows, we will choose functions z, h and the double-indexed function f% to 
obtain positivity of the generalized current. Each of the above term will produce lower 
order terms in derivatives and in angular momentum a. 


8.1.2 Principal term 


We consider now the principal term P, i.e. from Proposition [8.1.3] 


1 
P = UU Dj, Dj, = 28/49, (хя) Data Day. 
Recall that, see (3.5.7), 
RO aR SM. 


We similarly set 
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and thus write 


(ее) = a (Gem) - n a) t 


which gives 
1 n: : | 
Р = ;hP RS" Data - Dev. 


To create a quadratic expression іп 79/4 in P, we choose 


" d > А 
J = RUN e= z (K^ £C + ROL), (8.1.8) 
where £4 are constant coefficients to be chosen later of a given 2-tensor of the form 
LP = БоБо LTT yee yi Жел” + CO", (8.1.9) 
With the choice (8.1.8) for }® we deduce 


Р 


1 2 К z Я 3 
zh (Rs ph ET RIL”) Res Data " Davy 


1 Е 7 ~ E 5 : 
= zh (RRL | пп") g Data: Овуь 


= 7890 Dawa i Davy, 


where 


Ue = гае", (АРА а= = (иесі рига) дей = ца) бев (8110) 


We now isolate a positive part in the principal term Р from а divergence component. This 
is the crucial step which allows to obtain a positive trapped term in the case of higher 
derivative Morawetz estimates. 


Lemma 8.1.4. Let P the principal term defined as above. We then have the identity 
P = EAPO DoY — zh - (RLYS,, SJ) + |a? D. ^. 
where WV is defined as 
V = Ru, (8.1.11) 


and the boundary term B 18 given by 


Be = [Г°2һФ%г®. (38° Dy — 5°). (8.1.12) 
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Proof. We consider 
1 | | "PR : 
lg| ^P ы 2417 ІС + we) o” Daa: Deth = |4 ИВ Daa: Davo 
= UL” Dalla 252? Davy) + Dalla P UELS Pa - Davy) 
0,005) la|? S pa - D gs. 


Note that 24 апа U2 only depend оп т. Therefore, since for all c the 2-tensors SP do 
not contain r derivatives we deduce 


D, (u** L”) la? SE ba - Doty = 0, (UML?) aS ba Dat» = 0. 
Now consider D.(|g|- 2S2? Doy). Recall Definition [3.7.8| i.e. for Y € s», 
Sa = la Dalla- S Doy) for a = 1,2,3,4. 
Therefore we write 
D.(la| ^S2? Davy) = Da(lal ^52? Da Sow) = |47285) = |41728: + 1417218, 50 
= D.(la| ^S?" Dav.) + 14718,80. 


Thus, repeating the integration by parts procedure and noting, as above, that the last 
term vanishes, we obtain 


ич. Da (la ^ S25 Dv) 
= U Lpa Da SE Dev.) + lal UL a - [Se, 8% 
= PULLS Data Dae + Da (la UELS Ya Date) 
Hal PUL tba [Se Sol. 
Therefore, recalling that 225) P — [eB 
Р = UML Dapa Юа, + 120, (la UEL a: (897 Dav — SE Dave) ) 
-UE Lpa (Se, Sv. 


Finally, using (8.1.10), and using that &/* only depend оп ғ, we obtain 


"TN . . NC 
Р = LIhR'R*L Da, Da.— SPRER Lpa: [Se, Sol 


1 
2 
: 1 Б/алә!с o T apr 
lab. ШЕШ “ер. (829 Dot — sb) 
H ом (е) Р» (RW) B S RAE) ` [Se, $] 


B 1 DIC уға ав т apr 
наро, (101 ach) (82° Da- Sao.) ) 
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By denoting V = Re, we obtain the stated expression. 
We summarize the result in the following proposition. 
Proposition 8.1.5. Consider the generalized bilinear current with 
Х® = 240, w” = |а (8172(08)*) -wo wm 
and 
Fe = аһ = -a(eu FRI), Reca 
for constant LE. Then, 
lq E[X, w, M] — |q?D"B, = P + Pa +1 +J +K (8.1.13) 
where 
e B is the boundary term defined in (8.1.12), 
ө The principal term P is positive definite and given by 
Р - SALUD. Бу0, %-%%)ы,, (8.1.14) 
with 129 as in (8.1.9), 
e The lower order term Pio is given by 
Ре = —Shw (R'LYS., Sp). (8.1.15) 
e The quadratic form I is given by 
I = (АУ): (L°Vrtba), (8.1.16) 
where 
Аа = -AR R'e BE 
e The quadratic form J is given by 
J = (УЧАва)- (Ст), (8.1.17) 
where 


"- 19, (лд, (<0, (n) ) | aie, ( EN ) А 


r? + a? 
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e The quadratic form K is given by 


к = м?р" ( (Meba) - (Сър). (8.1.18) 


Proof. The above follows from (8.1.7) and Lemma Also from Proposition and 
the choice (8.1.8) f2 = R'@L we deduce 


1/245!a 
AL — -zP APR" рО), Rra ay Є / =) ‚ 


Al/2 


and 


pa s 10, (Ao. (20,(nR"=L") )) du 2hR' £6, ( 2А ) . 


т? +a? 


The expressions for J, J and K are implied by writing А = ACLÐ, ya^ = VELÐ and 
MŁ = Mp9. 


We denote the effective generalized current 
lal &[X, w, M] := |ql€[X, w, M] — |a D^B, (8.1.19) 


which differs from the generalized bilinear current by the boundary terms given by B. Our 
goal in deriving the higher order Morawetz estimates is to show positivity of the effective 
quadratic form |g|?£[X, w, M]. 


8.1.3 Choice of z 


In this section, we present two choices for the function z. 


1. The first is the same choice as in Section |7.1.3j i.e. 


BP A 
2 = 20 = (г2 +a? 
This choice, which was good enough to derive conditional Morawetz estimates for 
first derivatives, has its limitations in the case of higher derivatives estimates. In 
particular, the contribution in $1 = УтУт vanishes with this choice. We therefore 
have to modify it, but we use it as reference for the next choice. 
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2. The crucial choice in the next section is the following (see also [4]): 
2 = zo — бо22, бо > 0. (8.1.20) 


The parameter до will be chosen later to be a small positive constant. This allows 
to obtain a contribution in $4 with this choice, and for до small enough we can 
transpose most information from the first choice of z to the second one. 


We now collect the main coefficients for the two choices. 


Main coefficients for the choice z = 20 


Lemma 8.1.6. With the choice z — TERE and h = — (as in Section we 
have the following coefficients. 


1. The coefficients R/* = o, (&R*) are given by 


E 3 4r 
Ri = 0 Ri M 
| cre 8.1.21 
"mu" MUN" (8.1.21) 
- (r2 + a2)3" a (r2 + a2)3' 
2. The coefficients R” = a, (15 ў") are given by 
z m 16a?r > 8r 
qoi m 0 R”? =_= R!” = 
, (72 — а2)?' (72 — аз)” 
gn 3mr^ — 4a?r? + mat 
= r2(r? = a2)? 
3. The coefficients A% = —z V? AS/*R/& are given by 
16a?r 8r 
At m Æ =A?’ "E C. : 
(72 + a2)(r2 — a2? (72 + a2)(r2 — a2 da 


2 3mr^ — 4a?r3 + mat 
r?(r? + a2)(r? — a2)? 


At = 2А 


4. The coefficients Ve verify 
vi=0, V=00), 080079), У-У, 
where V is the scalar function given by (7.1.28). 


284CHAPTER 8. PROOF OF S-DERIVATIVE MORAWETZ ESTIMATES IN KERR 


Proof. The values of Л! are the same as the one computed in Section in the case of 
geodesics. For " we compute 


(y gn 


|. AP o p. к на) _ бак 
R = О. (£5 = a ) 49, (5 _ 2 (r2 m a2)?" 
2 243 
sm _ a (C t 9Y gu yy 31 No Br 
R = д. (ER = —20 (аа) = _ 93m == 4a?r? +4 тай 
| И r(r? , 


y^p? = а?)? 


as desired. The computations of A* are immediate. Finally, Y! = 0 follows from R^" = 0, 
Y? = О(г!) from R? = O(r-*), V? = O(r-*) from R = О(ғ”5), and У“ = У from 
R“ = f and Proposition 


Main coefficients for the choice z = zo — 6922 


Lemma 8.1.7. With the choice z = zo — 6026 as in (8.1.20) with z = UU and 


h = CY we have the followi ient 
= pga Ше have the following coefficients. 


1. The coefficients Жа) = o, (&R*) are given by 


л" 4 = dof, 
~ 4 
п = — 5 (1 + Or 760), 
(2920 (8.1.23) 
ЯЗ |- M MT + O(r~760)) 
(r2 + a2)3 0/3 
Re 2| = ға = 2ô020), 


where, as in (7.1.23), f = д.20 = ene 
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2. The coefficients Л") = o, (Ex t) are given by 


Р 2 4 4a?r3 4 
Rp = — (3mr ат? + ma 15. - O(62r-3), 


т?(т? = а?)? 


~ 16a? 
R^[] = —— m + Olor’), 


(=a) 
(8.1.24) 


EC (1 | О(би2)), 


RA — —2(3mr* — Aa?r? + тай) - О(бет—®). 


т?(т? = а?)? 


RI 


ә 


3. The coefficients АЧ Д = —zV/? ASPR" are given by 


2(3mr* — Aa?r? + та?) Е 
А [z] = бо А? ( PTT aS a + O(óor ) 
2А? 8a?r E 
Tus (е -— d ) | 
1.2 
Адз = A? Ші - Or" = 
ШЕ (r? + a2)(r? — a2)? ` (or) ), 
4 _ qu d 4 
AM = A? ee 4a?^r? + ma^) коб) | 


r?(r? + а2)(т? — а2)2 
4. The coefficients \ verify 
y! = dV, V? = O(r-*y V? = ОС”? y^ = V + O(óor ?), (8.1.26) 


where V is the scalar function given by (7.1.28). 


Proof. With this choice for z we deduce 


1- 020) 
A 


Riz] = 0, (R2) = 0,(2 


A те) = (1 — 6z9)R [zo] — (O20) ERE. 


Hence, 


R'e] = (1 — доо) [zo] — б Гаруз” (8.1.27) 
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In particular, using Lemma for the coefficients &/^[z)], and (3.5.8) for R2, we obtain 
for до > 0 sufficiently small and all r > r,, 


В = dof, 
кие T т a + 007 Ga : а?) (n F жо 
Rll = тз T E Lm + Sof cs Lum = “lt + О(т—бо)), 
Ril] = Раса ef = fü —2%), 
which ends the proof of part 1. To check part 2, we write 
zi? = zd — бог)? = — (1 — бго)!??. 
Relying on the same function h as before i.e. h = IUE. we deduce 
RS б, (E = д, (or (1— аА) 
= à (i кча) (1 — S20)? 4 а R'(2] (-3) т a 5 
АС Оа c 
We therefore compute, relying оп (8.1.23), 
TON к=з а- богы) | r(r? — a бого)!/? 


3mr* — 4a?r? + mat 
r?(r? — a2)? 


_ 2 23 _ ES 
т" = д. ("а (1 _ 6929)? + до Rz] 


бо + О(бот °), 


r(r? — a?) r(r? — a2)(1 — 6020) У2 
4 _ ar _ 
= д, tJ + O(dor 5) = ~ (2 — а2)2 + O(óor i? 
2 243 
uA __ (P^ ^)" xa u 1/2 , oT 2771 
МАССЕ аа + ay Reg Ы 


2T 
= Tay 


—9 4 =A 2а 4 
) + О(г?) = ССИ T 


r2 (r? 7s a?)? 
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We also have 


AR? = 9, (сеа) (1 — бузу)!/? - 


| AdorT Е 16a?r E" 
Tr? — а®)(т® + а2) (1 deu. (Fae SUM 


The second part of the lemma is immediate from the definition 
А2 


r2 + а? 


At = — 71/2 А3/27уға -— 


(1 | Olor?) ) R"e. 
The last part follows easily from the definition of V£ and the case бу = 0 in Lemma 
8.1.6 
Remark 8.1.8. Note that we can write 
A! = бо.А(1+ O(r7150)), .A* = A(1 + O(r^!&)), 
A? = A(2a? + O(50)), A? = A(1 + O(r?&)), 


(8.1.28) 


where 


2A? ~ SA?r 
3mr^ — 4a?r? 4 E 
r2(r? + a2)(r2 — ap T ат” + ma), A (r? + a2)(r2 — a2?" 


are positive coefficients for |a|/m « 1. We also note the term .A is precisely the one 
appearing in Proposition [7.1.8 


8.2 Computation of the effective generalized current 


From now on, we consider the choices for 2 and h made in Lemma [8.1.7] i.e. 
^ Bv 404 

E fe а 

(r2 + а2)? r(r? — a2) 


Recall that according to Proposition 8.1.51 the effective generalized current E ІХ, w, M] 
introduced in (8.1.19) is given by, see (8.1.13) 


2 = zo — бо22, 20 = 


laP£[X,w,M] = P+Pa+tI+J+K. 


In this section, we compute the terms P, Pot, I, J and К. 
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8.2.1 Principal trapping term 


In this section, we analyze the principal trapping term Pin (8.1.14), i.e. 


~ 1 . В К 
Р = 5^ "D, W.DsW., V,=R zu, 


Observe that with the choice z = 20 — 8022, using (8.1.23), we have 


Ar 
Y, = f (6081 +(1+ O(r ?59))Ov) ЕЯ CETE (820 + з. — (1 + O(r-?)). 
Observe that 
a2 
Sop + r+a 830 = aVrVz% ш 21,2У2У2У- =aVaVzy 
SO we can write 
Е Дат Е 
Ву defining] 
гей Sh =L=], (8.2.2) 


from (8.1.9) and (8.1.14), we obtain 


< dos ! 1 22. 
Р = SAL" Da Y, Doz = zh (&|Vrv. | + ау. + OMDaV-Da.). (8.2.3) 


We can also simplify the term Pot. From (8.1.15) and (8.1.23), we can write 


Ры = №: (78,500) 
= —5^%. ((й\г* — ^c!) OW + R^ £t», OW + (RPL — RL) IS, Ov) 
= опу. (O(S, Oly + OS Of + Or) (Ss, OVV) 
Е 7 (Olar -2)V Vry + Olar ?)уУ zY + O(ar ?)o <y), 


which, since h = O(r?) and Ф = O(r-?)05?y, can be summarized as 


Ры = O(ar (oy. (8.2.4) 


l'The relevance of this particular choice will become evident in Section where it will be used to 
derive a Poincaré inequality. 
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8.2.2 Integration by parts identities 


In the next section, we compute the quadratic forms J, J, K as given in (8.1.16), (8.1.17), 
(8.1.18). In order to do that, we will make use of some integration by parts identities, 
which we collect in Lemma|8.2.3] below. Such computations are important to observe that 
the mixed products between the symmetry operators S; and Ó contain positive definite 
norms, modulo lower order or boundary terms. 


We start with the following definition that will be useful to take care of boundary terms 
in the integrations by parts. 


Definition 8.2.1. We denote by M(w) quadratic terms of the following type 
Үтф- Sath, lal Vv - УУту, la Vv - VVzv, 
Also, we denote by M(V,w) denote quadratic terms of the following type 
VTV r + SaV rt, la  VV.V - VV Ve, |g? VV rb VVzV.A. 


Remark 8.2.2. Notice in view of Definition the following pointwise estimates for 
М(Ф) and M(V rp): 


(0) S (Ут, 9) VIC, 9) 220], 
IM(V-)| S [У (У, BS VIVE (Ут, 9) 220. 


Lemma 8.2.3. For any function Н = Н (т), the following identities hold true: 


(8.2.5) 


HO(v)-Syb = Alq|?|VV rw)? — Olar HOEY) + |q? Da(H|g| ODay - Siv) 
-O(HM (v)), 
HV,OW-VrSi = H|q?|VVzr Vv? — O(ar-?)A(V 00)? — O(ar ?) H(o0*)? 

al DH |g| 0" У»). S, V.) + Ә(Н.М(У,)), 

НУ,0(0)-80 = Hlq?VV pV. + VV rd — O(ar-?) H(V,95*))? — O(ar-?) н (ор)? 
+a PDH | OPD, V. - Si) + Ә,(Н М(М„)), 

НО(0)-У,8 = Hla" VV eV. VVré — O(ar-?) H(V,9*vy — O(ar-?) Hh)? 
a Da(H|g| 20^? Daw - $1 V4) + Ә(Н М(У,0)). 


In all the above, M(w) and M(V,w) denote the quadratic expressions in 7) and its deriva- 
tives of Definition [8.2.1 


Proof. Using (3.7.8), һе. O(v) = |q|?Da(\q\-2O° Dw), we obtain for any Ф, 


4170%9)-% = Ds(g O D,u). d E 
Ds(|g| ?O^?D.v - Ф) — |g| 7 OP Day ҙФ. (8.2.6) 
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Applying the above to Ф = Sj = Vr Vw, and using that [V, Vr]v = O(ar~*) Sty we 
obtain 


HO(U)-Syp = —Hl|a Vv - VVr Vr + |gPDa(H|g| PO’ Dav - Suv) 
= НУ: Vr VV — O(ar ?) H (99? 
tlg" D(H ?O*? Daw - 810) 
= | H|vVrol — O(ar ?) HOY) + |? Da(H|a| PO" Daw - Si) 
-à(H|qU VY - VV rv) 
= Alq?|VVry|? — Olar?) Н (о)? + |a Da(H|g| O°’ Daw - S1) 
+0,(HM(w)) 


as stated. 
Using [У,., Oly = O(ar~?) 85 v, we obtain 


HV,.Ow - V,Syb 

= HOV,-S(1V,y + HO(ar ?) ўр. V.Sub + HOV, - O(ar ^)oS p 

= H|g|VVrV.V[ — O(ar ?) НУУ, - B? VrV дф + |a DoH POM Da V. - S, Vu) 
—Ó(|q HVV p - VV eV) + HO(ar ?) 9$ y - V.Sq + HOV, - O(ar *)oS y 


which can be written as 


AV,OW-VrSiy = Alg|?|VVrV А 2 + la Da(H|g| ?O"?D. V. : SV ry) 
+0,(HM(V,)) — Olar 2) Н(У,о20)? — Olar ?) H 0EY)’, 


as stated. 


The mixed products HV,Ow-S,w and HOw-V,S ате treated similarly. This concludes 
the proof of Lemma 


We use the above lemma to derive the following general computation. 


Lemma 8.2.4. Let ®, = S,® for some] Ф, and let Y* be some coefficients only depending 
on r, such that 


y' = д0), yay. 
Then for LY given by (8.2.2), i.e. 
бї = бу, L? =0, peg 


?We will apply it to Ф = v and Ф = У,у. 
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we have 


(9,)-(c9,) = V(I «loo? «sala vvrep) 
-O(a)(] + [Y?| + [9D (0240)? + Ваң, 


where the boundary term is given by 


Вађ®) = 9 (yr? M(9)) + la? Ds (2б 0 Dat - 8). 


Proof. By writing 


(0#Ф„) = 0(81Ф) + (ОФ) + Y*(S,9) + Y? (S39) 
(LPa) 096, + ОФ + S 


we obtain 


(V*9,)-(c*9,) = BVSE? + 10% + Y?|S9|* + (Y + 3?)595:6 - 53Ф 
+2бу27(5,Ф. ОФ) + (Y + V?)S3h - OG 
+(Y?S_®) - (6x51 + ОФ + S36). 


Since (5,0, Ov = О(1)05%), Sow = O(a)05?v and Szy = O(a? Jd? Y, we infer 


(°Ф„). (LPa) = VISP]? + VIO]? + 209 (Si - ОФ) 
*O(a)(1 + |? + |? САҚЫ 


Using Lemma [8.2.3| we obtain the desired identity. 


8.2.3 The quadratic forms Г, J and К 


The goal of this section is to compute the quadratic forms J, J and K appearing in the 
computation (8.1.13) of the effective generalized current £[X, w, M] by making use of 
the integration by parts identities of section Recall that 7, J and K are given by 


(8.1.16), (8.1.17), (8.1.18) and that we make use of the choice of z and h in Lemma [8.1.74 
i.e. 


A (r? + a?)* 


=== 2 = =] 
Z = Zo — 0020; eae до > 0, =, 
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The quadratic form / 


Recall that the quadratic form I is given by (8.1.16); i.e. 
I = (А М). (C2V ra), 
where 24 is given by (8.2.2), and where .A?[2] is given by (8.1.25), which may be rewritten 
(8.1.28) ic. 


under the form 
A! = 604(1+0(7—100)), А = A(1 + O(r^'À)), 
A? = A(2a? + О(бо)), АЗ = A(1 + O(r?&)), 
where 


2A? 4 23 ~ 8A?r 
(r? + a2)(r2 — a2)?’ 


are positive coefficients for |a|/m « 1. We may thus apply Lemma [8.2.4] to I with the 
choice Yt = A*. Using the structure or the commutators [V,,S,], we obtain 


I SAC + O(r 399) (88IV Sw? + [VOY]? + 2044 | VV rV?) т” 
ы 8.2.7 
= O(a) (A| + 1А) + O(r-6p)) ((V, 0B)? r7 (09*)?) + Ва], 


where the boundary term is given by 

ва = д(%Ам(у„)) + la? Ds (289g "0D. vo - AS v.v). 
Remark 8.2.5. Observe that the estimate for the quadratic form I for the choice z = 20 
can be deduced by plugging б = 0 in (8.2.7). In that case one can see that one does 


not control the term |W.Siw|?. This is the main reason one is led to use the choice 
z = 2 — 6022. 


The quadratic forms J апа К 


As a corollary of Lemma |8.2.4| we obtain the expressions for J and К in Proposition 
3.1.5} i.e. 


J= (уча) (с), K = Fla PD (Quei) (C4). 
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Lemma 8.2.6. The term J is given by 


J =(V + O(or™)) СЕЛ + |Ou|? + 2õola PIV Vrvi) — Olar H (0y)? 
+ Bdr[V];, 


(8.2.8) 


with boundary term 
вагу) = Ә(%(У + О(т—®)уг*м(ф)) + la? Da (25slg] 0 Daw- (V + Olar =S). 


For a one-form of the type M :— v%0,, with v? = v? = 0, v! = буо and vt = v for some 
given function v — v(r), the term K is given by 


2 
K= EL (BV, 5, Sy) + VOV - OU + 269|g V Vr V jb - VV) 


2 
+My Gals + OUP +25 Угу?) 

—vO(ar2)(V,o09*)? — O(ars)v(09*w)? — O(ar?)v (02)? + Вак, 
where we denoted 


2r 
v^ ;— дл + —;v?, 
ІП 


and with boundary term 


4 
Bá = д (Му) + EDs O Daw - SV.) 


4 . . 

«M possa ODV бур) A (атам) 
4 . . 

+ 1p, (2500/|al Oba 8и). 


Proof. The expressions for J is a straightforward application of Lemma|s.2.4| using that, 


sce (81:26), 


y! = bY, Y'z2y-cO(ór?), У? =O(r7), =O). 


To write the term K, we first compute 
4 a 
гек = D (Miba): (Cw) 
(О (Мара) - (Lede) + (Mia) -D" (Lys) 
(р“Мауа- (Сы) + (MED da) - (Cy) + (М). ОС). 
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For M? = v20,, we obtain 


4 
E^ T = И: - Va (LP) + v Vis (Ср) + (vba) У, (C9) 


: (a. " 2и) ba (сз), (La) + (vtl) - Сеть 
= (щы). (Сър) + олар, - (Labs) + (vba) LV te 


where we wrote v'? :— 0,u% + oput. By defining for some v 


v! = бор, v! = бом, v^ = v, v^ = v, v^ = v’? = 
we can apply Lemma |8.2.4|%о the first term, and obtain 
(9) (сал) = v' (IS WI + OVI? 26477402) — О(а) (09)? + Bart, 
where the boundary term is given by 


Ва] = à(&w'M(v)) + ID (28a O Dav - v's). 


For the other two terms we write, using Lemma [8.2.3] 


v V rba (Cg) + (очра) - CPV obs 
= (дору, SY + 7,0%) - (6o Si + 530 + Ov) 
+(500510 + vOv) - (50V Sip + V.S + V-Ov) 
= 26 @\У „бф. 810 + 2uV,Ov - Op + 209v (V.S - OY + Sb - V,OV) 
+О(а)о|у о [05^] 
= 2520У,8ур Siy + 2uV.Ov - Ov + Aóyv|q VV T Va) - VV rw 
+2600 (У, - Sow) + 2v|g| a? VV zZ V ab - VV zi 
—vO(ar3)(V,o09)? — vO(ar~?) (0520)? + д, (vM(V,w)) 
+|q/?Da(2d0vlq\ 0 Dat - Si V.) + |g/?Da(2dovlq\ ^O^? D. V, 5%). 


Summing the two above, we obtain the lemma. 


8.2.4 Conclusion 


We summarize the results obtained so far in the following proposition. 
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Proposition 8.2.7. The effective generalized current is given by 
laP£[X,w,M] = P+ Ors, ovv, + toe + Bdr (8.2.9) 


with the following terms. 


1. The principal trapping term P is given by, see (8.2.3), 


"m 1 . | 
pog sh (vw. +a2|Vz0,|? + ODY DsV.). (8.2.10) 
where 
oF Е 
= то): ig AM (1 + O(r?9))OV) 
nm (8.2.11) 


2. The quadratic form Qrs, o «v, is given by 


Qrs ovv, = AQ OG) (BIV SL? + [VOV]? + 20]gPI Vr Vul?) 


A (av, Sih Sib + VOU Оф + 2g VVrV УУТ) 


2 
(v | i „з оф) (918.012 + 10W? + 20a" Ут?) 


3. The terms Ej are lower order terms in a, given by 


Etot = ONA A) (1 + O(r™+8o))((V 0EY)? + r7? (020)?) 
— O(ar7!)(0<2h)? — vO(ar2)(V,02)? — Mt (8.2.12) 
— O(ar?)v' (0 yy". 


In particular, since A, A = O(A?r-^), and for v = O(mV? Ar-9/2), we can bound 
the above as 


£o > —O(a) (|У во? + r^! o*?y|?). (8.2.13) 
4. The boundary terms are given by 


Ваг = Вау; + Вау + Ват] к 
= a(M(Vab) + м(0)) + la? DB? 


296CHAPTER 8. PROOF OF S-DERIVATIVE MORAWETZ ESTIMATES IN KERR 


with 
B? :— 26gg| ^O^? D. V. - AS Vw + 269|g| 20’ Daw - (V + O(a?r))SV 
1 . 1 А 1 . 
52009 Day SV + Jiwo Da V y Su + 5900" Бе ШЕСІ 


where M (v) denotes the quadratic expressions in y and M (V gv) denotes the quadratic 
expressions їп 1» and its derivatives of Definition 


Proof. Recall that according to Proposition 8.1.5) the effective generalized current E ІХ, w, M] 
introduced in (8.1.19) is given by, see (8.1.13) 
laP£[X,w,M] = P+Pa+tI+J+K. 


The proof then follows immediately from the control for P in (8.2.3), for Piot in (8.2.4), 
for Г in (8.2.7), and for J and Кіп Lemma [8.2.6] 


8.3 Proof of S-derivative Morawetz estimate 


In this section we prove the S-valued Morawetz estimates, i.e. we prove Proposition 
6.3.10] Recall that we make use of the choices for z and h made in Lemma [8.1.7] i.e. 


A (г? + a?)* 


— 2 к) == 
2 = Zo — 0020, 70 — хк. до > 0, Ке за 


8.3.1 Control of the quadratic form Отс оуу 


In this section, we prove that the quadratic form Qrs, o vy, appearing in Proposition 
is positive definite. In order to do so, as in Section |7.2.4| we will apply Poincaré and 
Hardy inequalities. 


Recalling that 
LP = 6|/УтФ| +a V29? + OV D.V.DsV, 


§o|VrW.| + аду zY + 11у, 


we obtain, using the Poincaré inequality of Lemma |7.2.3| for |a| < m and |а| < dom, 


|в > [ nef or) fiver. (8.3.1) 
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Using the integration by parts identities as in Lemma |8.2.3| we can write 
|. = (Ж). (ЕҢ) 
= (REPIS? + (RPPS? + (RPPS + (ROY) 
+2R RS) · 830) + 2R" RS - Oy + RBR” Sa - OW 
+2R Sow - (RSW + А530 + R OY) 
= (R")|Sib? + (R^?|OU + 2ROR“Sy - Ov 
Оба) (R^? + (RP)? + (RPP + (RP) (o9? 
= (RPS? + (R^P|OUP + 2R"R"lg| Ут 
O(a) (R^? + (RP)? + (RPP + (RN?) (o9? 
0 (R R M (w)) + lal Della PR RAO” Dat - 8,4). 
Writing from (8.1.23), 
кшй, R°=f1+O0Gr),  &"-0(r*?,.  &*-20(r?, 
we obtain 
JHA)? = P (5015102 + 1OY]? + 250/VV re?) — Olar’) (057)? 
+8 (r 9M ()) la Da(O(r79)|g[| 70" Dar - (S: + 83)v). 


By combining Proposition and the above for the term (1—5)P in P = 6P+(1—6)P, 
we obtain the following 


Proposition 8.3.1. Upon applying the Poincaré inequality to the principal term, the 
generalized current verifies the identity, for any sphere S = S(t,r), 


f la?£[X, w, M] > f (92 + On exes + = + Bar) 
5 5 


where the quadratic form Oe bis is given by 


Oe omes = Qrs ovv, + (1- h f? (50150)? + |04|? + 25 VV rv") 
= ACI + O(r7 89) (9815782 + [VOV]? + 20s] I Vr Vl?) 
lal? 


E -v( V Aw - Sw + VOY - OY + 26 q VVz V. - VV re) 


2 
(v | 4 v- (L= 8f +003) (6915012 + Ow? + 24У Vrv) 


and the lower order term Eu is given by 


P "e cd aem O(ar^)| VW, — O(ar 1)[o*?yp. 
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We сап now apply the Hardy inequality where v is given by Proposition |7.2.5| to show 
that for |a|/m < 1 and a universal constant су we have 


Qis owyr 2 а (т (Уа | ОФ + la? | VVrV.u[?) 
r7 (I8 + IOVI + lal’IVVrvP)) 
—O(ar ?)(|V ро? + [o*?u[?). 


Indeed, we can separate the quadratic form Qr 5,0, vv, in the terms involving 91, О and 
VV 7, and obtain by Lemma [7.2.4] that 


"- 2 
Qs, = (Ave + s soe (ve Г + (1 cre ots) Ier) 
mA? 
> бубу СЕГЕ + ЕИ 
r 
Similarly, by applying again ка have 


Qro = A|V,Ov q Ia У Оф. ov (v+ ОҒАН АТА) low? 


IV 


А? 
Еде er? loup) 


and, recalling [У,., |g| V] = O(ar ?)v and [V,, Vr] = O(mar ^)o5!, 


Отуу, меден e s уугу. VVrw 


2 
+ (v + BL y + (1-6) f’ h + en vest 


- (Atv. (lv vs) + 19у, (ау Уг): (ll V Vv) 


+ (0+9 qr и" + (1 MM 
—O(ar~ 7. + |0224?) 


> oA (P ау av v)? rv voit?) 
96-009; go ul + 0y) 
> ed (2 JP er ТАРТЫЛ САЛАЛА + oup). 
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This gives for the generalized current, for any sphere S = S(t,r), 


ШЕ v M] f Р 
S 5 


ға f (m(|V gS)? + |У ОФ? + [УУУ ар) 
2 8.3.2) 
er^ (Sl + Ov? + АУУ) 


+ | (Ea Olar (IT sou + oup) + ва). 
S 


8.3.2 Control of the effective generalized current 


We have, recall (8.2.13), 


&, = Ee - O(ar | V. — Ofar) oy 
> —O(a)(|VgoShyp +т-10®%д?) — O(ar")| vv. p. 


Plugging in , we infer 
ІШСЕ E[X, w, M] ми т([У а> + |VgOv|[)) + r^ (ISP + lov?) 
-ош) | (У во]? + т о?) + f Bar 
S S 
Since S2 = O(a)05? and S3 = O(a?)0?, we infer 
ІШ E[X, w, M] 126 f Pra f (m У 910]? + |У а)? + |У RS] + |VgOv|?) 
r7 (I$ + 180 + 1890 +100) 
-olo | (У go ^u + т о?) + f Bar 
S S 
and hence 
М Ex wM zo f Pte f (ытан +r wk) 
S S S 
- o(a) | (У во? +r" |o*?y[?) + f Bar 
S S 
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Since 


IV 


cor? (I.e. |] + ШАЛУ 


we infer 


1 ME 
Р == 5h (| vw." + ау, |2 + ОЛАР 


J e£ м) >в | (Ives + aIv) а f (туа +r) 
S S S 


- Ola) | (Iv so ур +r) JL 


We finally obtain, for |a|/m « 1, 


[exw Ji Уай +r Wg + (Vat rv?) ubi 
S S 


— O(a) f (rV ро=2? + raog) 
S 
on any sphere 5 = S(t,r). 


8.3.3 S-derivative version of Lemma 


In view of (8.1.3) and (8.1.19), we have 


1 . 
рех, w, M] =E[X,w,M]  D^B, + (Vrata лі) 


— (пл) У хауа, (хавзе а: “Yo 


(8.3.3) 


2, — Уф») 
(8.3.4) 


— 53 (ыхн(х“®)* TX nx) Va: "y. 


Also, arguing as for the proof of (7.1.9), we have 


К p? E a? 
V (x22) 4e4—(X2b)3e3 а = RE ^ Vea 


and 


Да?т cos0.F?(r),  4a%r cos0(sin 0)? F2(r) — 


S(wxHQcb? + tx нүх) = Y 


(r? + a?)|al* 


446 
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Thus we infer 


1 : 
D"P,[X, w, M] =€[X, ж, M] + D“B,, + (ула, + TEA - (Cov, — Vya) 


2a?r cos 7%(т) 
(r? + a?)|g|* 


Vots 7% (8.3.5 


gut +a?  2a?r cos Ө(віп 0)? F22(r) 


- (Conor а" ) Pres oe 


The goal of this section is to control the last three terms on the RHS of (8.3.5). To this 
end, we derive the S-derivative version of Lemma |7.2.2) being careful to obtain terms 
involving W,. 


Lemma 8.3.2. We have, for sufficiently small positive constants бо, дз: 


1 А 
(Vrata + js) Е ( 2% = Vis) 
2= бот ^ h| Vpt]? = дза?т *h|VzW.| + O(ar-?)|v|$ 


Ы 8 8.3.6 
+ O(1)([Vavls +r Ils) Y Nal + Dy (ee ant, Vr ч) 7 
a=1 


1 
E (2 cos 0 (arju Vr рь + 900-2), : es) › 


lal? 

and 

А wre + a? . 2a?r cos 6(sin 8)? F2(r " 

( pH n^n). | 6 ) O) van: Vb 
A 4 
2a?r соз ӨЛ (т 
2 2 V) y aba "Ub 
(r + a?)|q| (8.3.7) 
1 2a?r cos 0 Е 
—3 2 жү pb 

xis (Iv. + rv.) + O(ar 1015 = 2У9 (hes. . (ск) 


1 a * gn? (sin 0)? 
- dios (4 Мели бына Б uq) 


Proof. According to equation (6.3.2), we have 


(van) + gustos) - (Cavs - Ver) 


1 4 0 
= (ace + js) E ке "V mb + м) А 
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We consider the first order term, and we write, as in Lemma |7.1.6| 


la? 


(9.2) Р, Ут “by t+ zhf** "p A Ua 


-5V (stus Vr t) zr ce V. ча): 


(улоо) + TENE “Vrye = АЛЫ pu). “Vrye 
1 
2 


Using that f% = RL and V, = 7/4), we obtain 


(74%) + js) ў "VU, 


1 2 
= 1н, Vr e Ves) + 2h to wei, 


= (hla: Vr 0.) + Ут 7 EVs ч) 


1 
= 29 Z)hL bg Vp "V, + zh ИТ, VL va 


= [# hfe Ver чь) +; “Ve CEN Ls ds dec TO z)h,- са). 


Also, since X = O(1)R апа w% = O(r-!), we can bound the second product by 


d 
5 (Уя 77 ls) У 


(vasto + Sula) ov 
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By putting together with the previous bounds we obtain 


1 


(Vs) реа) (Ds Vu) 


IV 


4 
-&r-?h| Vp. + Olar?) р + OC) (Уз +r wis) So ING 
а=1 


2a cos 0 


У, (zhf*hi, - Ут "vx) 


1 
PE (artua 3 Vis “Wp F 509-2), ` e) 
бт У рУ. — бза? hV ZW. + O(ar*) р 


IV 


2а сов 0 


4 
+о@)(Уаїйїв + ls) Улы + Ve (zh fia Ут d) 
а=1 


1 
-Vr Ga CES Va ups (One) Bs з) | 


Since we have Ю „(сов 0|g| ?(0,)") = 0, we infer 


1 5 
(Fede) абы) (бал - Ver) 
— dor 7h|V pW |? — бал” УФ)? + О(ағ79)|0 


2a cos 0 
+0(1) (IV gvls +700) У; ДАЕ D, ( и (8,)" zh f&v, - Ут ч) 
а=1 


IV 


JP Е Рр, Vy y + 5 (0.2), - с.) | 


as desired. 
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For the second estimate, we write 


р ar? a? 2азг cos 0(sin 0)? (т E 
( PETAMI e ТЕ O) vapa: % 
2a?r cos OF“ (r) " 
Crag Vee’ m 
_ 2442 243 (sin 072 
һр ( ЖЕЛІН i | a a ) Vate ZA 
x 2a?r cos 0 
-zhR Gp» ас * 
i raji e th 
= 2 ра? — 2a?r cos 0(sin 0)? 
— RD» ( ‘o+nAn)- i | == ) ) Vate “wy 
E 2a?r cos 0 
Loh Қа pb) 295 
zhR'*LU Come ш Ы ф 
and hence 
А aT? Ба? 2азт сов Ө(вїп 0)27%(т 2 
( р n ^n) F8, — 4 = ў 2) vas: % 
2a?r cos OF“ (r) : 
CETT NM 


т? Ьа? | 2a3r cos Ө(ѕіп 0)? 


= zh ( "n^ п) A | 46 ) Vats (29%) 


2, n2 3 2 g2 
у, Є ( et + а? 2a?r cos (sin 0) Қа 2) 


соо 416 
2a?r cos 0 1 2a?r cos 0 
| V. ‚ *(/? — — h——_.——_ UV, . *( nb 
ооа жш? 


= О(ат!)УжЧФ„. *(Cy) + O(a?r ?)\/»Ф„. “(25%) 


1 Deak: Ages ino? 
19, Є ( Ба)“ а | а?т cos 0 (sin 0) )v- (а?) 


416 
1 2a?r cos 0 аза 
-ave (аваар 0%) 
Е 1 2a?r cos 0 М 
<< баг? (Iv V. + |у.) + Ofar’) y]? – А Cean ) сы) 


1 т? + аё? 2азт соз Ө(вїп 0)? 
ZENA h x | 
она 4% 


ҚАҚ?) 


ав stated. 
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8.3.4 Proof of Proposition (6.3.10 
We are now ready to prove Proposition |6.3.10} Recall (8.3.5), i.e. 


1 : 
D"P,[X, w, M] =€[X, ж, M] + D“B,, + (ула, + js) - (Cov, — УФ) 


2a?r cos 0F22(r) " 
erage e m 
А aT? ta 2азг cos 6(sin 0)27%(т : 


We apply the divergence theorem to the above on M(7, T2), which yields 


n 


Ex, w, M] + (хад) (бий уо) 


А aT? + a? . 2a?r соѕӨ(ѕіп 6)27%(т " 
Шу 
2a?r cos OF (т) . 
erage e PE 


< n (IP, [X w, М]ме| + |B,N?|). 
OM (71,72) 


Using the lower bound (8.3.3) for £[X, w, M], and estimating the three other terms on 
the LHS thanks to Lemma [8.3.2 we obtain, for sufficiently small б» and ds, 


Mors,zaeg| v] (ri, T2) 5 f 


OM (71,72) 


4 
+ Vata +77! Wa Na 
3 А ҚЫЛЫШЫ 


IMs(¥)| + lal f (r=? R0 y]? + roy) 
М(т1,тә) 


where we recall that 


т, = 2 2 
Mors,z,degl¥](T1,72) = f SIV avls +r’ +r (Vat + гаруу), 


M(n1,72) 
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and where Ms(w) denotes an expression іп w for which we have a bound of the form 


[| М (р) 
OM (71,72) 


= 2: (5% Egeg |a] (7) + by ҒАША (т, 72) + Р, Wal, л) 


а=1 [71,72] 


И (5% Ез |(Ут, PELIT) + би ҒА(Ут, 5%) (1,72) + Fs. (Vr. ЖЫР) 


(ті РІ 


` È Ег. [(Ут, 8) YT) + óuFA[(Vm, P (т, т) + Р, (Vr, О) | 


[71,72] 


Finally, since we have 
| (r?|V go*?yp trop) 
M (11,72) 


f (rV R y] | ерер) f (r?|Vao*?y|? | r 3[o**yp) 
Merap(71,72) kt i 
тр 


MAS 


5 В (т, т) 
for any ô > 0 in view of the definition of B2[v](ri, т), we infer 


Маса (ыды IMs (9| + I варт, тә) 
0M (71,72) т, 


4 
+ / У р. + r bal) Nal 
>, ЖЕК В ) 


which concludes the proof of Proposition |6.3.10 


8.4 Proof of Lemma (6.3.11 


In this section, we prove Lemma [6.3.11| on the lower bound for V, on ыр Recall the 
definition (8.2.11) of Y, 


27 (бобр + (1 + O(r 20) )OW) + 4 


(r? + а2)3 ; Ve VzW(1 + O(r~*50)), 


Ф,-- SU ЖЕЕ 
(2а?) 
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as well as the definition of M " see (9.1.2), 


m 1 


Map = te 0). 


In particular, we have on M, d 


) 


1 3 
|VzU.|--r[VV.| > rat [Ут (65819 + Ow)| + lal |V (055: + OW) 


-0 (5r?) (IVrOv| + r/VOu!) 
-О(ағ “(17192724 + УУ рУ 21) — О((% + lal)r) [dls 


and hence for a universal constant со > 0 


(Vrt " уҹ.) эт |у (80810 + Оф) | + lal? | V (898: + OW) P) 
- O(@r) (Ivo vs v 202 51299727202) 
- OB?) (IVrOvP + VOY) — OF) WE. 


which we rewrite 
(ГУ ач rtv?) mer ( [Ут (898 + OW) |? + lal? |V (&б + Ov) |) 


— O(8r-3) (тов a "Мор 
- О(ағ”3) (Ут, H|? — О(г). 


(8.4.1) 


Next, we focus on the first term on the RHS of (8.4.1). We start with the following 


computation 


[Vr (00510 + OF) | + lal? [V (650+ OV) 
б (|VrSwh + la? IVS?) +260 (ут. VrOv + ld? V8.9 VOX) 


-ҢУтОФР + «УО. 
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Using the structure of commutators} we write the second term on the RHS as follows 


Vrs - Утор + |92810 - VOY 
= &Утф. OVry + [aS vo Оу 
+9:Утф - [Vr, OW + |a VS: - (V, Ol + |a [V, S] - OV 
= 51720: OVerv + aS vé OV — ll VS: Уй + O(a)((Vr, Бо)! 
= SVrb-OVrd + ^8 Vb OVE + la PIV V rY]? + O(a) ((Vr. 005%)” 
-&(aP V Vry - У). 


Next, we rely on Lemma and obtain 


Ут: Утор + |a? VS - VOY 

= |4 Ууф? + |a? Della 0 *9D. Vrv - SiVrv) + à(M(Vrv)) 
+alv? Vry? + laf Della POW Da Vy - у) + д (т? M(Vw)) 
la IV Vrt? + O(a) (Vr, 9) 1020)? – (|g? VV rw Vy). 


Rearranging, this yields 


VrSw - VrOv + la? VS - VOw 

= | Уу? + |a] V? veo? + |a? | V Vry]? — O(a)|(Vr, 9) 10520]? 
tla Ds(|g| ^O"? Da Vr - SV rv) + lal Della 20^? Ds Vv - S1 Vu) 
+0(M(Vrv)) + &(M(Ig|Vv)) — alla? VV rY - Vv) 


and hence 


IV. (0981 + 09) |’ + lal? [V (60819 + Ov) |’ 

= (Ул + APIS) + 28 (IaPI V VEU?" la V? Vr + la Iv Vv?) 
уго + УО — O(a)|(Vr, $)*'o?v[" 
444 Ds(|g| "OW DaVrv - $1 Vv) + ôolal Da(|g| ?O^?D, Vo 617%) 
+0:(M(Verb)) + &(M(|a|VV)) — (200102 V Vry - Vw). (8.4.2) 


Next, notice that 5; = O(a)05? and S4 = O(a? JDS? so that 


№2510)? + la PV Sil? + |VrOV[ + Уор > |у - r?|Vv|s 
—O(a^)| (Vr,  ) 1020)? 


?Note in particular that [V, O] = —4V Y + O(ar-1)(Vq, #) 20. 
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Together with (8.4.2), we infer 


|Vz (88i + Ov) | + lal? | V (80816 + Ov) | 
= 8(IVrvls + гу) + (1 — 60) (е) + ШӘ — О(а)|(Ут, #9) 00| 


ó|a Da(|g| O Da Ут. SV rw) + dolg Della 207 D, V - S1 Vw) 
+0;(M(Verw)) + &(M (la| V)) — &,(269|gl VV. - Vw»). 


Next, plugging in (8.4.1), we deduce 


(Vrt rive.) 
>cor*( [Ут (80810 + Ор)? + lal? | V (898: + OW) [| 

- O(&jr =) [Утор + *IVOv[) — O(ar-?) (Vr. B)o** v? — Or) 
> ооба P (IVrils  r*IVvls) + cor? — O(63)) (IVrOUP + УО) 

- O(ar *)((Vz, HEY} — O07) WI 


+ бг Ча Da(|g| P OP Da Vr - S3 Vi) + sor’ lal Della 20D. Vv - SY V) 
+ Gr M(Vqib)) + Әг M(|g|Vs))) — 8 (269r ? |a VV rw - Vs). 


Hence, fixing до > 0 small enough, we infer 
r? (70.1 + у.) 


ЕТ (ЕГЕ + гуу) — Olar”) (Ут, 9) 1020 — О(г) WIS 
+ Da(ó9O(r ?)O"?D4 Уту. S1 Vr) + Ds(090(r-)O "DS V - 817%) 
+ ü(r ?M(Vrv)) + &(r?M(la| Vv)) — à (28or "|a V ту - Vw). 


In particular, we deduce the existence of a universal constant со > 0 such that the following 
holds on M 
trdp 


(У 2 г 2) "уф > cr 3 (Vols + IVzéls кті) 
—O(ar-?)|(Vz, 9) 1020)? + Bar 
where 


Ваг = Dg(O(r)O¥ DV rv - Sj Vg) + Dg(O(r7 OY DV - 8: Vv) 
*à(r ? M(Vrv)) + дт M(lg|VV)) - &(O(r ) VVrv - Vw). 
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Finally, note that the boundary terms verify 
Bdr = р.ғ“, |F"N,| 2 FS Ут, $)* (Vr, P) VIV, Ут, $)* (Vr, p), 


where N denotes the normal to either У(т), A or У,. This concludes the proof of Lemma 


6.3.11] 


Chapter 9 


Energy-Morawetz in perturbations 
of Kerr 


In this chapter, we prove Theorem (6.3.1 i.e. we establish Energy-Morawetz estimates for 
solutions to the model gRW equation (6.1.1) 


: 4a cos Ө AA 
е тез "ELS. Е 
bd EET CESSIT 


in perturbations of Kerr. To this end, we proceed as follows: Theorem is proved in 
Chapter [9] according to the following steps: 


1. First, we revisit the proof of Propositions [6.3.7] and [6.3.10| by exhibiting the 


extra terms in perturbations of Kerr, and prove that the conclusions of Propositions 


6.3.7 апа |6.3.10) also hold in perturbations of Kerr up to the addition of 


suitable error terms see section 


2. Next, we prove redshift estimates to remove the degeneracy on the horizon, see 


section 
3. Then, we derive the conclusion of Theorem for s = 2, see section 


4. Finally, we argue by iteration from s = 2 to recover higher order derivatives which 
and conclude the proof of Theorem [6.3.1] see section [9.5.2] 
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9.1 Preliminaries 


In this section, we recall the basic set up and state the analog of Propositions |6.3.7| 
and [6.3.10|in perturbations of Kerr. 


9.1.1 Admissible perturbations of Kerr 


In this chapter, we prove Theorem for solution of the model gRW equation (6.1.1) 
on the spacetime M, where M is an admissible perturbation of Kerr which satisfies the 
assumptions of section 6.1] We briefly recall them below for the convenience of the reader. 


The spacetime M 


We consider a given vacuum spacetime М satisfying the following properties: 
e M comes together with a null pair (e4, e3) and its corresponding horizontal structure 
as in section [2.1.1 
e M is endowed with a pair of constants (а, m). 
e M is endowed with a pair of scalar functions (7, 0). 
e The complex valued scalar function q is defined as 


q:=rt+icosé. 


e M is endowed with a complex horizontal 1-form J. 
e M is endowed with a scalar function т whose level sets У(т) are spacelike. Also: 


— T E |1, 74] on M for some arbitrary large constant ту. 


— Given a level hypersurface У = U(r), we denote 
Ny = —g" P 0srO,. 


— т satisfies the properties of Definition [6.1.5] 
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e The boundary of M is given by 
OM = AUX, U X(1) U X(7,) 
where 


A:={r=ry-dylsrsnh, 


and X, is a spacelike hypersurface on which т takes the values |1,7,| and т > т, 
with т, >> Ту. 


e Let ro a large enough fixed constant. We decompose М as follows 


(int) M = Mn {r < ro}, (eat) M = МП ir > ro}. 


Admissible perturbations of Kerr 


Recall that М comes together three scalar functions (r, 0, т), and with a null pair (e4, ез) 
and its corresponding horizontal structure as in section Then: 


e We use the complexified Ricci and curvature coefficients of Definition 2.4.8] 


e We define the linearized quantities corresponding to these complexified coefficients 
as in Definition and 4.1.3| i.e. we consider that the normalization of (es, e4) is 


ingoing. 


e With respect to these linearized quantities, we the notations Г, and Гь for error 
terms are given by Definition [4.1.5] 


We this definition of Г, and Гь, we can now state our main assumptions on М allowing 
to prove the Energy-Morawetz estimates of Theorem Let Ет, a large enough integer, 
and let the scalar function Tirap defined by 


1 +т оп Лан 
Ttrap = 1 on "tu 


Then, we assume that (Г, Гь) satisfy the following estimates on М 


k 
roel rp T, + ror] < —5—, 0<k< Е 
Ttrap (9.1.1) 


БЫЗ + аг] + пә*Гь| <e Se 
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Remark 9.1.1. Note that the assumptions for € in are consistent with € € r-!T,, 
see Remark|6.1.4| for the justification of these stronger assumptions. We may thus assume 
in this chapter that € € r 1T. This will be needed to deal with various commutators with 
the wave operator. 


9.1.2 Regions of integration and vectorfields 
Regions of integration 


Recall the time function 7 introduced in Definition We denote by >, the level sets 
of the function т. 


Definition 9.1.2. We define the following regions of M. 


1. We define the trapping region of M to be the set 


T 1 
Merap (Strap) ай g < 2 › барар = 10 (9.1.2) 


where T is the polynomial in r defined in (3.8.5), i.e. 
Т = r? — 3mr? + а?г + ma?. 
2. We denote Md the complement to the trapping region Мазар. 


3. We define the domain M(T1, то) to be the region of М where тү < T < т, where т 
is the time function defined in Definition [6.1.3 


Basic vectorfields 


Т and 7 are defined in М as follows 
1 


A PY 
T = B (в + qe” — 2aR(3) e) : 


Z 


1 іп0)2А 
B (a + a?) (3)^e, — a(sin0)?e4 — ELS . 


Remark 9.1.3. Recall from Lemma|6.1.12|that for |a|/m sufficiently small and ôtrap = i» 
the vectorfield Т is strictly timelike in May. 
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Also, we define the following vectorfields 
^ 1 lal? A a 1 la? A 
T = R= - ; 
2 („+ е | АСЕТ 4 Pte? 


Finally, the vectorfield T 5 that will be used for energy estimates is given by 


ТӨН E (1) 7 


т? + а? Xo 


with ô = дар and with Хо the smooth bump function 


iB 0 impe 
т = 
i 1 if |x| > 2. 
We also write 
РА " T 
Т; ='Т 7 m 
ó + X54, X65 zx 1) 


9.1.3 Main norms 


We recall below the relevant main norms introduced in section |6.1.5 


1. Reduced basic Morawetz norms. 


Mor|w](11, T2) := f r°’ V рр? try? 


M(n,72) 


—2 2 —1 2 
+f pe C vse ui IV E (9.1.3) 


Morr[w](71, т) := Mor[v] (ni, т) +f r 1 ?|Vvayp. 


My>4m (71,72) 


2. Basic Energy norm. 


E[v](7) := ra i (Уг +r Мз? + САЛЫ rp). (9.1.4) 
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3. Basic Flux norm. 


ЕК (т,т») :=ЁА[Ң (т, тә) + Fx. [U] (11, тә), 
Faod = f (a + Vab + [Vor +r lee), 


A(71,72) (9.1.5) 
Быть) = | (Was Iv v ennt). 
Ux (71,72 
4. Basic N- norm. 
NWN nn) =f (Vale eid | f vu М 
М(т1,тә) Л 
+f ШҮ (9.1.6) 
M(T1,T2)N{r<r4(1+2ôrea)} 


- f INP + sp / INP + f INP. 
M (11,72) T€[n,72] J U(r) X. (71,72) 


5. Weighted bulk norm. For 0 < p < 2, we define 


Byv](n.7) :— Мәні т.т.) + f 


My>4m (71,72 


ЖА owl? + [y]? ). 9.1.7 
UU (evene). (92.7) 


6. Higher order norms. We define the higher derivative norms Mor?^v], E*[w], F W), 
Аф, N], B; [v], by the general procedure for a norm ОП), i.e. 


Ф = У Qoy]. 


k<s 


9.2 Basic energy-Morawetz in perturbations of Kerr 


In this section, we revisit the proofs of Chapters |7| and |8} in Kerr and show that the 
conclusions of Chapters |7| and |8| also hold in perturbations of Kerr up to the addition 
suitable error terms, see the statements in section 0.2.6] 
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9.2.1 Some basic commutations with T and Z 


In the following lemma, we establish basic properties of Ёт and £z that will be used 
repeatedly. 
Lemma 9.2.1. For a horizontal covariant k-tensor U, we have 


k 
` Ebe Usus + ToU, 


j=1 


2amr cos Ө 


УтОь., = LU y,...0, + PE 


0((r? + a2)2 — a2(sin@)2A) = 
cos 0((т^ + а)? — a*(sin@)*A) БЕ Ebe Up, c, + ToU, 


V2 o,.--b, = Ё 20-5 — 44 


ja 
and 


Ет, dlU = (ГЬ), 42,90 = ro(T4U). 
Proof. First, we compute 


A 
2g( V, T, ег) =, 72 (v. (в + 2^ == ho Qus) е) 


А s 
Xbc + lage — 2аУ,%(9)с 


| ( + 2 )4 m (% = ery) € 
e. TX тх bc zx IX 5 bc 
2 lg? ^ 2 Wee 74 


—adiv (R(3))0s. — acurl (R(3)) Esc +Гь 


2acos0A  2a(r? + a?) cos 0 
= dx 7 Ebe HI% 
lal 141 
4amr cos Ө 
РЕ аа 


Since we have 
fU. = Ут  gDu T, e)Ua, a, s, 


we infer 


k 
2amr cos 0 
Уты. EE £ тыь F ШИТ ТИШ x Cyc Оы--с-- +T,U 
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as stated. 


Next, we compute 


22(V,Z, ег) 


Since we have 


we infer 
V zUs,...b, 


as stated. 


in@)?A 
g (v (a + a’) R(T) леа — a(sin 0)?e, — a) е) 


2(r? + a?) VyR(3)« + 4теь(ғ)(3). — alsin 0)? (xx + uu.) 
(r? + a?)div (R(J)) dee + (r? + a?)eurl (R(3)) €x. 


in 0)? A in 0)? А 
_ а(вїп 0) (= нт сш x) 5, — а(віп 0) (“а dec ex) Ei 


s J lal 
+т7Гь 
(= cos 9A ла =) E clu 
lal Д 
2 0((т2 2)2 _ a2(sin 0)2A 
cos O((r bey каша аы, мыр, 


ÉzUw.& = V2Ub,.-5, + g(DuZ €c)Uedg---by +, 


cos 0((r? + a”)? — a? (sin 0)? 


|444 


£7Ub,.-b, — 


j=l 


Next, in view of Lemma 2.2.13| together with the fact that (D є Гь, see Lemma 4.3.2) 
we һауе for a horizontal covariant k-tensor U 


Also, we have 


Vi(LTU a4) — £x(V4UA) = rrU, 
V4A(E TUA) — fx (V4UA) + Vg, UA = т OT, 
Va Ua) — £4(V3UA) + VaresU4 = ОГЫ/. 


A 
26,36; = 2[T, e4] = Ё + 2° — 2aR(3)%eq, «| 
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and hence 


DA x D. 
2Ётел = 20% — ў,)еь — 2aR(V 43)ve 


which yields 

Ұлы = ТЬ. 
Similarly, we have 

Vice = т ГЕЙ 


and hence 


Vi(£LrUa) — Ёт(МьША) -ғ rU, 
Va(£Ua) — Ёт(УлША) = т OT WV), 
V3(L7U 4) — £r(V3U4) = 9(ГЬИШ). 


Since T(r) € тГь, we deduce 
r, 9JU — о(Гь0) 
as stated. 


Finally, in view of Lemma [2.2.13] together with the fact that (Әт € тГь, see Lemma 
4.3.2] we have for a horizontal covariant k-tensor U 


Vi(£2U 4) — £2(ViU a4) = rU, 
Va(£ zUA) — £z(V4UA) + V gge,UA = rU, 
Va(£ zUA) — Éz(VaUA) + V gz UA = ТОГЫ). 


Also, we have 


. A2 

2Lze4 = 2[Z, e4] = pe + a?)R(J)aeg — alsin 0)?e, — ee €4 
= 2(т?°+ а2)% аса, ед) — 4re4(r) RCD) aea --ае4((віп 0)?)e, 
a(sin 9)? A a(sin 9)? A 
= m. fes, e4] qe] ———у— | 
[1 [1 
and hence 
Spe 2a(sin 0)?A ,.. 


Weer = Ar? +.a7)\RK(Vad)oeo — Area(r) (3) ава — 
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which yields 
Vice = rT. 


Similarly, we have 


Уез = INT. 
and hence 
Мь( ОА) — £z(V$,UA) = 0I4U, 
Va(£ zUA) — £z(V4UA) = О(ТЫ/), 
V3(L2U 4) = L7(V3U 4) = то(Гь0). 


Since Z(r) € т?Г,,, we deduce 


42,90 = re(I,U) 


as stated. This concludes the proof of Lemma D.2.1] 


Corollary 9.2.2. We have the following commutator identities 


[Vr, Vz|b = dTs- v), 


Ут, #0 = or *Vyy + O(ar P) + d(T, - у), 
[Vz, 0 = Е Cee ie a); "Vow + О(1)ф + rd(Ty- v). 


|444 


Proof. In view of Lemma (9.2.1| we have 


Аатт cos 0 


Von, Vale = Шта +2 ( = ) +оо) 
O(r-8)(rZ(r), Z(cos8))o + (T, Y) 


and hence 


[Vr, Vz% = о(Гь- у). 


Using again Lemma (9.2.1) we have 


Аатт cos 0 
|414 


2amr сов0 
|444 


Ve, р = Шау eve ( ) 2m 9) 


Аатт cos 0 
|414 


= er "Vy rv ( 


ЕЕ 


9.2. BASIC ENERGY-MORAWETZ IN PERTURBATIONS OF KERR 


— 


and hence, since V(r) € "Г, and V(cos 0) € Гь, we infer 


2amr cos 0 


e 7 “Vy + O(ar ?)v + 0(Гь. Y). 


Ут, р = 


Finally, using again Lemma (9.2.1 we have 


9,2 = [£z ol% — 2 cos6((r? + шш a? (sin @)2A) 
ry (-? cos 6((r? + "E a? (sin 0)? A) 

_ _ 2cosÓ((r? + шш а? (sin ЖЕ УЙ 7 

ру C cos ((r? + өле а? (віш 8)?A) 


т "Va 


) *y + ro(Ty - 4) 


) *ib + ro(Ts - v) 


— 


and hence, since V(r) € rD; and V(cos 0) е Гь, we infer 


2 W2 (uas 02 
ее Шү GEI). УГ tried: 


This concludes the proof of Corollary (9.2.2 


9.2.2 Approximate symmetry operators 


Recall the set of second order differential operators а, see Definition H.6.1] 


Sy = УтУту, 
Sop = aVrVzy, 
бұ) = а?У; Уи), 
Say = Oly), 


where О is given by (4.5.2), i.e. 


Ow) = №? (bw + 


2a? сов0 , 


ІЛЕ жуз») | 


These symmetry operators satisfy the following commutation properties. 
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Lemma 9.2.3. We have 
Sı, $], Sı, $3], |62,3) m o*(T, Ў y). 


Also, we have 


«i 

F 

Q 
| 


O(ar фф 97 (Tw), 
[Vz,O] = O()g^ v re^ (Tw), 


and 


(61, О| = Olar’ oE + 023 (Ta), 
5,0] = O(a) py ro^ (Tw), 
[5,0] = О(а?) Ph + re? (Tw). 


Proof. First, since (Ут, Vz]v = d(T, : 0) in view of Corollary (9.2.2| we immediately have 
in view of the definition of $1, $5 and S3, 

|61,2), 61, $5], (62, $5] = (ly t V) 
as stated. 


Next, using Lemma and the definition of O, we have 


vad = Hao [e “кә Tw) 
= Бе о “ф--әЗ (To) 
= О(ағ ?)g*'y + o7? (Twy) 
and 
Vz,0] = [£z,0] - к + Өле a? (sin ке o ч ғә (гы) 
~ е t == ИО , о кр + тос (Tuy) 
= O(1)g*'y + ro?" (Tuy) 
as stated. 


Finally, the identities for |651,0), [S2,O] and [S3, O] following immediately from the def- 
inition of Sı, S2 and S3, and the above commutator identities for [Vr,O] and [Vz, О]. 
This concludes the proof of the lemma. 
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We have the following analog of Lemma in perturbations of Kerr. 


Lemma 9.2.4. Given a s» tensor w solution of the equation (6.1.1). Then the commuted 
бо tensor Фа :— Фа satisfies 


4a cos 0 


Јр = УШ = — PE * Vo, + М, (9.2.1) 
where № satisfies 
ІМ| 5 DEN] + Ja[r ?[o5 Va] + [ајә + [o (T, - y]. (9.2.2) 
Proof. Since v satisfies (6.1.1), i.e. 
. 4a cos 0 
2) – Уф = БЕГІН "Vm + №, 
we infer 
. 4a cos 0 
2Wa m (Ж — m 2 Ута F Na, 
4 
i 4 0 
Na = —[Sa, PL + (Sa, View =." 5. d № + о? М, а = 1, 2, 3, 
7 E E ~ dal 
1 : 1 1 
№ - Tae Sa, 141205] + IP la" V]v — 1412 "|8, 4а сов 0V т]ф + ә 2, 
and hence 
ed cos 0 
ІМ| 5 [SN] + [Sa Ot] + [Sa VJ] + а | | Sa, Tae Ут V. a=1,2,3, 


ІМ| 5 [OPN] + 7754, la СЫ + r7? |[5., |a? V]u| + ar? |[S4, cos Ут]. 


Next, since 
Е 4А Pv = 4А 
~ (+ayqe 7 ( 


т? + а?)' 
see (6.1.1), and since T(r) € тГь, Т(соѕ0) € Гь, Z(r) € r?T,, Z(cos0) € тГь, and 
V(r) € rly, we infer 
[Sa VIO] S то (T, 2) (т, соѕ 0))|9=%0| Sr "|o? Qv), а-1,2,3, 
r^|[S,|q"V]e| S r^p (v(rylle* 5 т оГ, - 0), 
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and hence 


; 6 
IN] € [OS2N| r7 pos г, - )] + lS D] +a | s.t; ZEE a= 1,2,3, 


ІМ| 5 [OPN] +r [o5 (D, W) + 7 |[Sa, |a iy] + ar^? |[Sa, cos ӨМ т]. 


a) 


Also, we have 


| 5. ШАЙ e r^?|o* (T, Z)(r, cos6))||o?v| + r7?|I,, Ут] 


AS 


DST p) -r?l[S, Vri) a= 1,2,3, 


la | 


and 


r [S4 cosOVr]b| X r !*!v(ceos0)|S! Vry] + r77|[Sa, Ут 
5 rr + PET Very] +721164, Ут] 
< 


r ^[0 Vay| +r [0^9] + [o** (T, o) "4164, Ут] 


and hence 


IN S PENI + PET, - )| + |[Sa, Dy] + ar? |[Sa, V] v, йге 1,2,3, 
IN S |ә М|--ағ ?|0®!\/ф| + aroy] |ә52(Г,.40)| 
+ ?|[$4, la Day] + ат ?[$4, Ут]. 


Next, we use Lemma which implies 


[So Vrh] 5 [Sa £r] ar? po + [o9 Ps 0) 
5 ағ 2020 + [o*?(T, - v), a = 1,2, 3, 4, 


and hence 


ІМ| 5 PENI + ат 459 + [09 (D, H+ [Sa Do], а-1,2,3, 


la) 


INal 5 |ә N| + ar? EVY] + ar? [05^] + |ә (T, V) + 20064, |4205. 


е 


Finally, recall from Proposition that the following commutation formulas hold true 
for Y € бо: 


|8, 19 = O(ar ?Jo*^y + e? (T, - ov) + о(Гь - 15%), 
[Sn 5] = О(ағ”?)ә52)--ә?(Г)-әд)--тә(Г,. Оо), 
[S3, D] = O(ar ?)o*^y + o? (P, - dy) тә (Гь: О), 
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and 


5.82250 = | [Olar 2) ә +0? (г, 00) + Dalla E- Dav]. 


We deduce 


IN 5 DEN] + [ао Уз + alr? fo 7a] + [0*9 (T, +) | rlo (T - Jev))| 
+r (E - v)]. 


Next, recall from Remark that we assume € € r !T', in this chapter which implies 


[Nal 5 PEN]  Jalr 7 [o5 + Jar? [o | + [o (T, - р) + |ә (Гь: Cae) |. 


a] 


Plugging the model RW equation (6.1.1) for v in the last term, we have 


. 4a cos Ө 
ПЕ СЕС 
5 roS? (Te +) + [о 


and hence 


ІМ| 5 DSN] + lalr ?[o* Vay] + Ja|r 7 [0| + [02° (T, - v) 


гы 


as stated. This concludes the proof of Lemma 0.2.4) 


9.2.3 Commutation with Ур 


Recall that R is given by 


A 1 lal? A 221 142 
- e4 — es] = = 
2\r24 a2 r? + a? 2r?-- a? 


X= €4 — lag 


We use the following commutation lemma for vectorfields X spanned by ез and ед. 


Lemma 9.2.5. Let X such that X = X^e4 + X?eag. Then, we have 


i 1 
[Уь, V x] = 2 tx + XtrX) Vow + SUE (а) ту + ХЗ try) * Vy 


(e (X7) — X*(n, + m)) Va + es (X?) Va 
tO(ar ?)(X*, ХЗ) + ([X?] + |X*D (To Vau + Ty" v). 
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Proof. In view of Corollary [A.1.1| and our definition of Гь, Г,, we have 


уз, Vo] = EC ХМьф + try *Vow) + O(ar ®уф + Ty Vai +r Dost 
and 
Уа, Vi]. = EC XV + try *Vow) + (n, + G)V4V 
-FO(ar ?)v + T, Va +r T 08! y. 
We infer 


(ViVx — V x Vy) = el X Vay + ey( X?) Va + X^|V,, Valy + X*[Vo, КЕТГІ) 
1 1 
E ХМь + 2 (try *V, — (n, + т) Va + А) ф 


1 1 
+X? (zv + 5 try “Ме + Оа) ф 
+65(X*)Vab + e(X?)Vsv + (Х| + [X*] (Гуз + rT oS) 
1 1 
= gU y+ Xĉ’tr X) Vey + 268 try + ХЗ try) "NV yb 


(es(X*) — X*(n, + m)) Va + e (X?) Va 
+O(ar~*)(X*, X?) + (JX?| + Хр) (PN Vs + Гоу) 


as stated. 


Corollary 9.2.6. We have 
[la|Vs, Уау = O(ar ^?) + rTyo* y. 
In particular, we have 
ІО, УЫШ = Olar? o y + rr Y. 
Proof. We apply Lemma with X^ = 1 and X? = = This yields 
1 А 1 А 
(УЫУх- УхУЫУУ = 2 (ех - tt) Vow + 5 (“а = ТЕ ery] "NV yb 


lal? 
HVY +r Tye. 


A 
—(n, + 7) Vay — e (аз) Уз + O(ar 7%) 
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Since 
A А {2 2 ArA 
trX = —_tr.X = | — | = | Г 
lq? la? (5 1) % 440% 
А А А 
“(а) - o gs) деды (ig) eno 
2а? cos 0A 2a? cos 0A 
= О(т?)еь(т) — i ees 0) ==, -—— аз» + rT, 
and 
—" 2 2 0. 
Ha S a(q 0 кыре: а Еп, 
4 і44 
we infer, using also *9 = —29, 
2rA 2a? cos 0 м Е E 
(УУ х = VxVy)v m ПЕ View | (Т (3), х + O(ar 3) ЕГУ +r QUEE 


Also, note that 


1Х(44%) rX(r) 7 т ( А ) E 
X = = БО) (cos) = авар — ——ез(т) ) +r Г 
= zd 
4 
and hence 
9 Уь, Ух] = ІШУ Ух] — Vx(lal) Ve 
2a? cos 6 
з-с ЕГ *RG)Vx + Olar Jy + rT Va + Гоу. 
Now, notice that 
5 . _lal? 
т? + а? 
апа 
lal? 412 4 
Vo (=> = xn еь(т) + coso DI еь(сов0) 
да? сов0 
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We infer 
2 
lav Vale = [uiv a ax] 
2: iur [lal Vo, Vx] + |a| V; (=) Уху 
"2 + a2 + а? 
= O(ar 2) +rlyVav + Tio 
as stated. 


Next, we compute the commutators [V р, Vr] and [V a, Vz]. 
Lemma 9.2.7. We have 

[Vr Vg] = О(атт “уф + (Po: V), 
= O(a^r?)) + rd(Ty- Y), 


«1 
> 

< 

D, 

= 
| 


ата 
[Va Va = O(ar ?)Vzy + O(amr *)y + d(T- 9). 
In particular, we have 
[VE $i] = O(amr ^)o Sly + 022(Гь ë №), 
[М a. S2] = O(a?r ?)o* ly + roS? (T, 
[Va 53] = O(a 4 r 3jo Sh. rdS? (T, 


Proof. In view of Lemma 9.2.1| we have 


Аатт cos 0 


Ve Vao = (там R (EERE) "vam v) 


- (tet) cone 


O(amr™) + ә(Гь-%) 


and 


[Vz, Valv V 4- ro(Ty- v) 


5 ( 2cos0((r? + а)? — a? (sinB?A)N , 
жел + Т; ) 


_ с я аш ПЕ ro(Ty - v) 


O(1) R(cos0)u + O(r?) (т) + rd (Ts - 9) 
= О(ат”%)--ғә(Гь- 9) 
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as stated. 


Also, we have 
Vsvge = [vest 


= Ут Való + Oa Ivo, Vah – 8 (sia) К 
O(ar ?)Vzw + O(amr *)v +T,- v) 


as stated. 


9.2.4 Тһе modified Ó operator 


The commutation properties of the operator О with Dy, see Proposition 4.5.3) аге not 
good enough to derive energy estimates for Ow with v € 52. In the lemma below, we 
introduce a modified operator O which enjoys better properties. 


Lemma 9.2.8. Let 


a(r? + a? + |9?) соѕ50 , , | 4a?cos0 
a vee TP 


Ow := Ov 4 Vz "y. (9.2.3) 


Then, we have 


1 А 4 0 22 
igi [P (Bn v SOE" Ve) бр = Ofer t) qa er 


HOST, - 4j) +r, Dy. (9.2.4) 


Proof. Recall from Proposition that we have 


ЕШТЕ Ою = -Y a 
| 412 


E? (T, - дф) + D30(|¢/?- Dav). 


) УУФ 7) + O(ar ?) V2 05! 


We infer, using the fact that |g|?V only depends on r and satisfies |4|9/ = 4+ O(r7'), as 
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well as the computation of the commutator [Ут, O] in Lemma 9.2.3) 


= Ш (%-у- d va) о Ü 


4/2 
= — lal Jo; OJy + pl cos 0 “Ут, Оу + O(r 1) pSV (r) - pty 


2 2 
= = Е m ) = УУ "р — 8aV (cos 0) - Уут *v 


+О(а2772уу Ro tY + Olar? ty 
+0? (Tg: 0) + Dao (lal*£ бадр) + r0 (Ts) +09 T0 


Since € € r^ !T,, see Remark [9.1.1| we deduce 


1 . 4 0 
gs (la? ( ә-У- = Vr) ој 


|412 lal? 
2 2 6 
= -y Е ae уез ) УУФ р — 8aV (cos 0) - Уут "р 


+0(a?r~*)V ро + O(ar ?yo5 + oT, : a) 


and hence, since T = Т + 752. 


1 . 4a cos 0 
1-19 lal? 2 -V + 2 “Мт ‚О yY 
4 [1 


2 2 2 6 8 2 6 


-FO(ar ?)V ро" + Ofar? o ty + dT, : ab). 


Next, recall from Proposition that we have 


Ут, Јр = O(ar *)oS + o(T, - 0) + Гь: О. 


Given a smooth function fi(r,cos0) such that fı = O(a), Ә.М = O(ar ?) and oso fi = 


9.2. BASIC ENERGY-MORAWETZ IN PERTURBATIONS OF KERR 


O(a), we deduce 


[fi(r, cos 0) V, 


1) УтУ 
СА) + аг) о 


filr, cos 0) [У, Clo] + [fi(r, cos 0), 
= -3gV.(f) Vs vi + О(| 
+о(Г, dW) + Гь: Do 
= —20.fi(r, cos0)g^? V. (r) VaVq 
—~20coso (т, cos Ө) V „(соз 8) V eV rY 
t O(ar ?)05 y + o(T, - 0) + Гь: Do 
= —20c0s0f1(r, cos 0)V (cos 0) - VVqw 


+O(8rfi)V Ут + Olar? yh + o(Dg - dy) +r- 


= -2V(fi(r,cos0)) - Уту 
-FO(ar ?)V g0* y + O(ar ?)05 + o(T, әр) +T- 
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Joy. 


Also, recall from Proposition that we have 


[Vz, 


dv = OrPo y +T,- oy) + rT: 


Jy. 


Given a smooth function f2(r, cos 0) such that f? = O(ar ?), д. = О(ат 3) and Oso f2 = 


O(ar~*), we deduce similarly 


[fo(r, cos 0) Vz, 


dé = М(г,сов0) [Vz, 


—2V (fo(r, cos 0)) - VV zw 


-O(ar ?)Vgo*!y + Olar? Joy + ә (Г, 0v) ++ Г.Г 


Setting 


4a(r? + a? + |q|*) сов0 
lal? 


fi(r, cos 0) = 


we infer 


4a(r? + a? + |q|*) cos 6 


Ут 


i al + о (т, cos 6), 


4a? cos 0 


ЙКЕ 


, f(r, cos 0) — 779 ? 


23 


Г, 


la? lal? 


ar 


8a(r? + a? + |ч|?) cos 0 
=~ И? | 


+О(ат ?)V рор + O(ar ?)o* y + 9 (T, 


ор) +Ty- | 


(= ее) 
lal? 
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and hence 


412 lal? 412 d 
9/4 2 6 2 0 
E 8а” (sin 0)* cos VV ру За” cos VV 
lal? lal? 
+O(ar~*)V go tY + O(ar ?)05 y + o(T, - ov) + Гь: Doy. 
Setting 
Е Ші ай 2 2 
бу ора Aa(r* +a +101 507 T 4a at, А 
lal 141 
we infer 


lal? lal? 


T0À(T, - )) + Гь: Do 


as stated. This concludes the proof of Lemma 0.2.3) 


9.2.5 Additional energy flux and bulk quantities 


We recall below the relevant main norms introduced in section |6.3.1 


Pointwise notation 
Definition 9.2.9. We introduce the following pointwise notation for р € бэ. 
1. We denote 


ШЕ 


МЕ 


[ЛЕ 
1 


Ig 
ll 


2. Given a vectorfield Y we denote 


M= 


КЙЕ ууа]. 


1 


Ig 
ll 


d. Ш (9, _y 4a cos 0 va) Rus pa t |417) cos 0 -E An? соз 8 


1 - Да cos 0 с 
TI ІШ ( gp Ve 2. Ve] E v = O(ar ?)Vgo*y + O(ar ?)o* yp 
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Degenerate energy norm 


Definition 9.2.10 (Degenerate energy norm). We define the following degenerate energy 
fory € во along X(T): 


А 
каме f. (Ivo vtile ner. 


Refined Morawetz norms 


Definition 9.2.11 (Refined Morawetz norms). We define the following Morawetz norms 
for р € sə. 
1. The degenerate axially symmetric Morawetz norms in М = M(t, то): 


m T? (m _ 
ыы Nf тє (Tay? + цу), 


Mork, (ті, 72) 


n m _ T? ұт _ 
мо тт) = |00 уш" +o I + > (Sve + Чу). 
M(r1,72) Т T T 


2. We also define the higher degenerate and non-degenerate Morawetz norms in M = 
M (m, T2), for a scalar function z: 


Mors ает, T2) := f Eak on (Iva pu), 
Mors атт) = [RvR + ө + (Iva [e Ivo? 
wherdl] 
t= Vu] = ЫШ», Re] = a (ZR), 


with z a suitable function of т to be chosen later, and with the scalar functions RE 


given by (3.5.8), i.e. 


Ri = -(?.gy, R%=-2(r? +02), Re-l KeA 


‘Note that z, R and A are functions depending only on r so that д, in the formula for ЖЕРІ вішіріу 
denotes differentiation w.r.t. r. 
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9.2.6 Basic energy апа Morawetz in perturbations of Kerr 


Let M satisfying the properties in section In particular, we assume the estimates 
(9.1.1) for (Гь, Гь). We now state the main results of section whose goal is to show 
that the results proved in Kerr in Chapters [7] and [8] also hold on М. 


First, we have the following analog of Proposition [5.3.7] 


Proposition 9.2.12. For |а| /т << 1 sufficiently small, the solution w to the model gRW 


equation (6.1.1) satisfies in M 


Мотае (т, T2) S sup Ед-|Ф (т) + ôn Faly] (Ti, 72) + РУ, lY], T2) 


ni 72] 


«f ar? (VÀ + | Vl?) 
M (71,72) 


9.2.5 
f (vale rein ee 
M (71,72) 


+e КО SE Bilin.) 


Also, we have the following analog of Proposition for perturbations of Kerr. 


Proposition 9.2.13. For |a|/m < 1 sufficiently small, the solution 2) to the model gRW 


equation (6.1.1) satisfies in M 


Eaeg (т) + Fx. (т, T2) Еа (т) + ӧн (Е о) + ЕА (ті, 7))) 


n Үш? | М (9.2.6) 


«f P + e ( sup ttn + вам). 
M (71,72) [ 


71,72] 


a 
+ мон (т, т») + 


Next, we have the following analog of Proposition for perturbations of Kerr. 


Proposition 9.2.14. Гей) a solution to the gRW equation (6.1.1). Also, recall the norms 
Еф] and Mor[v| introduced in section|6.1.5| 


Mory>2r, lY] (ті, т) S sup Es, lY] (T) + r1 Мот, «27 (ту, T2) 
тЄ[т1,т2] (9.2.7) 


+ № [os N](t1, T2) + є$[]Ф](т, тә), 
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and 


sup Ej»lvl(r) SE«Iv](n) + «nv, N] (Ti, T2) + ті Мот, crear I] (ri, тә) 


T€[r1,72] 
| | (9.2.8) 


+ 21 Мот» (т, т) + «Вз (т, 72). 


p 
Next, we have the following analog of Proposition |6.3.10| for perturbations of Kerr. 


Proposition 9.2.15 (S-derivatives Morawetz estimates). Let the scalar function z given 
by 

A 
(r? + a2)? 
Then, for |a|/ m <1 sufficiently small, the solution v» to the model gRW equation (6.1.1) 
satisfies in M 


Mors дед [vj m Й T2) 


2: (5% Еа) + ӧн Еда] (т, т) + Еу, рат, J 


[71,72] 


z = zo — 002, 20 = 


MAS 


a=1 


[71,72] 


t Е Ел«((Ут, PELIT) + ӧн РА[(Ут, Б (т, тә) + Р (Ут, 9)^ (т, J 
i (г> Eas (Ут, PLIT) + 6ңЕА(Ут, 9) 20) (т, т) + Е, [(Ут, p) (ті, м) 


4 
2» (IV gua] 4- 77 ШАЛМА +e | sup ЕЗ (т)-- В (т, т) | - (9.2.9) 
а=1 Y M(71,72) [71,72] 


Finally, to show that Mors, controls v in M, ‚› We will rely on the following lemma 
which is the analog of Lemma [6.3.11|for perturbations of Kerr. 


Lemma 9.2.16. For до > 0 small enougl?| and |a|/m < óo, there exists a universal 


constant co > 0 such that the following holds on P 


P (Ives. env.) ero m cr (Ут + Vz e revy) 
—O(ar ?)| (Vr, 9) 102%)? +Ю„Е©® + Err. 


Recall that the constant бо > 0 is involved in the definition of z = 20 — 6022. 
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where the 1-form F denotes an expression in w for which we have a bound of the form 


f (71,72) 


2 (5% Ea (Vr, PEYI) бу ҒА(Ут, Б (т, т) + Fe. (V. 9)* wenn) 


[71,72] 


Nie 


1 


x (5% Еа. (Ут, HEYT) + бу FA((Vr, 9) 20 (т, тә) + Fe. (Vr, #) ме) 


[71,72] 


and the scalar function Err. satisfies 


/ |Errel 5 m a E 
M 


[71,72] 


The rest of section is devoted to the proof of the above results. Propositions (9.2.12) 


9.2.13| and 9.2.14| are proved in section |9.2.10| and Proposition |9.2.15| and Lemma 9.2.16 
are proved in section [9.2.11 


9.2.7 Acceptable error terms 


Recall the definition of the energy-momentum tensor associated to the model gRW equa- 


tion (6.1.1), see (4.7.2), 
Ош = Duh Di — вш (Day DY + Уф-ф) = Әу) Dr — жеі0,(9210) 


When revisiting the proofs of Chapters[7/]and|8]in the context of admissible perturbations 
M of Kerr, we generate additional terms. We introduce below acceptable terms. 


Definition 9.2.17 (Acceptable error terms). The following quantity 
F""Q,, [V] + G^v - Div + Нр? 


is said to be of the acceptable type, and denoted Good, if: 


e Кы € Ty, and all other components of Fy, belong to Гь. 


e All components of G,, belong to Ty. 
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e HE FD. 


The justification for Definition |9.2.17|is provided by the following lemma. 


Lemma 9.2.18. Assume that the quantity 
FY Q,,[U] + Сер: Duy + Aly)? 


is of the acceptable type in the sense of Definition Then, it satisfies the following 


estimate 
d (ті ,72) 


ы (1,72) 


Remark 9.2.19. Recall from Definition that terms of the acceptable type are de- 
noted Good. In view of Lemma |9.2.14 we infer that such term satisfy the following 


estimate 


PO [i] + а) Dui + HPP] Se sup Ет) 


[71,72] 


and 


FQ, + G^) - Dy + НЕР < еВ: (п, т). 


f |Сооа < € (5% Elw|(7) + эйту) А 
м 


ni 72] 


Proof. We start with the control on Мар. We have, using the control of Г, and Гь, 


1. (ті T2) 


1 

«1,12 

“/ 1--баес 0 Ф| 
M trap(T1,T2) Tirap 


UL, яв) 2м 


є sup Ely) 


те|т1,72) 


2 


F” 0 Дф] + Сер: D,y + Нр 


MAS 


MAS 


MAS 


as stated. 
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Concerning the control on M. " we have 


li 


рО] + GU - Dui + ні 


Аы 


2A 
= 


ШАСЫ + го) 


2A 
= 


1 (зо +r potu) 
J (71,72) 
їтїр 


(ШТ je r= pps 
) 


< “/ 
M , 
a 


5 «В (т, т) 


as stated. This concludes the proof of the lemma. 


Next, we introduce the linearization of the quantities F,,, С, and Н. 


Definition 9.2.20. Let F 


w, Gy, and Н. We define their linearization as follows 
Е = (Fur) + Еш, СТЕН САРЕЗ И Н = Hy + Ё, 


where} 


1. the quantities 


(Fa) x, (Емдк, (Ёзз)к, (G4)x, (Сзук, Нк, 


are given as explicit functions о} (т, соѕ 0) coinciding with the corresponding expres- 
sions in Kerr, 


2. the quantities 


(Eig, (Еза)к, (Ga)K; 


are given as the 1-form (S), multiplied by explicit functions оў (т, соѕ 0) coinciding 
with the corresponding expressions in Kerr, 


3This reflects the fact that in the principal null frame of Kerr, the only nontrivial 1-form is #(3), and 
that there are no nontrivial symmetric traceless 2-tensors. 
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3. the quantity (Fay) к is given by the the symmetric 2-tensor “а, multiplied by explicit 
functions of (r,cos@) coinciding with the corresponding expressions in Kerr. 


In view of Definition |9.2.20| we can decompose the above expressions in their main part 
and error terms as follows 


F"Q, [y] + Сер Dib + HWP = [FY Old] + Gv Du + HIDE] + Err, 
[P 9,4] + ар. Du + HP] — (Р) Оё] + (Gab р + Ho [92-11) 
Err = FQ, |] + Ge - Duy + ALP. 


The proof of the results of section will rely in particular on showing that the extra 
terms in perturbations of Kerr appearing in the various divergence identities involved in 
energy and Morawetz estimates are of the acceptable type in the sense of Definition [9.2.17 
ie, that Err € Good in (9.2.11). 

9.2.8 Some deformation tensors 


We star with computing the deformation tensor of еҙ and ед. 


Lemma 9.2.21. We have 


(9.2.12) 


and 


(9.2.13) 
баь + Ге; 
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Proof. We have 


A 
(ез) тад = 2g(D4e3, ед) = — 800 = 49, (аз) + Ls 


(e)ma, = g(Dses,e4) = 4w = Гь, 
сез) таз = 2g(Daes, ез) = 0, 
(ез) тд, = g (Dues, еа) + g(D,es, ед) = 207, =) Ca) 


aq aq A. дат |i. 
- (е E)n) n rn. er, 
la? — |a? ” Jq 4 


its = В(0Озез, €a) + (Dees, ез) = 26, = Гь, 


(ay = g(Daes,es) + g( Dies, ea) = Xap + Xap = © Хдаь + 2X p 


2r 
= — даь + Гь, 
lq] 
and 
Ea) qaa = 2g(Dse,, ез) = —8u = Гь, 
Д 
4) ад = g (Dyes, ез) = 4w = —20,. (а) + Ls 
eq = 2g(D.e,, €4) — 0, 
°“)т„ = g(Dse4, ea) + g( Dae4, ea) = 2(% + Са) = Гь 
LoT = (Оле, еа) 3I (Оле, ед) = 26, = Го» 
“та = g(Dae4, ep) + g( Dse4, €a) = Xab + Ха = tr Хбаь + 2% 
2т А 
== —— dab + Г Й 
|а|“ i 
as desired. 


Recall that we have 


r2 + а? 


DER ЕГІ A 
es (ле aae | 


Recall also that 7; $e T on М. di by construction. We now show that particular quantities 


pw О „10 are acceptable error terms. 
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Lemma 9.2.22. We have 


(gm Оф] = Good, (aw Оф] = Good, Tru Qiy] = Good. 


Proof. Since 


де 
| 


(| 2, ^ 
e 
2 paige т2 фа? 9)? 


1/ 142 А 
= e 
2 pagi т2 Ба? 3): 


с) 
| 


we infer 


— 
——— 


Bat, Олы, = О(1) т, + OL), + O(r-!)exr) + O(r)es(r) 
+O(r~")e4(cos 0) + O(r-')es(cos 0). 


In view of Lemma |9.2.2 апа the fact that ex(r) € rly, while the other components behave 


better, we infer Ary, D € Г. 


Also, we have for the particular case u = v = 4 


Do Um 


(ул, (лд = O(1) (a) T44 + O(1 ) єз )T44 + Or Че ex(r) + O(r~')e4(cos 0). 


In view of Lemma [9.2.21|and the fact that ег) ) € "Г, while e4(cos0) behaves better, we 


infer Œ Dr AE (T Г) тад els 


— = — 


Since we have shown that (л, OR ET, and (Әт, Dry 6 Г, we have, in view of 
Definition [9.2.17 


(ти О [v] = Good, (Dau О „1р = Good. 


Also, since T; = Топ М ed we also have (7 Dr ET, and ти 6 T, and thus 


(Әт дф] = Good. 


This concludes the proof of the Lemma (9.2.22 
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9.2.9 Poincaré inequality 


Recall from Definition that the spheres S(r,r) are covered by three coordinates 
systems (22,22), (xb, r£) and (214,12) so that we have the following control on each 
corresponding coordinate chart 


qax | — (бат) 5 76 


where дь denotes the induced metric coefficients in these coordinates systems, and (ga,m)be 
the corresponding expression in Kerr. 


The following Poincaré inequality is the analog of Lemma in perturbations of Kerr. 


Lemma 9.2.23. For i € $5, we have 


2(1 + O(e + ат”) 
|. к ЕИ »[ We — O(a +6) [ (уф? +r-2| Vee) 


2) | узр, 


Proof. We denote by ej, b = 1, 2, an orthonormal basis for the horizontal structure asso- 
ciated to (ез, ед), and we look for vectorfields X?, b = 1,2, tangent to 5 as 


ХР = ey – а(3)ьТ + А№ез + Ае, b= 1,2, 


for some 1-forms А and A. The vectorfields ХФ, b = 1,2, are tangent to S(r, r) if and only 
if X?(r) = XP(r) = 0, and hence, if and only if 


= V(r) — aR(3)T(r) + Aea(r) + Aea(r), 
= V(r) —ak(3)T(r) + Аез(т) + Ae(7), 


or 


Мез(т) + Aea(r) = —V(r) + aR()T(r), 
Аез(т) + Aea(T) = -У(т) + aRG)T(r). 


Since we have 
A 
e4(r)ea(T) — e3(r)ea(T) = ре” + ел(т) + O(e) 21+ O(€ + ôu) > 0, 


we infer the existence and uniqueness of (A, A) with 


+ 5 [V(r) - aRG)T(r)| + |V(7) — aR) T(r). 
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Together with 
915-556 TOSE  ITO-1£e  Ivo)-aRQ) Sre, 
we deduce 


a] 


BEDS Ss 
: 


Coming back to the tangent vectorfields 
XP = ey—aX(3)T + Aves + Ае, 5-1,2, 
we infer 
g(X P, XE) = dre — 2a RIRI). uud )PPRToR(Te + aA RI) + AARK(T)y 
ka SR). +a AR), - АА, Ads 5-1,2, 


g “Tae 
and hence, since |A| = O(r~te), |А| = O(r~*e), |R(3)| = O(r), 
e(XP,X°) = б. + О((а2 + )т72), 5-1,2. 
We deduce 


VS = (14+ O(a? +e)r-)) (v + Oar) V4 + O(r-e)eg + O(r- бе) 


(1 + O((a? + &)r-)) (v + O((a 4- ду O(r-'e)es). 
This yields 
[Vy]? = [Уш — Ola + e) (Ve? +r? Vry) – О(ег 2) Мә 


so that 


Z ll S 2. — 2 —2 2 _ —2 2 
[ive я [iw "m Olate | (Ive pr va — Oler [Ives 


Next, recall from the proof of Lemma that in the three coordinates systems of 
Remark [6.1.8| we have 
2 


max 192 ( (Яст) ааъ — r? (Ys2)zazo)| < a 
b,c=1,2 


344 CHAPTER 9. ENERGY-MORAWETZ IN PERTURBATIONS OF KERR 


where 05? denotes at most 2 coordinates derivatives, and (^s2),4,» the metric coefficients 
on S? in the corresponding coordinates system. Together with Definition |6.1.7| we infer, 
for the induced metric on S(r, т), 


par (СИЕ - т” (752) nae?) | S a? s re, 
We deduce in particular, for the Gauss curvature Ks of S and the area radius rg of S, 
1 E = 
Kg = a (1+ Ole o ат гу), rg = (1+ О(є + а?т Ы)” 


Applying the effective uniformization result of Corollary 3.8 in [52], we obtain a map 
$ : S? — S and a scalar function u on S? such that 


2% = (rs) eys, [|22 (uo ras S (ағ rs. 


We infer, relying on the well known Poincaré inequality for v € s5(S?), see for example 
36}, 


1 
(АЛ, = — (1+ O(e + ar^ ?)) [rotor + 50 (e „+ а2т 2) f. |642 
5 


: 
> Sot e t a?r ?)) fiev? 
> / (1+ Oltar) 
S 
and hence 
[iver E m Olate) f (уз? -r?Ivss) -0 ЛА 
2(1 + O(e+ ar?) 4 
> а ІШ 


-Ofat e) | (VYP 3а) - Ofer) f Vav 
S S 
as stated. This concludes the proof of Lemma [0.2.23] 


9.2.10 Proof of Propositions (9.2.12, 9.2.13| and 9.2.14 


Preliminaries for the Morawetz estimate 


We start with some preliminaries for the Morawetz estimate. Let v» € s, (МО) be a solution 
of (6.1.1), X a vectorfield of the form 


X = ХЗЭез X". 
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w a scalar and M a опе form. Define 
1 ; 1 1 
P lX, w,M] := ОХ" + 29) “Б,ф- РІШ ouw + 1I P My. 


Then, we have in view of Proposition [4.7.3] 


D"P,[X, w, M] 


2 
mE ( "o +1] ^T) V хае, хзезу * "V 


1 
= 53 (aX moo + trX HX") ‚уф. р 


1 1 1 1 
22: Mn — -X(V)|up + 50610] = 11% 810 


+ QDIQUPM) + (vx E еше) (Eo - v) 


r° (XT, + Х*Г„)оф.- y. 


We make the following choices for (.X, w, M), consistent with the ones in Chapter 


1. X of the {ур 


2 2) a 2 A 
еле EE REN 22. " 


X — 
n A қ 2(r? + a2) н 2(r? + a?) 


where F = F(r) is such that F/A is a smooth function of r, and (ғд,)“ (г) is 
uniformly bounded on М. In particular, there holds X = X%e3 + X^e, as antici- 
pated, with X? and X^ smooth functions of r such that (ғд,)“ХЗ and (rd,)*X* are 
uniformly bounded on M. 


2. The scalar function w(r) is such that w/A is a smooth function of r and (r8, )"(rw(r)) 
is uniformly bounded on M. 


3. M is of the type 


ve A ^g 


where the scalar function v(r) is such that v/A is a smooth function of r and 
(r8, )*(r2v(r)) is uniformly bounded on М. 


^Recall that we have in Kerr 
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We have the following lemma. 


Lemma 9.2.24. Using the decomposition (9.2.11), we have 


1 1 1 1 
D"P,[X, w, M] = E COR — 3X Iv T 50610] - 1 gU + 


—( "o n^n)Vxa xs V: 7) 
1 
5S (X HX? + eX HX*) уф. *ф 


1 А 
where Good is given by Definition [9.2.17 


Proof. First, since (r0,)*X? and (rd,)*X* are uniformly bounded on М, we easily check 
that 


т? (E + X*T,) op -w = Good 
in the sense of Definition |9.2.17| Together with the above, we deduce 


i 1 і 1 
D'P,X,w,M| = 59: Кы 5X (VIO + 5w£[v] – x hol Dew 


-( + n ^9) V ҳа, хзезф "V 
1 
-;S(uxux* +trX нх?) ‚уф. ер 


+тръ(ерм) + (vx + T - (Cy — УФ) + Good. 


Next, applying the decomposition (9.2.11), and using the fact that X4, X?, v and w are 
functions of r, we obtain 


1 1 1 1 ls 
;Q: Or- zX())WP ші — ziy Osw + мМ М) 


= |0. Or- охи) + әш — 


+ Err 


1 i 
| Y| Ogw + jDiv(wl M) 


K 


where 


Ет = 59. Wr - ХУ) - Оо + ШУМ). 
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Since 


ж 
= 
l 


с 

9 (60), vt) 

Div(M) = Mr: a 4 (7) 
= гг +0 (т -5/2) Div(R 


= 0), e4(cos e) = r °T, = rT}, 


09 
g 
| 


кете (т) + rT, = rly =r Ty, 
), V(r Ope) Div(f) 

v(R) = r7 3T, +O (7-5) Div(f) 
we infer in view of Definition (0.2.17 


Ет = 10. Or +0 (r -5/2) Div(R ) ||? + Good. 


c — 


Also, recall from the proof of Lemma 9.2.22|that (Әт € Гь so that Div( R) € Гь and hence 


O (r) DR = О (P) ruit? = О (угуу = Good 
so that 
Ert. 50: (Өт + Good. 


Also, in view of the definition of X, we have 


Om, = O(1)9m,,, T Op (esr), ear), Vr) = O(1)9m,,, t I 


(Оты = O(1) Parag + Olr helr) = O(1) ru + T's, 
which together with Lemma [9.2.22] implies 
О. On = Good 
and hence 
Err = Good. 


This yields 


1 1 1 1 1, 
50. Or- EX QI + wL- Н?Г (ЫМ) 


рк (д? М) йрй 
К 


20. Or - 2X (IP + ушу] — ео + 


2 2 
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and thus 


1 1 1 1 1. 
Lo. Or- 1X Qo + e£] — EPO + (М) 


рер, Х,ш,М| = | 
K 
(рл) Уха, хз) 7) 


1 
-59 (ихних? 4 trX HX") уф. 7% 


+ (7х4% zov) - (Da — УФ) + Good 


as stated. This concludes the proof of Lemma (9.2.24 


Proof of Proposition |9.2.12 


We choose (X, w, M) as in Chapter [7] 


1. X is given by 


Sq d. 
хер LOR рер 

Д 2T (r? + a?)* 

2- ; f=- ; һ- , 

(r? + а2)2 (72 + а2)8 r(r? — a?) 


i.e. z, f, h correspond to the choices made in Proposition and X is given by 


2. The scalar function w(r) is given, as in Proposition |7.1.8| by 


ш = —z0,(hf). 


3. M is given by 


2 2 
(r +а)в 


M =v(r) X 


where the scalar function v(r) is the one of Lemma and satisfies in particular 
v(r) = O(m! Ат). 
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Next, we introduce the expression 


Ex|X, w, M] == 


1 1 1 і 
20- Om - ZX (VWI + соси) — 2 РО 


(9.2.14) 
= мм] 


K 
Notice that Ex[X,w, M] coincides in fact with the quantity E[X, w, M] in (7.1.8). Thus, 
we have according to Proposition 


1 
la £[X,w, M] = и о LM. | 
where the coefficients A and ЦЕ are given by (7.1.27) ара (7.1.28) respectively, and the 
principal term P given by (7.1.26), i.e. 
Тт? +а? 2T 5 ; 
PS - 
m vu 


r r2— а? 


Дат 
(P+ а)? 


Vas) - vao) | 


Next, as in (7.2.7), we define, for 6 > 0 sufficiently small chosen later, the following 
quadratic form 


Qr;[U] =(1 — 6) AIV a? + (v +(1- dra p = =) wh? 


: (9.2.15) 
PP. H 2 
+ gla (рем) 
so that, in view of the above, we have 
277 
2 s 2 Е " 2| , 
4 Ек |Х,ш, M] = SAV «v +ôP + (1 б) (ғ r(r? + a2)2(r? тау Ў ) | Qr; [р]. 
Together with Lemma [9.2.23] we obtain the following analog of (7.2.8) 
m Т? 1 
Мех, м > в f (ivt + Giver) + бадам 
S S NAT T [1 
-Ola + or) | (буш? + утә?) - Ofer) | Vaw 
—O(er^! + ағ” » | (r-?|wp). (9.2.16) 
S 


Also, in view of the definition of Qr;[v] in (9.2.15), Lemma applies to Qr;[v], and 
hence, for |a|/ m < 1 and б > 0 sufficiently small, we have 


Оһ] > O(5)(m|Vg9l cr Фр). 


Together with (9.2.16), we deduce the following analog of Proposition 
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Proposition 9.2.25. There exists a small universal constant co > 0 such that, for 
la|/m <1 and є > 0 small enough, we have on M 


T? 
[5950 2 af н Ж 
Oleri) f (IVP? Er уш) 0e »f узр 


In view of Lemma |9.2.24| and (9.2.14), we have 
D"P,[X,w,M] = £x[X,w, M] - ( "o -n^n)Vxss ха 7) 
1 
-;S(nxux* +trX нх?) ‚уф. р 


+ (ухо + T - (El — VY) + Good 


with Eg|X, w, M] a the estimate of Proposition |9.2.25| Also, following the com- 


putation leading to , we have 


т? + а? 
V X4c4— X563 == DX ve 


and 


A 2 
S(uxmx*eexux).v - UT Mag) Vr? 


lal? 


Да?т cos ӨЛ (т) r^ +a? 1 

= no Vs por 
CETATE (vz + a(sin 0) PE Уг) +r TV 
Да?т cos 0.F(r) 


+a 7 


Дат cos Ө(ѕіп 0)?.F (r) 
416 


which yields 
D*P,[X,w,M] = Ex[X,w, M] - ( %- пл п) V xie,-x3eU - "b 


. т? Ба? 2азт cos 6(sin 0)? К 
-( p ^m) A + "s L) уро: v 


 2à?rcos0F(r) 
(r? + a?)|q* 


Уф. wt (7х4% T) - (Eo — Уф) + Good 


where we used the fact that r-'TywVw is of type Good. 
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Next, following Section |7.2.2| we consider 


1 / i 1 / 
Р„|0,ш',0] = zv Y: Duy — ТІШЕЛІЕ 
, 4mAT? 


U 1p2(r2 + a2)’ 


for some бу > 0 small enouh. Lemma [9.2.24| applies, and yields 


1 1 1 | 
D"P,[0,w',0] = E - 29 er + gU V (Сә — V4») + Good. 
K 
We introduce the expression 
1 1 
£x |0,w', 0] = – =? et (9.2.17) 
2 4 T. 
which yields 
D"P,|X, w +w’, M] m Ex|X, w, M] + €x|0, ш", 0] 
А т? Ба? 2а3т сов Ө(вїп 0)? К 
-(( p+nAn) : SE ф 
А lal 
2a?r cos 0.F(r) 
— Va - * 
(erage ur е 


+ (хе + C + vv) - (Ds Уу) + Good. (9.2.18) 


Also, in view of Section |7.2.2| we have 

lw ш (r? + a?)? 

2A 2A 
1/1 j j 

-5 (s [Dew] — Іоу). 


Proposition |9.2.25| together with the choice of ш” easily yields, for ду > 0 small enough, 


Т; 
la £x[0,w',0] = г? + а) |У рф? — [Vav]? + J“ lal’ [Vy]? 


f (Ex1X, w, + Exo, w0) 
S 
2 
> а (Sivit + T (Sive + river) ert) 


—O((a + e)r7}) І (Vel? +r-7|Verw|?) – O(er?) f IVav|?. (9.2.19) 


Finally, we derive the following analog of Lemma 
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Lemma 9.2.26. We have, for arbitrarily small positive constants 05, 63, to be fixed later: 
1 i 
(vx + T ; ( 2 — V) > = T Sat -= ne Ee "уг? 


ой XIV +r А 
2. ^r 9)! Vz]? + О(ат %)|9|2-- Good 


D, (E Ê +o) RHI ve) 


(9.2.20) 


2a cosÓ z 


т“ 
lal? A 


= D, 


(r? + а?) рр: Vg D 


and 


А т? Ба? 2азт сов Ө(вїп 6)? 
( pn^) А-Т M L) Fv | 


2а?т cos OF (r) 
(r? + а2)|4|4 


1 
< ПОЕ "Ул? + |У? | + Olar îy? + Good. (9.2.21) 
тб \т? ri 


Proof. According to equation (6.1.1), we have 


(Vw + jov) Cw- vo) = (vxo 5o (- Аа cos Ө Wee). 


lal? 
We have 
EN к T 822 
= - [ASS (wae suo) Coo) 
[1 2 К 


+O) лл Ут O73 mad Vg OC: "Va Val 
+0(r-*)(R(r), (сов), T(r), T(cos 0) |o 


where the first term in the RHS is the one computed in the proof of Lemma 7.2.2} i.e it 
verifies 


(vxo Swe) (20580 рр) > уро + OG vast + О-о? 
K 


D, (PET or ey ago Ve nu) 


2a cosÓ z 
-D, (т PE AC Р а?) Ур 3). 
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Also, since (Әт, (Әл, е Гь, R(r), T(r) € ry, and R(cos0), T(cos0) € Гь, we have 


xm > T : (Vas) 
D 5. + T) 1072] QUI Ty 9 Vp +r Ty d Vg "V 


+O(r~?) - *[Vg, Ут] +r Typ. 
Moreover, we have 
[Vg Vr]U = Урт +R" „оТ 
Гь. (Va, Va, V) + ЯЗВ guped I” + RARE Lp T” 


and hence 


IVg Valv = Гь: (Vs, Va Vw + (001) % O(ar7?)(8,8))v 
Гь: (Уз, Va, V trl, 


which yields 


erede) ene 
5 E (vx + zov) Ei "Voy)]. +r’ - (Va, Va, V) +r ?Ty|yp. 


In view of Definition 9.2.17|for Good, we infer 


4a cos 0 
lal? 


4a cos 0 
lal? 


+ T : ( *Уту) = -| (хе + T) . ( КЕЛЕ + Good. 


Together with the above, we infer 


1 4а cos 0 Т? 
(vxo oo) ( 466 vae). > ATI + oth mae + Ошур 


Dy (T2 üt cto: ve v) 


2a соз@ 
-D, (r ae xc + aP)hfi - Vg ~) + Good. 


As in the proof of Lemma |7.2.2| we bound the second product by 


| (vxo gue) | (Iveco) 


304 CHAPTER 9. ENERGY-MORAWETZ IN PERTURBATIONS OF KERR 


By putting together with the previous bound we obtain the first desired estimate. 


Next, since E € r 1T, if € Гь, and 7 € Гу, and since т-ға” F is bounded, we have 


қ г +а? " ; pp. ; 
K 
Also, proceeding as in Lemma [7.2.2] we have 
т? + а? Р 2a?r cos (sin 0)? . 
| ‘o+nAn) FV ay - 4) + X FV a: и 
А к ІП 
2a?r сов ӨЛ (т) 
| Утар. * 
eae те 
7°{т 1 Е 
< 8 (BIV + дуа) «oh yof 
and hence 
А т? Ба? 2азгсоѕ0(ѕіп 0)? Р 
( ДЕЛ, A : L) луге. и 
lal 
2a?r cos OF (r) 
Ур. * 
"л. 
1 
< AT (Ziv ql? + тан) + OG) + Good 
as stated. 


By applying the divergence theorem to (0.2.18), relying on the lower bound (9.2.19), and 
using Lemma [7.2.2| we then obtain the following estimate 


T? 


т, _ т, = 
ІП тә) УФ ш "ЮР T "m (2190 ш: Чуор) 


2 f ША» +f ((a-- 977 (уур +т (Мт?) + er?|Vav? + Good) 
OM (71,72) M (11,72) 


+ | (мает) 
M (71,72) 
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Since the extra terms in perturbations of Kerr satisfy 


| e ee ere er) + Good) 
M (71,72) 


MAS 


ef (rmv erts) ee (5% EWC) + Balala) 
M(T1,T2) [rra] 


MAS 


€ (5% Ет) + ОО) , 


71,72] 


where we used in particular Remark |9.2.19| this concludes the proof of Proposition [9.2.12 


Proof of Proposition 
We start with the following analog of Lemma [7.3.1] 
Lemma 9.2.27. The following hold true with a sufficiently small со > 0, for any |a| < т, 
[, DÔN) 2 о) = OE, oss. 
f -- Q(T, Ns.) > о. (т, тә), (9.2.22) 
«(rim 
[Sb NDB hail т») 
Tim 


Proof. For є > 0 sufficiently small, satisfying in particular є < бу, proceeding as in the 
proof of Lemma [7.3.1 we obtain 


Q(T, №) > af (ти + Al ir p T vw) - O(ðy)Er<r, vr), 
>”) У(т) а 


f O(F, Ns.) > ов, (н, т), 
У, (71,72) 


| OUP, узын лыў: 
A(T1,72) 


In particular, we have obtained the desired estimates on X, and .A. 
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Also, we have in view of Lemma [9.2.23| for Y € s» and |а| < т, 


1 = - 
= [we s | (уен Ут? cett 


MAS 


A 
[ (уш + узи? e vot etos. 
S 


Together with the above, we infer, for є < dx, 


p" A^ 
f oN) > af (Ivan lives Ivo etur) 
Х(т) Х(т) T 


-О(бң) Evry (1-954) [vu] (т), 


and hence 


І QF Na) 2 eui) = Ou) cse aC 


as stated. This concludes the proof of Lemma [9.2.27 


We consider the energy current associated to the modified timelike vectorfield Т, 5 intro- 


duced in Definition |6.1.13} by 


ж а 
Ts = T + х2, Xs = 5—5 a І 


with 6 = зу and |a|/m < 1 small enough, where xs = mi Xo (472) with хо given by 
(6.1.11) satisfying in particular xo = 0 in Mia. 


From Proposition 4.7.2) we have for the current associated to Ту; 


ре?,Т;, 0, 0] == 59 ` (7, m y fs + TEDY Ra, i^ + Уз d ( 2v Vy). 

Since 

TV) = Olr?) (Ж), Тусов0)) = O(r-3) (T(r), T(cos6), V(r), V(cos6)) 
= P D 


and hence 75(V)|i|? = Good which yields 


Ж 1 x PUN à 
D"P,[T5,0,0] = 52° Cog + TEDY Rawu + Vay: (Го) — УФ) + Good 
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or 
DAC 1 A 2 " ES 4 > 
D'P,[75,0,0] = 59: (9 + T DY Rau? + (T; — TAD Y Rau" 
TVs (Оз) — Vv) + Good. 


Since Ra, is antisymmetric with respect to (a,b), we rewrite 


A 1 A 1 | | " : 
D"P,(T5,0,0 = 59: (Ts) + T E” Rawy “W DY + (T; — T) DY Ray 


+Vaw- (Coy — Vv) + Good. 


Introducing the following spacetime 1-form 
A, de E Roe T”, (9.2.23) 
we infer the following analog of (7.3.3) 
A 1 2 1 i A : s 
D'P,[,0,0 = 50: Gam + 54v "V: Di + (T; — TFD Y Rav” 
TVs - (Lin — Vv) + Good. (9.2.24) 


Next, we compute the components of A. 
Lemma 9.2.28. Let A the spacetime 1-form given by (9.2.23). Then, we have 

A, = -4 'gT? — A(n ^ myT? + tr x (MT An) – ry (n GT) +r 7D, 

Аз = 4 WI + A(n ^ 59)T* + try (T An) – try (n : OT) +r Te, 

Ae = (= trx "ne + inae T + ( rx tn, + Ptr) T 

1 
H (40 + tr xtrx + try try) `((®Т)„ +r 1Dy. 

Proof. First, note that we have in view of Proposition and the definition of Гь and 
D, 


B, = = В asc = —tr x (Seat m Seba) ш “деу ( Eca T]b— Ecb Na) + r Io; 
Baa = —Batete = —tr X (Scan, B доп) B ery ( Eca 7,- Ecb т.) + EST. 


Ваза = –Ваыз = 407.7 — Та) + Гь: Гу, (9.2.25) 


1 
B, = -Ваме- 79 (tr xtr x F (try try) C ab ed Tr. 
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Next, we rewrite A,, as 


А, = ET Боз T?4- ae" Rocua T+ ere Bur. 


and compute the various components of A,. We have, using the horizontal tensor AT 
defined by Т, = Ty, the definition (2.1.13) of R, (9.2.25), and the computations of the 
main terms in the proof of Lemma |7.3.2) 


А4 = 


As 


and 


as stated. This concludes the proof of Lemma (9.2.28 


eh Быз Т?+ i Tua. 

—4 pT? — 4(n ^ gy T? + tr x( T An) — try (y - T) 
-O(T9)T, T, + O(f TD (8, r^7T,) 

=4 “oT? = A(n A тут” +tr x (OT ^ 7) — (try (n . T) + ro. 


е” Ru T+ E КьзаТ“ 

4 Т“ + 4(n ^ n)T* + tr x (MT Ат- (try (n : ®т) 
+О(т°)гь.- г, + O(|T) (8, r Ts) 

4 Т + 4(n ^ n) T^ + try (MT An) – (try (n : ®т) 4 r7, 


= е” Races Т?+ е” Rocca T+ є Ried T” 
( = tr X “Yer tryne) T? + ( =r *n, + туу) т“ 


1 
= (40 + tr xtr x + try ery) “(OT 
+O(T°) (B, rT) + O(T*)(8,r77Py) + O((®T)r T, 


(tracer trzne) T? + (= trx "л, + Cex) T 


1 
É- (4o + tr xtry + try try) * (VT), +r T, 


We infer the following corollary. 


Corollary 9.2.29. We have 


A, = Р“, (s (22)) +r "Ty. (9.2.26) 
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Proof. We have 
l T? = 1А 
2 2|4|% 


Plugging in the identities of Lemma [9.2.28| we infer 


Tt = T, = T, = —aR(3)s. 


A А 
Ag = —2 ШТ — 2(n ^ I — atr X(R(3) An) +a (try (y . $8(3)) - r^ T,, 
А = 2 “p+ 2q An) атха) An) ea Pe (a RD) 7r 


1 7 (a) A 1 * (а) 
A. = z(-trx Ne + trane) +5(-trx n + аха,) 


lal? 
a try try) RD, bro 
T9 4p + tr хх + try "try | "*R(3)e- r Ts. 


Next, since trX,trX, H EI. E er 1T, and He Гь, and using the proof of the 
main terms in the proof of Corollary |7.3.3| we infer 


A. 
m\ A 

A, em HOS а, 

А (5) 412 É 


Аз 


| 
| 
© 
e 
"NER 
ны 
3 
xov 
* 
28 
e 
Eus 
4 
3 
4 
өз 


Il 
| 
к 
20) 
жә. 
ЗЕ 
Nee” 
45 
^ 
4 
© 


——— 


Using again the proof of the main terms in the proof of Corollary 7.3.3| and since (д) Є 
"Г,, es(q) € "Гь and e4(q) € rT}, we infer 


А, 


2 
Ay = —e4 (s (=)) Tr, 


| 
| 
ы 
ч 
Ge 
ho 
i 3 
М 
Ш; 
+ 
^ 
a 


and hence 


as stated. This concludes the proof of Corollary |9.2.29 
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Recall from Definition [9.2.17] that the terms С, · D^w with G, € Г, belong to Good. 
Given that the terms С, *0 D^ with G, € Г, satisfy the same estimates, i.e the ones of 
Lemma [9.2.18] we will from now on also assume that they are part of Good. In particular, 
in view of Corollary [9.2.29] this implies 


1 f : 
244» “).ПУ) = -D, (s (3)) “py D" + Good 
q 
which together with (9.2.24) implies 
Ра 1 A : Ра : | 
D"P,[15,0,0] = 50 . r- D, (s (2)) *y - DV + (T; - T) DY Raw pv” 
q 


t Vau - (Cop — Vv) + Good. (9.2.27) 


Next, we modify the identity (9.2.27) to cancel the second term on the RHS. To this end, 
we consider the following modified current 


P, = Ф„[Ё,0,0] + à *y - D,y, (9.2.28) 
for a scalar function 40 = w(r,cos@) to be chosen below and satisfying w = O(mar ?). 
We have 


р“ 8 “p X] = ð y D'D, + d *D^- Dj + D'(i) *v- D, 
= d "0: Do (а) "Y -Duy 


4 0 ; 
= 0%. (ve wo Maie v) + Dé) "Y Бф 
4 0 : 
- -a— Vall *v[) + à *v- N + DHD) ч. Du. 
Since 40 = tb(r, cos 0) and w = O(mar ?), we have 
_ 4а cos 0 Р _ Aa cos 0 = 
ША u = -Dy (Ta e) + O(a) (mt) Tos) f 
-O(a^r ?)Div(T)|up 
= -D, (т т +т5Гьф|? 
4 
= 2p; (ra wr) + Good 
and hence 
р" @ TH eae I) =;0 -20. Êr +D, (-s @ +0) "y DY 


s (Т; = T)"D"V^Ra,, V" 
t Va - (Cop — Уф) +H *y - № + Good. 
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Next, we make the following choice for w 


2 
en (5) a (9.2.29) 
q Й 
which yields 
= oe 
D" | P, + Te :) -59 =Q. 09g + (T, – T D'ye Ra, 


NM Dm 


Next, recalling that ie = Т + х2, we have 
Әта, = (т, + xs OM + (Т) (т), + хр (ғ), 
= (п, O(r?) Әт, + (трт) + x5(7)Di(r)Zy- 
Together with the control of (Әт and (Әт provided by Lemma [4.3.2] 2| and the fact that 
ез(г) € "Гь, ea(r) € ТГ, V(r) € rT yg, and м (ғ) = О(ғ”3), we infer 


о. т = 0: Pq] + Good. 


In view of the estimate for [О - (15) 77] кіп section [7.3] we infer 


о. Әл < 1м а-у др Уй] + Good. 


Also, we have T; — T = Xs(r)Z and hence 
(Т; m Тур В ру? 
1 3 . 
= z Xar) Z" E% Бары "V d D" 
— 5 xa(r) (-4% е” Ras, "v Vay — 94" е” Ra, "v: Vav + Z^ е” На, 49V v) . 
Since we have 
Z? = O(ar ? A), Z' = O(a), 7° = O(r?)R(3)*, 
we infer, together with the definition (2.1.13) of R, and (9.2.25), 
ZY gn Ras, = 74 e" Eo + Z° p Ны = O(ar~?) ЕЕ ГЬ, 
ZY g% Raps = Z ew К.„ыз + Z° ез Rate = O(ar~*A) + Ге» 
Zt е” Ps = 7° е” Rates + 75 е” Rates + 74 е” Rug 
== O(r—*) + ГЬ, 
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which implies, since xs = 522 Хо (5- 3 т), 


m 


la| 


2 


07; — т)", ( О +|Утїф|+ унш) + Good]. 


Finally, using equation (6.1.1), we have 
4a cos 0 


Vat- (Dw — Vy) = — qe 4/9: "Vai + Vg N 


where we have the crucial cancellation Ут. *Ут = 0. 


We summarize the result in the following. 


Lemma 9.2.30. Consider the modified current 
E P В А И т 
P, = P,[15,0,0] +0 *P - D,y, їй = S (=) 


where the vectorfield Ts is given by Ts = T + xs(r)Z for 6 = Б 


іс and |а|/т < 1 small 
enough. Then, we have on M, 


Да cos 0 


D (5. + Ta И? ШӘ e iti v) м 
|a| |а ue 


a 
ЖОЛЛАР ыы 
+| Good]. 


e [Vae + Vel Мм) 


Integrating the above inequality on M = M (T1, т) and applying the divergence theorem 
we deduce, in view of the definition of Mor, [v] (T1, тә), 


~ 4a cos 0 ~ 4a cos 0 
| (5. + Tew P) ass / (P, FIC P) “Му, 
Х.(то lq | x (71,72) lq | 


4 0 
«f (P, - Tw — WP) “МА 
A(11,72) lq | 


~ 4a cos 0 
© f (5. кт ПЕ ө) „Му + E IP Moret ry тэ) + / Уф 5 N 
Xn т1,т2 


+f wp f |Good|. 
M (71,72) M (71,72) 


The rest of the proof is a simple adaptation of the one of Proposition 6.3.9} using Lemma 
9.2.27 for the sign of boundary terms, and Remark |9.2.19|to control the term Good. This 
concludes the proof of Proposition [9.2.13 
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Proof of Proposition |9.2.14 
The proof of Proposition |9.2.14|is a simple adaptation of the one of Proposition [7.4.1 
where the extra error terms are tracked as in the proof of Propositions 9.2.12] and |9.2.13 


9.2.11 Proof of Proposition |9.2.15| and Lemma 9.2.16 


Let the second order differential operators S,, a = 1,2,3,4, introduced in Definition 
Given a 62 tensor w solution of the equation (6.1.1), we consider in this section the 
commuted ss tensors 


Фа := $0, а= 1,2,3,4, (9.2.31) 
that satisfy according to Lemma the equation (9.2.1), i.e. 
: 4 0 
Qs — Vi = = m "Ут, + Na (9.2.32) 


where N, satisfies (9.2.2). 


Acceptable error terms for S-Morawetz 


To (9.2.1), we associate the following generalized energy-momentum tensor 


: . 1 : . 
Qu (s) = Dua: Dirty — 58m (Е Datla: Day + Vua Ya) 
: : 4 
= Dua: Dry = 58 а, V], 
Liberte] = g' Dapa: Dayo + Vis : v. 


When revisiting the proofs of Chapter [S]in the context of admissible perturbations М of 
Kerr, we generate additional terms. We introduce below acceptable terms. 


Definition 9.2.31 (Acceptable error terms). The following quantity 
ЕО „(а Po) + Ср, Dui + Hh, vy + Пу) 


is said to be of the acceptable type, and denoted Goods, if: 
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e FE € Г,, and all other components of Га belong to Гь. 
e All components of G2 belong to Ty. 
e H^ c rT}. 


e [0] =T; - ) - Уз(о20) +r DT; - v) - Ow. 


The justification for Definition |9.2.17|is provided by the following lemma. 


Lemma 9.2.32. Assume that the quantity 
кенеді, (hay o) + С), Dui + Нар, Ya + ТШ] 


is of the acceptable type in the sense of Definition|9.2.31, Then, it satisfies the following 


estimate 


1. (ті T2) 


and 


ы (1,72) 


Remark 9.2.33. Recall from Definition |9.2.31| that terms of the acceptable type are de- 
noted Goods. In view of Lemma |9.2.32, we infer that such term satisfy the following 
estimate 


" < e sup ЕМІ) 


[71,72] 


FË” O (Was Wy) + Geb Е ӘЛГІ T Н“), -Pa + ПГ] 


Ган 0) (Wa, Vs) + Ср, - Duty + He We: рь + rol S «В (т, 72). 


71,72] 


/ |Goods| < Є Be) + йм). 
M [ 


Proof. The proof is analogous to the one of Lemma|9.2.18|noticing that Ya is schematically 
of the type 057), 


Next, we introduce the linearization of the quantities Ға, G% and H®. 


Definition 9.2.34. Let F2 


em Ge and Н. We define their linearization as follows 


Еа = (Fe) + Қа,  Gb-(GU.-G?, НӘ = He + Н, 


where: 
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1. the quantities 
(Fao (Ек (бәк, (Ск, (GPx, Нр, 


are given as explicit functions of (т,сов0) coinciding with the corresponding expres- 
sions in Kerr, 


2. the quantities 
(Fak, (Fale, (С°) к, 


are given as the 1-form R(J)a multiplied by explicit functions of (т, соѕ 0) coinciding 
with the corresponding expressions in Kerr, 


3. the quantity (ға), is given by the the symmetric 2-tensor Yap multiplied by explicit 


functions of (r,cos@) coinciding with the corresponding expressions in Kerr. 


In view of Definition |9.2.34| we can decompose the above expressions in their main part 
and error terms as follows 


F&M Oy (Wa; V») + Gg. ` D,Y + На), -Pa + Г] 
=| FE Q,, (Us. Vi) + GE Duha + Hh), vy) + Err, 
| F2 О, (Us, ig) + G^, Dua + Нар, рь " PE) 


=(F2) 9, [v] + (G9), - Dui + НР, 
Err = РО] + Gey - Dy + Hoop + Tl} 


The proof of section |9.2.11| will rely in particular on showing that the extra terms in 
perturbations of Kerr appearing in the various divergence identities involved in energy 
and Morawetz estimates are of the acceptable type in the sense of Definition |9.2.31| i.e, 


that Err € Goods in (0.2.33). 


Preliminaries for S-Morawetz 


We start with some preliminaries for the S-Morawetz estimate. Let X be a double-indexed 
collection of vector fields X = {ХР}, w be a double-indexed collection of functions 
w = {ш®}, and M = { М) a double-indexed collection of 1-forms, all symmetric in the 
indices a,b. Assume furthermore that X are of the form 


XL = (X83e, + (X251e,. 
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Define 


1 . 1 1 
РХ, у, М) := Q (а, yy) Ха» + se Dia: y — 10000) Фа Vy + М va Vb. 


We make the following choices for (X, w, M), consistent with the ones in Chapter [8] 


1. X of the type 
ab ab Са + а?) 5 
хе For OR, 
where F% = F%(r) are such that F%/A is a smooth function of r, and (rd,)*F“(r) 
is uniformly bounded on М. In particular, there holds Х = (X25)3e4 + (Хе, 
as anticipated, with (X45)? and (X35)* smooth functions of r such that (rô) (X35)? 
and (r0,)*(X%)* are uniformly bounded on М. 


2. The scalar functions w**(r) are such that ш®/А is a smooth function of r and 


(rd,)*(rw%(r)) is uniformly bounded on М. 
3. М“ are of the type 
т? + а?) a 
А 
where the scalar functions 0%(7) are such that v%2/A is a smooth function of r and 
(ғӘ) (езе (ғу) is uniformly bounded on M. 


Me - yeh (oy 


We have the following lemma. 
Lemma 9.2.35. Using the decomposition (9.2.33), we have 


1 ab 1 1 
D"P,|X, W, М) = [ Qab Ы OO) = 5X" (Va * Wo + эш бф, V] 
1 ab 1 А ab 
ike -YpLgw™ + Diva : pM”) 
K 


x “p + 7] ^ п) V (cote, (хев)зез Фа ` “Wo 
1 
- 59 (trX H(X% "S н(х®)!) Via: 7% 


1 : 
+ (ула, + TOA . ( Хь — УФ») + Goods 
where Goods is given by Definition|9.2.31 


Proof. The proof is analogous to the one of Lemma [9.2.24 
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Integration by parts identities 


We now generalize the results of section to admissible perturbations of Kerr. We 
start with the following analog of Definition that will be useful to take care of 
boundary terms in the integrations by parts. 


Definition 9.2.36. We denote by M(w) quadratic terms of the following type 
Уту), lave] УУТ), РУФ. VVzv, 
Also, we denote by М(У gv) denote quadratic terms of the following type 
УтУ вр У ру, — |qVVgo- УУтУ 9) — la" VV av: VVzVgu. 
Remark 9.2.37. Notice the following pointwise estimates for М (р) and М(У ру): 


MWI € (Vr, S СУ, 9) 201, 
М (У ар) S IVE(Vz, Я) lI V (Vr, 9) vl. 


Lemma 9.2.38. For any function H = H(r), the following identities hold true: 


(9.2.34) 


HO(d)- Sip = НІ УУТ — O(ar ?) Aas)? 
+al’Do(H|q\ OW’ Daw - Si) + D,(HM(U)T") 
+r?(|H| + |Н'\) Goods, 

HV OY: Vgs = Hlgl|VVrVgv| — O(ar ?) A(V ро)? — O(ar ?) H (о?у)? 
tla Da(H]g| OPD, V gi - $3 V gi) + D,(HM(Vgv)T^) 
+r?(|H| + |Н'\) Goods, 

HVgO(U).$ = Hla? VVzVgu- УУтф — O(ar ?) H(Vgo*^yy 
—O(ar?)H (о)? + |q?Da(H|g| ?O*?D, Vgo - Sw) 
-D,(HM(Vg)T^) +1? (|A| + |Н'|) Goods, 
HOY): VgSw = Hla VVTV RY: VV rd — O(ar ?)H(Vg0 y) 
—O(ar ?)H (о)? + |a? Da(H|g| O°" Dat - 81У ру) 
-D,(HM(Vgv)T^) + r*(|H| + |Н!) Goods. 
In all the above, M (v) and M(V ру) denote the quadratic expressions in v» and its deriva- 
tives of Definition [8.2.1 


Proof. First, we have in view of Lemma [4.6.2] 


la Della 2090,0) = Ol) + rr. 
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We obtain for any ®, 


KPO- = Dell ODay) -P cr r- dp | 
= Г,(|4| “OW Dav Ф) E lq) 20^? Daw ` D; 
LT. dw. (9.2.35) 


Applying the above to Ф = Si = V4 Vw, and using that 
[V, Vr] = O(ar *) ^ v  r Ә(ГЬ- 0) 


from Corollary |9.2.2| tra € Г, from Lemma 4.3.2, and V(r) € rr, and T(r) € "Гу, we 
infer, proceeding as in Lemma [8.2.3] 


HO(b)- Sib = —H|g? Vo - VVy Va + H |a Da(|g| 20900-51) 

--Нтә(Г,-Ф)Утә 54) 

= НУТ — О(ағ"2)Н(ә52))2--|420,(Н|4120% Dav - Sit) 
+D,(HM(W)T") + Hla? Vv (Ут, УЈУту + Hla [V. Vib VV rd 
-HH|q Vv - VV4vD, T" + H'(r)(T(r),rV(r))o* уто 
+Нто(Гь - )V405.y 

= «Уут? — O(ar ?)(0*?v)? + |a Da(|g| 2000. 510) 
-D,CI M ()T?) + (H| + |H'])r?0?*(T, - ) Уто 

= НУУ — O(ar?) H (09? + |a? Ds(H|g| OV Dav - Suv) 
-D,(H M (Qp)T^) + £?(|H| + |H'|) Goods 


as stated, where we have used the fact that 


DET, . J) Vqo* y = o**(T, - y) Узор + r7 5 (T, - )oS ^y = Goods. 


Similarly, using in addition [O, Vg] = O(ar-?)0*!v 4- Гь0 20 from Corollary 9.2.6) апа 
[У р, S1] = O(amr ot + o€*(T, - Y) from Lemma|9.2.7| we һауе 


HV ROY - У рб 
= HOV ру: У рр + HO(ar ?) B^ VgSib + HOV рр - O(ar *)o* i 
+HrTyo Voy 
= Hl|gl|VVa Vgl — O(ar ?) НУУ рр: BA Vo Vg 
+P Da(H|g| ?0* D, V gv - $5 Vg) — Dy (lq? HVV av - VV V БТ“) 
+HO(ar~*) 8* y - VgSu) + НОУ gi - O(ar ^05 + (H| + | H' |)? 505^ o5) 
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which can be written as 


HVgOv-VgSw = НИ |МУтУ а + |a"Ds(r|g| ?O* D. V gu - 81/0) 
+D,(HM(V guy") – O(ar?) H(V go")? — O(a) Ho? 
--r?Goods, 


as stated. 


The mixed products HV gOw-S,v and HOwv-V gS are treated similarly. This concludes 
the proof of Lemma 9.2.38 


We use the above lemma to derive the following analog of Lemma [8.2.4] 


Lemma 9.2.39. Let $6, = S,® for som Ф, and let Y* be some coefficients only depend- 
ing on r, such that 


yl = буу, у* = }. 


Then for LY given by (8.2.2), i.e. 
L! = бу, L?’ =0, =*=]; 


we have 


(уч) (с) = VEISE + OPP + 29g? vvzer) 


—O(a)([| + |J?| + [V9] EY)? + Bdr($] + r?(|Y| + |”) Goods, 


where the boundary term is given by 


Bard] = D, (т M(®)T*) + |a? (2б 20° Dat - 5,2). 


Proof. As in the proof of Lemma 8.2.4) we have 


(Y*6,)-(C*9,) = HYVIS? + 010% + 200 ($19 - OS) 
+O(a)(\Y| + || + |? D (o? v*. 


Using Lemma |9.2.38| we obtain the desired identity. 


5We will apply it to Ф = v and Ф = У,0. 
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Proof of Proposition |9.2.15 


We choose (X, w, M) as in Chapter |8) 


1. X is given by 


2 2) 2 
реа Рета A ^g. F? = с рТ 
А (r? + a?)* 
2-20- 0020 20 = (72 + a2)?’ бо > 0, = r(r? — a2)' 


Te E : Б 
ab “(луау> бра а __ 2 Фа 
Po OR R a (4 ) 
L! = бо, к? = 0, L = Lt = 1, 
R! = (т +a}, R?=-2r?+@), R=-1, 74-А. 
2. w is given by 


we = —zð,(h f). 


3. M is given by 


r? +a?) ~ 


M2 = EA x В, v! = бор, v? = v? =0, vt = v, 


where the scalar function v(r) is the one of Lemma and satisfies in particular 
v(r) = O(m! Ат). 


Next, we introduce the expression 
1 


1 ab 1 
Ex[X, w, M] := 5 Фа LEE еее 5 X (У) фа y + 3U Le: v] 
(9.2.36) 


1 |. Р 
= 1% Ыш“ + Piva -pa M”) 
K 


Notice that Ек|Х, w, M] coincides in fact with the quantity £[X, w, M] in (8.1.3). Thus, 
we have according to (8.1.7) 


la  £x[X,w,M] =P+I+J+K (9.2.37) 
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where 
Р := up. Dar, 
I = Ab tha Vibe, 
Joi Vya: We, 
d 1 2р“ ab 
K = la PD (MË: Us), 


and where the coefficients °°, A% and VÆ are provided by Proposition [8.1.3] 
We now derive the analog of Lemma [8.1.4] 


Lemma 9.2.40. Let P the principal term defined as above. We then have the identity 
P = ЫТ - DY — E (R'LYS., Solh) + |42082 + т? Goods, 
where Y is defined as 
V := Ra, (9.2.38) 
and the boundary term B is given by 


B? = lg? nw Rc . (59% ӘЛІ = Se Dave) 3 (9.2.39) 


Proof. As in the proof of Lemma [8.1.4] we have 
72Р = -u*£,- Dalla] 752^ Davy) + Dalla UELS Da: уф) 
-Da (UEL) |a|? 82^. - Davy. 
Since 24 and U% only depend on ғ, and in view of the form of the 2-tensors po , we have 
р.(и°%) l? SE pa: Dat, = 4. 191728220 - Davy 

= 0673 (52) (тод vi) eo 
= 2. Tosa 
= ó, (u** £^) rGoods. 


Now, note that the choices of Chapter [S] imply Use = O(r-") and 0,(U~L2) = О(г?) 
and hence 


D, (USL?) |q| SE Ya - Davy = r Goods. 
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Also, we have in view of Lemma [4.6.2] 
S,=S,+T;-2, Sa = Sa TL, a = 2,2,4, 
where 


Sv = |а Dalla S Da), for a = 1,2,3,4. 


Therefore we write 


lal PES) = 1472880 + r TSh 
= |97255) + 14172[5, 8] + Го 
D. (|g| 257^ Dav.) + |g| ?|S« Selb + r 1Гьо y. 


D.(la| ^52? Davy) 


Thus, repeating the integration by parts procedure and noting, as above, that USEL} = 
O(r~') and that the last term is of the type r ! Goods, we obtain 


И), - Da (la| ^S? Dav) 
= Ир, Dalla S Dave) + lal PUL tha - [S] Sb + r UML thy - Tyo Y 
"wr SPD, Юе Da (lal UM ES a Dats) 


= -q 
+a PUL wd, - [S., бф -- r 1 Goods + r ?T107?y dY 

= lal "ue S Dev, Ән + Da {lel PULSE Ya: Dau) 
-Ha| ?us ch, · [6,, 5] + Goods. 


Therefore, recalling that £557 B Той 


Р = USL” Dapa Date |a? Da (la UML a (827 Davy — Se Dove) ) 
UL, · [6,, Sy] + r? Goods. 


Finally, since we have &/* = O(r-?) and 2,94 = O(r-^), and since R only depend on 
r, we obtain 
LEDa (Ra) - DoR Ye) 
= LPR R" Data: Deve + (T(r), Z(r), rV (т)) О(г E yoy 
= LPR R Dapa: Day. 4 r T Eyy 
= Lo?R'&R'£D ab, . Date +r *Goods 
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which together with implies 
Р = IRERE Darba Dai, — SHR ORL Se буй) 
+l’ Da (lal sueta, Gy Davy — ЕЛ?) + r?Goods 
= SAL Da (Rg) “Da ( Rive) — SHR LMR a) + 15.808 


| 1. ~ 2 ; ЕРЕ 
al" Da (lr? sucio Cu Devs — sb) + r? Goods. 


By denoting V — Rep. we obtain the stated expression. 


In view of (9.2.37) апа Lemma (9.2.40) we obtain the following analog of (8.1.13) 
la? £x[X, w, M] — |a? D"B, = P+ Pi +I + J +K + r? Goods (9.2.40) 
where the quadratic forms /, J and K are defined below (9.2.37) and 


e ІЗ is the boundary term defined in (9.2.39), 


e The principal term P is positive definite and given by 
= 1 | | E 
Р - shh’ DV : DY, V = RW, (9.2.41) 


with 14% as in (8.1.9), 


e The lower order term Р is given by 


1 " 
Ры = Б. (RLAS., Sol). (9.2.42) 


As in (8.1.19), we denote the effective generalized current 


lal £|X. w, M] := |ql°€x(X, w, M] — |a? D^, (9.2.43) 
Next, we evaluate each term on the RHS of (9.2.40): 


1. For P, we immediately have the analog of (8.2.3) of, i.e. 


P= sh (Ive + a?|Vzv,| 4 ФАЗАЛАР (9.2.44) 
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2. Concerning Piot, we make use of Lemma according to which we have 


[51,53], Sı, S3], (62, S3] = ol; Е №) 
апа 


ЕЖ O} = Olar Ey + DS? (Tay), 
5,0] = O(a) py ro^ (Toy), 
[5,0] = O(a’) py ro (Tw). 


In view of the definition of Б, in (9.2.42), we infer, since h = O(r^), R'e = O(r-?), 
and V = O(r 3)oS?y, 


1 " 
Ра = — Sh - (RELYSe, Sv) 


[Pi] + АФ. RIL OS (Toh) = [Po] + 9*9 9T) 
== [Prot] к + r’Goods 


where [P;4] y denotes the corresponding expression in Kerr, i.e the one of (8.1.15). 
In particular, [Р] к satisfies (8.2.4) which implies the following analog of (8.1.15) 
for Ғы 


Ба = O(ar )(0*?y)? + r?Goods. (9.2.45) 


. I is estimated as in section |8.2.3) where Lemma is replaced with етта 9.2.39 


which yields the following analog of (8.2.7) 
I =A(1 + 0(7716,)) (Сеть 4 |V,Ov[? + 2õola IV Vr V bp) 
- O(a) (A| + \Д])(1 + O(r7 9) (у 082%)? r7 (ou) (92.46) 
+ Ваг + r^Goods, 


where the boundary term is given by 


Ва = D, (&AM(v,v)T") + |a? bs (2544170) AS,V ub. 


. J is estimated as in Lemma where Lemma is replaced with Lemma 9.2.39 


which yields the following analog of Lemma [8.2.6] 


J -(V + Одг?) (98188012 + IOVI? + 29V Ут?) 


(9.2.47) 
— O(ar-)(o*?y)? + Ва] + rGoods, 
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with boundary term 


Вей = D, (5(у n O(r*))r?M(w)T*) 
+420 (244720% Day ЛЕТ) 


. For K, we assume as in Lemma that 


2\0 „2 
re + а = 
M* =i A В, v! = 600, v =v’ = 0, v* — v, 


for some given function v = v(r). Furthermore, under the assumption v = О(т/2Ағ-9/2), 
we have 


D,(M9*) = D, (Sc ый) f) 


- |n, (Fera) нор $)f(r) + O(r7$)D, Re 


= |n, КЕСӘ] p rORTS 
A K 
which together with the proof of Lemma yields 


тек = (бем), (Chis) + (Марин) (Сп) + (Mila) : DEUC) 
= (ира): (Ср) + ve V aba (Lepo) + (ора): LEV рь + 72D ota - (0%) 
(бы). (Lepo) + v* V ра: (Lethe) + (vta) - LEV by + r AT (092)? 
= (ор): (Lowy) + UV ab, (Сә) + (vba) «LEV by + 77 2 Goods 
where we wrote 44 :— 0,04-- rica Then, we follow the rest of the proof of Lemma 


where Lemmal8.2.4]is replaced with Lemma [.2.39|and Lemma is replaced 
by Lemma [9.2.38| which yields the following analog of Lemma 
K = ШЕ v (GV, Sij - Sq) + V,Ow - Ov + 269g VV 7 V rw - VV) 


не, (BIS? + |OUP + Zola ЦУ У rv?) — оО (а) (уо)? 


ка Sy)? — Ofar? w (02)? + Bdr[v] x +r?Goods, (9.2.48) 


where we denoted 


2r 
2 .— ĝu? ш B vs, 
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and with boundary term 


4 
Вак = D „(Or MOT) + Eb, isola 20° Daw - S V.) 


$ ur Ds(26yv|g| OPD, V. - Si’) + D, (бу "м(ф)т”) 


lal а 11-2 0o T. 
bs (28v [| ^O Daw бу). 


The above computations of P, Ры, I, J and К immediately yields the following analog 
of Proposition [8.2.7] 


Proposition 9.2.41. The effective generalized current is given by 
la?£«[X,w,M] = P+ Qrs,.o,vv + ёо + Bdr + т? Goods (9.2.49) 


with the following terms. 


1. The principal trapping term P is given by, see (0.2.44), 


x 1 А | 
PS sh (Go| Vow.) + ау е, |2 + ФАЗАЛАРЫН (9.2.50) 
шһеге 
27 = 
V. = “ааа 000510 + (1 + O(r 50) )Ow) 
n | (9.2.51) 
+ G+ ar ay А + O(r^*&y)). 


2. The quadratic form Qrs, o vv, is given by 
Qrs owyr = AQ O(7 89) (981% 802 + VOU! + 264 | Vr Vul?) 
A uev, Si - Sy + V,Ov - Ov + 269|gl VV T V, - VV) 


+ (v -— Bg + а) БЕ +10)? + 26412977402), 


9. The terms Et are lower order terms іп a satisfying 


Eio > —O(a) (|У RoE y|? + r^! [o*?y|?). (9.2.52) 
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4. The boundary terms are given by 


Bar = D,((M(Vqv) + M(9))T") + lq? D; 


B? :— 26gg[| P OLD V. - AS, Vw + 269|g| 20 Daw - (V + O(a2r=8)) Sy 
1 . 1 . 1 . 
52009 Day 41 Уы) + 10000" D, VU Su + 5900" ^ Dau -v' Sw, 


where M (i) denotes the quadratic expressions in y and M (V gv) denotes the quadratic 
expressions in р and its derivatives of Definition 


Next, we proceed as in section in order to control the quadratic form Qrs, o vv, 
appearing in Proposition |9.2.41| Тһе proof is analogous provided we use: 


e the Poincaré inequality of Lemma |9.2.23| which is the analog of the Poincaré in- 
equality of Lemma [7.2.3] 


e the integration by parts identities of Lemma |9.2.38| which is the analog of the ones 
of Lemma [8.2.3 


This leads to the following analog of (8.3.2), for any sphere S = 5(т, п), 
] eee Mg > | P 
S S 
+ a f (а(|У б? + |VgOvP + |a? | VVz Vgl) 
5 (9.2.53) 
t r7 (If + OVI + la ҚАРҒЫ) 
4 f (бы — O(ar ?) (|V ро? + [0220)?) + Ваг + Goods). 
S 


Next, we proceed exactly as in section and obtain the following analog of (8.3.3) 


f ёх, ж.м) a Уй +r vl +09 (у | + гару Р) + Bar 

S sr (9.2.54) 

- (a) | (Iv go of +l) + / Goods 
4 S 


on any sphere S = 5(т,т). 
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Next, proceeding as in the beginning of section [8.3.3| relying on Lemma (9.2.35| (9.2.36) 
and (9.2.43), we derive the following analog of (8.3.5) 


p 1 Қ 
D“P,,[X, w, M] =Ex[X, w, M] + D“B,, + (улен + ju) - (Cove — Уф) 


2а?т cos 0F2(r) 
(r? + a?)|g|* 


VzWVa ` “Wp 


2 2 3 1 2 Tab 
—(t* a, ^ Һа? , 2a?r соѕ0(ѕіп 0) F®(r) 
( p n^n) P. — 4 z 


ет (Ху + (Хе) p ум. "We 


) Vea ! “We 


where we used the fact that Ñ € T, and ЕХ є Г,. Since |(X%)3| + (X25)4| < 1, we have 
r Ty (|(x%)| » (хау, - "y = rry. р = Goods 


and we deduce 


D"P,[X, w, M] 


=Ex|X, w, M] + D^B, + О? + TEA - (Dios — VY) 
(9.2.55) 


= ( улп) dig 2a?r cos (іп Ө)? F2(r) 
А A ДЕ 


2а?т cos 7%(т) 
EXIT 


)vei a 


Vata: "wy + Goods. 


We now derive the following analog of Lemma [8.3.2] 


Lemma 9.2.42. We have, for sufficiently small positive constants до, дз: 


1 4 
(Vrata + TOA : ( 2% E У%ф») 
> — dor *h| Va]? — боа?т 8h| Vz V. ? + Olar’)? 


+ O(1)(IVavls +70) УЭЛ (9.2.56) 


а=1 


Већ, Ут o 


: 2a cos0 r? + a? 
T | «8 А 


-~ (2acosé И rota, 1 — 
- D, ( PE LE A Vg “Vert g (0 z)h V. : гч) т) + Goods, 
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and 
И ar? +a? 2азт cos 0(sin 0)? F2(r : 
2a?r cos 7% (т К 
(т? + “Г. Vas: Yo 
А БЕР (9,2.57) 
_ : ar сов "m 
«às (Ivo. + |у.) + O(ar 3) |2 = 50, (nr Ы БУЛ 
1. 2 2 2 3 : 2 РЧ 
Е 1р, Є ( TE = , 26 DIMUS ) Ф.. (сы) ы ай. 


Proof. We proceed as in the proof of Lemma It then suffices to check that the extra 
error terms are all of the type Goods. For the first estimate, the extra error terms are of 
the type 


~ — 


O(r~*) (Rir), r` T(r), (D, T^), D, R”, T (cos 0), R(cos 0))o**y 205%) 
= r 71,0" -dy = Goods 
as desired. 
For the second estimate, the extra error terms are of the type 
O(1) (5, О(т?)Й, Olr) jou 2059) =r Tow - 00 = Goods 
and 
O(r-^) (r7 T0), r7 Z(r), (D, T^), (D,Z^), Т(сов0), 7(сов 0) Jo**u 225% 
= rT -dY = Goods 


as desired. This concludes the proof of Lemma [9.2.42 


We are now ready to prove Proposition 9.2.15| Recall (9.2.55), i.e. 


D"P,[X, w, M] 


—Eyk[X, w, M] + D^B, +  ? + js) - (Dios — Vus) 


3 42 3 a 02 та 
_ : ar +a . 2a?r cos O(sin 0)" (г) 
( p n^n) FR qj 


Е 2a?r cos 7%(т) 
(r? + a?)|g|* 


)vri a 


V za . “Wp + Goods. 
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We apply the divergence theorem to the above on M(7, 72), which yields 


I 


£x[X, w, M] + (хет - jiu - (Cady — Уф) 


А aT? ta | 2a?r соѕӨ(ѕіп 6)27%(т . 
—(( p+r) F? ( ae e) Veta: “Ur 
A [1 
2а?т cos OF 2(r) " 
7 (egg re PE 


< I (IP [X, w, M]N"| + |B,.N“| + Goods). 
ӘМ(ті,то) 
Then, we proceed ав in section relying on the lower bound (9.2.54) for ёк ІХ, w, M] 
and Lemma [9.2.42] which leads to 


МЕ Ms(w)| + ва, т>) 
OM (71,72) т, 


4 
+> i, ‚(ушы +7 eal) Nal + | тоғы 
a=1 T1,T2 


M (71,72) 


where Ms(w) denotes an expression іп 4) for which we have a bound of the form 


f IMs) 
OM (71,72) 


> (5% Егера) + ӧн Еда] (т, 72) + Еу, [al (1, J 


MAS 


а=1 n 72] 


NI 


t È Ел«((Ут, PYT) + óuFA[(Vm, 9) (т, т) + Р, (Vr, ELE) 


[71,72] 


” (5% Egg (Vr, PELIT) + SHEFA r, )5%(т,т)-- Fe. [(Vr. ELE) ' 


[71,72] 


Together with the control of Goods provided by Remark |9.2.33} this concludes the proof 
of Proposition (9.2.15 
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Proof of Lemma (9.2.16 


Proceeding exactly as for the proof of Lemma [6.3.11| in section we obtain on M, d 


the following analog of (8.4.1) 
(Ive. + уҹ.) >cor*( [Ут (561% + Ov) |’ + 14)? [V (доб + Ov) P) 
- 000879) (Vr Oy + МО?) 545 
- О(ағ”3) (Ут, $)0*^y[? — О(г) 06. 
as well a the following computation 


[Ут (080 + О) |” + lal? | (98:0 + OW) |” 
= 8 (IV + laIVS.u) + 200 (Утби : VyOwv + |a VSiv - VO) 
+H VrO? + laP| VOwvfP. 


Next, recalling the definition of O in (4.5.2), we have 


2 
Iv. Ia? (Aso + ЖЕЕ save) 
«449, As] + O(ar-?) gu + (rV (r), rY (cos6), r VRG) ) 9v 
АГУ, А2) + O(ar-?) $^ + Py y 


Now, in view of Proposition |2.1.43) we have 


[V, 0] 


1 
Var Vie = (5(MtrxVe+ хуа) +2 9K 9) е. 
2 
= 55 V еш “Ода” ?) (Ve, БӨ) --Г,054) 


and hence 


[Ve, Ash = 6% [У,, ValVo + ау [Va Vi] 
4 
— Va + O(ar-?)(Vz, PEY + 710 (Dot) 


which implies 


[V,O] = -4Vw-4 Olar!) (Vr, #) 20 + 02(Г, - Y). 
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Together with the commutators in Lemma 9.2.3] and Corollary we infer 
Vardi: VyOv + |42780: VOY 
= &\тф. ОУту + |a SV - Оу 
T51V qi · [Ут, OW + |a VSw - (V, О) + |a [V, Si] - OV» 
= 41УтУ-ОУтУ + |q S3Vv - OVV — Ag V Siy - V + O(a) (Ут, 0)05%) 
tro) 9 (LT, Ф) 
= §\Vrb-OVerd + |q S3 Vo - OVE + |4 Уут? + O(ar 3) (Ут, 057) 
—D, (lal V Vry : VYT”) + roy - 9**(P, - 4)). 
Next, we rely on Lemma [0.2.38] and obtain 
Vrs - Утор + lq? VS - VOv 
= | “Муз + |a Della ?O*^Da V ry - $i Verb) + D,(M(VzrvU)T") 
lal" V^ Vv? + lal Dell ?O0*9D, Vv - S3 Vv) + D,( M(VV)T") 
Hal I VV + O(a) (Vor, 9) 1020) 
—D, (|e? VV rw - VYT”) +r -d (T, - р) + r?Goods. 


2 


2 


Rearranging, and using the definition of Goods, this yields 


тб). VrOw + |q VS - VOv 

= | Уу + lal V? vx + |У те? — Ойа)|(7т, )5952)|: 
+a Ds(lg| 204 D, Vv - Уту) + lal Della OVD, Vv - S; Vv) 
+0,(М(Уту)Т”) + D(M(|g| Vv)T^) — D,(|gP VV rd - VYT”) + ?Goods. 


The remainder of the proceeds exactly as for the proof of Lemma |6.3.11| in section 
and leads to a universal constant со > 0 such that the following holds on M, " 


(Vrt eru) тӘ > cr (ГУ + IVzils  rIvvls) 
—O(ar-?) (ут, #) 1020? + DF? + Erre, 
where the additional error term Err, is given in view of the above by 
Err, = Goods 
and thus satisfies in view of the control of Goods provided by Remark [9.2.33] 
f Erd se (5% Ет) + ВКА, m) 


71,72] 


as stated. This concludes the proof of Lemma (9.2.16 
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9.3 Non-integrable Hodge estimates 


In this section, we derive elliptic type estimates by projecting the basic horizontal Hodge 
operators on surfaces 5 of constant (r,r) in М and by relying on the standard elliptic 
estimates on spheres, see Proposition |2.1.35| We start with the following lemma. 


Lemma 9.3.1. Let e, denote the projections of ey to the spheres S of fixed (r,r). Then 


Se, = (1+ O(ar~*))e, + O(ar !)T + rT, (ез, e4). (9.3.1) 


Proof. Note that 
T(r) = тГь, T(r) =1+7Гь, Vr) ems. У(т) = a(S) + I». 
Thus, setting е) = ej + AT for a 1-form A, and assuming A = O(r~'), we have 
e(r) = ES e,(T) = aR()s + Ap + Ty. 


We may thus choose A = —aR(3), which indeed satisfies A = O(r~'), and deduce 
eer = тГ,. 


We then look for a pair of vectorfields ё, b = 1,2, under the form €? = е, + Лез + Аел 
and choose А and A to enforce ё?(т) = 0 and € (r) = 0 so that е5, b = 1,2 are tangent to 
S. We infer 


m A 
0 = €? (т) = ei(r) + Ae3(r) + Ae4(r) = (—1- rT) A + fr: + rts) A+7T 4, 


0 = (T) = ерт) + Аез(т) + Аед(т) = Aea(T) + Aea(7) +тГ,. 


Since ез(т) > 0 and ел(т) > 0, see Definition (6.1.5 we infer that А, A exist and satisfy 
A,A € rly. Hence 


€? = е + Аез + Аел = ey — а®(3)ьТ + тГ„(ез, ел) 
= еь+ O(ar !)T + тг, (ез, ел). 


We then apply Gram-Schmidt to е), b = 1,2 so obtain an orthonormal frame ej, b = 1,2 
of S satisfying the desired properties. This concludes the proof of Lemma D.3.1] 


Proposition 9.3.2. Consider a sphere S C М of the type S(r,r). The following esti- 
mates hold true for a small enough: 
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1. For f € $,, p= 1,2, we have 
f (у 2172) x | түр, + O(a) f Vrf] 
т x d (9.3.2) 
+0(2) | (уз, Va) f|. 
S 


Moreover for higher derivatives, in a simplified form, we have 
J (vos? + pof) S f rio л? оқа, е) | ong. (9.3.3) 
S S S 
2. For f € $, p = 0,1, we have 
feiss | emt e up) oc | уз? 
y Шш ` (9.3.4) 
«ot [ (Va VP. 
S 


Moreover for higher derivatives, in a simplified form, we have 


| veste s | Co mu + BP) +O, e) | poen gp. (9.3.5) 
S S S 


Proof. We start with the proof of (9.3.2), and consider the case p = 2, ie. f € өз. 
Recalling from Lemma [9.3.1] that Se, = (1+ O(ar~*))e, + O(ar7')T + rT, (ез, ел), we 
infer 


V'f, = SV? fay + O(ar*) Vf + Olar УУт) + rT,Vsf. 
Hence 
Df = “Df + O(ar ?)V f + O(ar)Veof + тГ,(Уз, Уа). 
Integrating over S and using the standard elliptic estimates of Proposition [2.1.35] we have 
етл акеле = 2 [pre 
5 5 
where K? is the Gauss curvature of S. We deduce 
[ever sensu) s 2f mre [ivre fives? 
S S S S 
+ / |+ (Уз, Va) f P. 
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Also, recall from the proof of Lemma 9.2.23} that the Gauss curvature Ks verifies 
1 
Kg = -—(14O0(e- dtr ?)). 
m 
Hence 
2 
[ (overs Xu) s 2 [mre Гота fear 
S T S S S 
2 —2 2 2 
+а ] IV f[^ + f Iro (Vs; Va) fV. 
S S 
Also 
/ Syf? = f (1 + (а |V FP + О(а?) | rfl f nD (V3, Va) FP 
S 5 8 S 


and thus, absorbing terms on the RHS for a small enough, we infer 


2 E Е 
[(iwer+ aur) в [imme [еее f tes var. 


This ends the proof of (9.3.2) for p = 2. The case р = 1 is derived in the same manner. 


Next, we consider the higher derivative estimates (9.3.3). For p = 1,2 and k > 1, we have 
the following non sharp commutator estimate 


тыз = vD,f + [Dp 0"]f 


әк, + O(r ) VoS*- f + O(ar ?)o5* f + О(г Мәзір Ofer yo f. 


Hence, applying (9.3.2), we deduce 


S S 5 
«oq, e) | pen gp 
S 


and (9.3.3) follows immediately by iteration starting from the case k — 0 provided by 
6:33]. 


The proof of (9.3.4) is similar to the one of (9.3.2). Then, the proof of (9.3.5) is derived 


by iteration starting from the case k — 0 provided by (9.3.4) as above. This concludes 
the proof of Proposition [9.3.2] 
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9.4 Redshift estimates 


To remove degeneracies of the energy in the neighborhood of the horizon, we make use 
of the Dafermos-Rodnianski redshift vectorfield. The goal of this section is to prove the 
following proposition. 


Proposition 9.4.1 (Redshift estimates). Let ~ a solution to (6.1.1). Then, for |a| < m, 
there exists a small enough constant б.га > 0 such that ôrea = Srea(m— |а|) with беа > On, 
and a small constant co > 0 with co = co(m — |a|), such that the following estimate holds 
true in M(14, т): 


СоЕт<т- (15-664) [a] (72) + co Мот < 16,4) 9 (Ті, 72) + co Faly] (ri, 72) 
EE ама) Әт) + 6, Мот, (148 ea) err (1425,4) [V] (тіз 2) (9.4.1) 


INP. 


E 
М(ту,тә)п\{ 2 126,4) 


The proof of Proposition is postponed to the end of this section. We start with the 
following lemma. 


Lemma 9.4.2. Given the vectorfield 
Y = d(r)es + d(r)ea, 


and assuming 


sup (ld) +IP + dr) + dl). S 1, 


r<4m 


we have for т < Ат 


о.” = (a (at - cur) Wav? + tovt 


+ (a - 2 (s) dtr) - рео) (Ive + vier) 
exer) vat — v (dlr) = i0) (vo Vaw УР) 
Ole) (Iss + [Vap + [УФ + rly) 
and 


D“P,[Y,0,0] = 10. (От 42 (a) = 2545) д, (солар) УР 


- *p Ean (dir) Vad? — т) Узр) + Y (9) - (Dav — Vv) 
Ol (Гузар + IVavP + [V9 + r=). 
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Also, we have for r < 4m 


2 
VT) - (Do — Уш) + O() (Уз? + [Vad ? + Vor +r). 


1 А 
D"P,[T,0,0 = —— %єлв КГЗ - vau?) — a "R(3) V apap "i^ 


Proof. We have 
“Ол = adr) ux + e(r)d (r)g(es. ev)  ev(r)d (т)в(ез, en) 
+d(r ) es т» + eu(r r)d' (т) (ел, e») + e,(r)d (r)g(ea, е). 
Together with the fact, in the region r < 4m, 


А 


e3(r) = —14+ O(e), ел(т) = E 


*tO(),  V(r)-O(e, 


and using Lemma D.2.21] we infer 
(Y) = d(r) (лда + 2e4(r )d'(r )g(e3, €4) + (т) тад 
= 40, (p) 6 - Gad) +00, 


412 [ДИЕ 


T 44 


“лм = (т) "9 за + es(r)d (r)g(es, єл) + d(r) "m4 + eu(r)d (т) (ел, ез), 
= 2d(r) - 28, (i, alr) - rst) +00, 

(таз = (т) та + d(r )\ “) 733 + 2ea(r )d'(r)g(ea, ез) = 4d' (r) + Өсе), 

0) ТЕДІ +0(0), 

Oma = (ғ) Әл, + d(r) 13, = О(е), 

2r 

lal? 


Ta = (т) (та + d(r) ay = — 


ль m d(r) 5 ть. + d(r e ть, == 


(air - ТШ) ЕТ; 


This yields, іп the region т < 4m, 


бый. e (a. (=) dir) - id о) Qs + 00) Qu 


і (де) = (а) dr) - metn) Ом 
2ar 


" 2 A | 
tug raya) Om - aE (air = din) ó*Q,. 
O(6) (Гуз + Гуа + [уш +r |v), 
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Since we have in view of (4.7.2) 


Озз = |Узуђ?, Ом = |Vav?, Оза = |у)? +, 
Ол - УХ т Va, Оза - VY s У.У, 00, = Уз ` Уу = Viv, 


we deduce 
9.9. = (a (Sa - am) Wav + tovt 
+ (a - 2 (Fe) ate) - metn) (Ive + vier) 


|42 
2 2 
HERG Pd) VY - VU — oo 


А 
ПЕ VIE (ае) = din) (Vay Vay — уші?) 
+O( (Vap + Vay? + ГУ + r). 


as stated. 


Also, in view of Proposition 4.7.3) we have, in the region r < 4m, 


D'PY.60 = ;0-%л— ZYV- "p eas (4ғ)уа d® — dtr) vsu) 


+Y (9) (бр — Уш) + o) (Уз? + [Vad ? + [Vor +r). 


Since V = CH in view of (6.1.1), and since, in the region r < 4m, 


la 


= + O(e), e4(cos0) = О(є), ез(сов0) = O(e), 


e3(r) = —1 4 O(e), ea(r) = qe 


we have 


We deduce 


Р а Же йе БИЕ ЭН ый 
Drag = 50.092 (a irs) e (orig) М 
= "p Ear (dr) Vau ^U? — dfr) Узр) + Y (9) - (Cav — Vv) 


+0(6)(|Vab? + |VavP + [Vor + rh) 


as stated. 


9.4. REDSHIFT ESTIMATES 389 


Finally, we have (т, = О(є) in the region r < 4m so that 
О.т = O(9(IVavf ГУ + | VU гр). 


Together with Proposition [4.7.2] and using that T(V) = O(c) in the region r < 4m, this 
implies 


D"P,[T,0,0 = T DY Rawu t + T(v) - (Gay — Vw) 
+0(6)(|VabP? + |VavP + | Vo? +r) 


Also, using the computations in the proof of Proposition 4.7.3) we have, in the region 
r < 4m, 


Теру Rap” 
= - peas (Теби — тр Ау?) 
1. qo А 
+T° ЕШ - 5а Казе? + Бан") 
+00 (Гуза? Уа Гуф + т?р?) 


1 А 
= 75 `0 EAB Gages = туу) 


—aki(3)° (-5vw^ Cas "Bap? + зур Can “Bb? + У^ Capea 9 
+0(¢)(|Vsvl? + [Va]? + [VY]? + т?р?) 


1 А 
= —2 ФЄлв (туу - vau?) — a *R(I) V apap U^ 


+0(6) (узи + [Vabl? + Vor + rH?) 


and hence 


1 A 
D"P,[T,0,0 = -35 peas КАГЫ - 258 — a *R(3)? V рар "v^ 


тор): (бар — Vv) + O() (Г + Iu + [VU + r=) 
as stated. This concludes the proof of Lemma [.4.2] 
Corollary 9.4.3. Let 


Yo = Y +27, Y = 4(т)ез + d(r)es. 
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If we choose 


d(r,) = 0, d(r,) = 1, d(r,) > , dri) А 


тъ = т тъ — т 
for some large enough universal constant сі, then at т = тұ, we have, for any sphere 


5 = S(T, mx 


TL — m 
| DP Yo00 > Ce) f (Isi + vas + Vor + WP) 
S T S 


| 0 
- f Yow): ( ot) — Ves Es ve). (9.4.2) 


Proof. At r = r+, assuming that d(r,) = 1 and d(r,) = 0, and using A(r,) = 0, 


On| = 2-7") and V(r.) = 0, we obtain from Lemma [9.4.2 
lal? J), Д 


о. = Е) ур d) Val? (УР 


lal? 


2ar 2r 
s Vat МА 


lal? 4 


+0(6) (Гузи + ГУ а? + IV +r). 


— R(J VY - V3 — 


Also, since д, (eee) hors = eee we obtain from Lemma 4.2 at т = r+, 
1 A(r, — m) 
D'P,Y,0,0 = 29.044 AM y) 
ul У, | 22 т + (r? 4 igre” + `0 € AB УзА y? 


+Y (W): (Ebo — Vv) + Ole) (IVa? + Vad? + VO? + r>). 
Together with Lemma 0.4.2] and since Yo) = Y + 2T, we infer, at r = r+, 
D"P,[Yi,0,0] = D*P,[Y,0,0] + 2D"P,[T, 0,0] 


= (t= m) abl? + у, RE = т) 


la? (r? + a*j|g|? 
p LR PVY - V3 — F ТДА V4V +2 ‘р EAB MM: 


la? 
-2а *R(I) арар "Y^ + Yoly) - (Gay — Vw) 
O(6) (IVs? + Гуа + [уш + r7 |of?). 


2. 


LR 
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We deduce, at r = r4, 


(r+. — т) 2 d'(r4) гі 2 
D"P,|Y, > > -|V — V 
p (о), 0, 0] = 414 [2 | aV 2 (та. — m)|qp? | 4V| 


d'(r.) a a?r? A ec Р Қ 

( ET Glar. ) Ivel 
тъ т) — Aa P ARDIE уз 

( SUA \ y 


rea) (nem) 


Yi (0) : (бор — VY) + Ole) (Узай? + [Vay]? + [VP +r). 


Also, since Ү(о) = Y + 2T', we have 


4a cos 0 Қ Аа сов0 F 8a cos 0 2 
"ПЕ oA)" Vrý = = PE — usc Vry: Vr- PE — 5 Утф> Мт 
4 0 
_ facos da CoS р. жуар, 


lal? 


At т = r4, we obtain 


4a cos 0 К 2а cos 0 Р 
=> “Та 79 (w) Ут) == = lq E ——,— Мз · Мы 2a (3)%е, ф 
а 
Жа] ПУ — RDI] 


= Мм? 


(ry = т) 2 16a? 2 
кых суу — |V 
s a 
MCN 
and hence 
(т) s (е гі ШЕ ) 
D"P,lYt,0,0] > = IV = i X 
шой > Sgp зш" + (I тет? ТЕ (ауд) МЫ 
ақ.) a?r? Е Е 64a* Aj z) 2 
= R(T)" — aSG r — ats V 
( 3^ eL sgg т a GI ІШІ 


(ест) 4470 ARDIEN 2 
( m Ш 


rea) т) 


+Yo (4) - ( Top — Уф + E ve) 
+0(e) (Vayl + IVaéP + [Vu + r^p). 
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Since we have, for r < 4m, 


бат 


+ Ole), BR 


e 
^ 
| 
ды 
© 
2 


2m 
n>m "52, |< 24 -0(6), |s 


we infer, at r — r,, 


r dir 17 
р“Р 00] > “узур (e -T v 


" (£59 Е el үш? + (= =m)  578|а|т г) р 


2 та (т — apt (г. —m)r4 


4a cos 0 


+Yo (4) - (5 - и + а? Mz) 
Oe) (ўзи + INVI | VU + r=?) 


Next, using the Poincaré inequality of Lemma [9.2.23] we have for some universal constant 
со > 0, and for any sphere S = S(r,r), 


2,4 2 MI Co „12 
f (+ узир ТӨРЕЛІГІ: 


In particular, we deduce at r = r4 


(Уш? + | Vv?) ПЕ 
j, 22, 


and hence, for any sphere S = S S raj 


[т^ > e E - узш" + Үз) f up 
dir, 1 um "m 
E? 9 :- x4 oz) [Iv 
fers) 67mla| 1 Е 9 


2 (7. т) cl 


: mium И 
+ [Yow ( M - Ve ITE - 


Thus, if we choose 


d(r+) = 0, d(r+) = 1, d'(r4) > , dr) > А 
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for some large enough universal constant cı, then at r = r}, we have, for any sphere 
5 = S(T, r4), 


(тет > E ff (Iso + Ivo Ivo ert?) 
S S 


: AacosÓ , 
à f ПОН! УФ = vr) 


as stated. This concludes the proof of Corollary 


Proposition 9.4.4. Let к(т) a positive bump function supported in |2,2| and equal to 
1 оп |-1,1]. Also, for |а| < m, let a small enough constant б.га > O such that д.га = 
Ó,eq(m — |a|) with ба > dy. Let Yy the vectorfield given by 


Үн = KHY(0), Ky = к (5—) ; (9.4.3) 


where Yo) is the vectorfield of Corollary [9.4.3] Then, the following estimate holds, for 
any sphere S = 5(т,т), 


(r4 =m) 
6472. 


-Opara f (Isi Isi? IN +r MP) a, 
| < 


р”. 0.0 > ] (vs Iv + Р Зу а 
S S 


z-s5e 


2-—1|<28,,4 


+ n Yu(U)- ( ig Rz) | (9.4.4) 
S [i 


Also, recallling that the vectorfield Ny, is given by Ny = —6°%90,(т)дв, there holds on M 
P,[Ya,0,0]-Nz > 0, (9.4.5) 


and, there exists, for |a| < m, a constant co > 0, with co = co(m — |а|), such that we have 
for any sphere S — S(r,r) with Fm = 1| < беа, 


f P,[Yu,0,0]- Ns 2 c f (IVa? + [Va]? + [Vy +r). (946) 
S S 


Finally, there exists, for |a| < m, a constant co > 0, with co = colm — |a|), such that we 
have for any sphere S = S(r,r) with r = (1 — 6y)r4, ie. any sphere in A, 


] Piso. Na > co | (Sul Val + [Va + Ivo rop). (9.4.7) 
S S 
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Proof. In view of the definition of Yy and the properties of куу, we have 
1 . 1 
D^P,[Y4,0,0] = 22 0508 + Yulh) - (Do — Vy) — Үн) 
ҮП“? 
= KyD"P,, [Ү, (0), 0, 0] T O(Y(o, аку) 
= KyD"P,, [Ү, (0), 0, 0) 


-O(r 92/1, 


EE „(Уз + [Vap]? + | Vu + т?ш?) 


Together with the lower bound for bi» (о). 0,0] of Corollary and the properties 
of ky, we infer, provided буа is chosen sufficiently small, for any sphere 5 = S(r,r), 


ҚБА + Ive er) 


(г = т) 
D"P,lY4,0,0| > = 
| Pal н, Vs | — 64r? 


2-18, 


обед) | (Паи Isl? + vu r)a 


<| = -1|<25rea 


: 4a cos 0 
Y . -V ——.— *V 
+f (5) ( si - Ve T rv) 
as stated. 


Next, we have 


PalYn: 0,0] -Ns = Q(Yn, №) = кн Ql Yo), Nx) 
A 
= Ө) (aie + d(r )ед + Єд + — la 2° — 2а%(3)°еь, љ) 
= kn Q(es + ел + O(r — r})e3 + O(r — r} )ед — 2aR(3)^e;, Ns). 


In view of the support of ky, we infer 


P,[Yu,0,0]-Ns = Ky О (ез + ел = 2a (3)'es, Ns.) 


+0 (Brea) (Vol? + [Vb + Гуф + т )} 


Next, in view of (4.7.2), and since V(r) = 0 in view of its explicit formula in (6.1.1), we 
have on the support of ky 


O33 = |з], Q4, = |V4vf?, Оз = [Vu]? + O(6rea) |v’, 
C is = Viv d Va, Оза = уз И Va, 


Q = Vai Vad + OGNI", — San = (908945 OG UU 
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and hence 
о(ез + e4 — 2а%(3)°вь, Ns) = (е + e4 — 2af (3)^es, Ns) + O(Srea)| vp 
where the symmetric 2-tensor О is given by 
Say = Duh Dod — za, Dad Dv. 


We deduce, on the support of ky, 


P,[Y4,0,0]-Ns = кн O(es + ел — 2093)", Ns.) 


+0 (Brea) (IV + [Vap + [V + с) | 


Next, recall that the choice of т in Definition is such that 


2 
TIL 
g( Nx, Ny) < NU « 0. 


Also, we have 


g(es + e4 — 2af(3)^ey, ез + e4 — 2a(3)"er) = -4(1 - eG) 
and hence, on the support of ку, 
2fas 6 2 
в(ез + e4 — 2af (3)^ey, ез + ед — 2aR(3)"en) = —4 (: — Ты + 009) 
4 


2 
< -4 (- EE) «0 
ry 


for |a| < m, and 0,44 and є small enough. Since both vectorfields are uniformly timelike 
on the support of ky, we deduce from the above, together with the Poincaré inequality 
of Lemma 0.2.23] the existence of a constant со > 0 such that, for беа small enough, for 
any sphere S = S(r,r), 


J P4 Мы > conn | (узш IN Ivo enter). 
S S 
In particular, since кн > 0, we have on М 


] Piso. № > 0, 
S 
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and moreover, in view of the definition of ky, we have, for any sphere S(r, т) with [a < 
беа 


f Pieds 2 co f (Wout? +з? INI ert) 
S S 
as stated. 


Finally, we have on A = {r = (1 — dy)r+} 


Na = gà (0s = -;es(r)es — 5ea(r)es + V(r) 
= za soga ; (=. " oe) es + O(c)V 
= iüs00)s*i ( - о) es %0(9У 
aid 
Yo) = d(r)e3+d(r)eq + ед +- > — 2а%(3)ёеь 


a” 


= (1+ 0(ӧн))ез + (1 + О(ӧн))ез — 2aR(3)"e; 


In view of the definition of куу and the fact that ба > ӧн, we have ky = 1 on A. We 
infer 


P,[Y4,0,0- МА = (Үн, №) = кнО(Үо), NA) = О(Ұо), NA) 


(1+ O( ӧн + €) лы 1G 06, +9)ди аб +00) (3)° Qu, 


(9100) ((1 + 004 +0) Qn - nes) 


+O(e) (ды + Qu — 2aR(3)°Que) 


Q 
1 
2 
ЕЕ 


Next, in view of (4.7.2), and since V (r4) = 0 in view of its explicit formula in , we 
have ор A= {r = mE - Sarat 


Озз = |V30)|?, Ом = |Va, Оза = |У? + Oln)’, 
Ола = УХ Ы У.Х, Оза = Уз 5 Val, 


trQ = Va) - Узр + O(ós))| bp, дъ = (уруф) + Oln) ll. 
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We infer on A 


P,Ya,0,0]- Na = Уй? + Уй? — aRQ)V V уу) 
ца! 
21412 
+003, e) Vas + O(n + e) (IVA + [VP + r°). 


d (Ivavf? — 2a R (3) VT - vv) 


Arguing as above, for |a| < т, and бу and е small enough, this yields the existence of a 
constant со > 0 depending on a and m such that 


P,Yu,0,0]- МА > co(n Vap + Ius + У) + OG)? 
Using again the above Poincaré inequality, we infer, for a possibly smaller со > 0, 
S Poo а > co f (eve БАЛ + Ive to) 
8 5 


for any sphere S(r,r) with r = (1 — бу)г+ as stated. This concludes the proof of Propo- 
sition 


We are now ready to prove the redshift estimates of Proposition [9.4.1 


Proof of Proposition Let Yy the vectorfield of Proposition We integrate 
D"7, Үр, 0,0] on M(7;, T2) and apply the divergence theorem. The proof of Proposition 
[9.4.1] follows then immediately from the lower bounds for D’P,,/Y3,, 0,0], РУ, 0, 0] - Ns 
and P,,[Yx, 0,0] - Na derived in Proposition [9.4.4] 


The following lemma shows that ез commute well with Г in the redshift region. 


Lemma 9.4.5. We have, for r € 4m, 


. A 
(Уз, x] Е —0, (тт 


+О(1)П& + O(1)05 y + O(c)o?y 


) VÀ + O()VVs) + O(D) VV 


Proof. Recall the following decomposition, see (4.7.5), 


: 1 1 
кї = —V4V 3Y — att XVa + (20 — 27 x) Узу + Any + 2n- Уф 


+2i( *o-n^n)v + (T3): v. 
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We infer, for r < 4m, 


[V3, | 1 


1 1 
Уз, - VAVav — att XVa + (20 — 5° x) Мз + А, + 2n OM 


HA ( "p - n^n) v * (v Гу) |: 
= —[V3, Va] V34 + [V3, Ax] + O(1)05! 
= 20У) + 2(n — n): VVaU + 2wVaVy — 2x, VeVow 
+2(n — С): VV ab + 26 - Ууу + O(1)0* 
= 20%) + 2(n – n) - Узр — tr хЛьф + O(1)0*! + O(e)o?y. 


Using again (4.7.5), we infer 


[VaL] = 20У + 2(7 – п): УУз) — tr ХУ4Уз) 
—tr xxv + O(1)05. + O(c)o S^) 


and hence 


as) VÀ + O(1)V Vet + O(D)VAV sy 


+O(1)O yah + O(L)0S*y  O(co*? 


as stated. 


In view of Lemma |9.4.5} the following corollary of Proposition will be useful when 
commuting the wave equation with V3. 


Corollary 9.4.6. Let v a solution, in M N {r € Ат}, to 


4a cos Ө 
lal? 


‘hwy — Vy = *VrW+N+0, (ав) Мз + O(D) V + O(1)V4v. 


41? 

Then, for |а| < т, there exists a small enough constant б.га > 0 such that беа = Srea(mM — 
la|) with ба > ӧн, and a small constant со > 0 with co = co(m — |а|), such that the 
following estimate holds true in М(т1, тә): 


Co Ere aas up] (тә) + co Moris s up o] (ri тә) + coF'A T] (1, тә) 


S Ё„<т+ 426,14) [v] (11) + бы Мот, (145 p04) err (1+28,ш) [v] (Ti Тә) (9 4 8) 


INI’. 


| 
М(ту,тә)г\{ Z- 126,4) 
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Proof. Let Yy the redshift vectorfield of Proposition [9.4.4] 4| As in the proof of that propo- 
sition, we have 


D*P,,[Yx, 0, 0] = &4 D"P,[Y, (о), 0, 0) 


-O(ri $a), Jea + [Vayl E МФ т и! 


Together with the lower bound for D“P,,[Y(o), 0,0] of Corollary and the properties 
of ку, we infer, provided 9,4 is chosen 1. small, for any sphere S = 5(т,г), 
choosing 0 (7) and d'(r,) even larger than in Corollary |9.4.3) 


(r+ — m) = 
(БУЛУ) > "ocu (IVsv* + [Vap + IVUP + r=) 


2-16, 


еа 


Обрва) | (Па та + VW re) 


22-126, 


. 4acosé , 
МЕС ( were viv) 


1 / Сі 2 
САБЕ 


1 / Сі 
+5 (dea 7 2) fiver. 


Plugging the equation for Y, we infer 
f D“P,[Yn,0,0] > о | (IVsv + [Уай + [IVUP +r) 
5 


-1|<brea 


|<, ` 


-1|<brea 


64r? 
-Orza | (Wep Iv IU еі а 
5 


= E -1]< 2604 


МЕЛІ (va. (а) Va) + О(1 vé ona) 


1 7 C1 

eg (t6 - 5) [vts 
1 / Сі 

+5 (469 - 5) [vera 


Now, in view of the choice of Ұн, we have 


zs. e 


EIE 


( О e (аз) Узр + O(1) VU + ouv) 
S 
= nz (а + O(5rea)) Va + O(1)V4 + O()V )v (a. (аз) Узр + O(D) V + ошта) | 
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Since д, (%) > 0 on the support of ку, we infer 


ЕЕ (o (а) Узр + O(1) Vu + ous) 


lal? 
> -ой) | s (IN + IV + [Vou (+199) 
S 
and hence, for d'(r,) and d'(r,) large enough, 


(r4 =m) 
128r? 


обед) | (узш? Isl? + IVP WP), ae aas. 


-О(1) І |21 


(БАЛЫП > f (vs Iv [Wor +r Ур 
9 S 


2-18, 


E-i 28," 


We integrate D", [Y;, 0,0] on M(t, T2) and apply the divergence theorem. The proof of 
Corollary [9.4.6] follows then immediately from the above lower bounds for D", [Үн, 0, 0], 
and from the lower bound for Р, [Y;;, 0, 0| - Ny and P,,|Y4,, 0,0] - N.4 derived in Proposition 


9.5 Proof of Theorem (6.3.1 


In this section, we finally prove our main result for Energy-Morawetz estimates in pertur- 
bations of Kerr. We first start with the particular case s — 2, and then treat the general 
case. 


9.5.1 Proof of Theorem in the case s = 2 


Commutating the model RW equation (6.1.1) satisfied by v» with various vectorfields will 
generate in particular error terms of the type 221(Г, - v). We start with the following 
simple lemma which will allow us to control the contribution of these error terms. 


Lemma 9.5.1. We have 


| SHT, ор Se sup ЕЗУ) 
Merap (71,72) 


T€[r1,72] 
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and 


ЖРБ ТАРЫН ЫШ ЛЕР ТС 
M 71,72 
trgo | 


Proof. We start with the control on Mirap. We have 


| os" tr, - 9ylvs Y] 
M trap(T1,72) 


1 
<8--1,/,12 
“/ 1--баес 0 Ф| 
Merap(71,72) Ti 


trap 


QUE S 


е sup E°] 


те|т1,72) 


MAS 


MAS 


MAS 


as stated. 


Concerning the control on M, " we have 


/ оГ, v) (Iva esu | [VR Y] | i) 
M eon 
irgp 
< “/ r |0810] (Ivo v| + [V goy] + mi) 
M 21 
irgp 
sef ^os (Ivo о) 
M ~ T2) 
їтїр 


sef 
M 


S «В Ф(ті, т) 


1—5 oS? + п-8охе ја) 


as stated. This concludes the proof of the lemma. 


First, we derive the control of energy for at most one derivative of Y and Morawetz for at 
most one (Ут, Vz) derivative of 1). 
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Proposition 9.5.2. The solution w of of the model RW equation (6.1.1) satisfies the 
following energy estimate 


Eaegl( P, Vr, Vg) (т) + Fe. [(9, Vr, Va) (1, 72) + Мо"|(Ут,У2)24) (ті, тә) 
S ӧн (Es. [BUI (12) + АЙ (т.т) + E (т) + Ау, М(т, т) 


+ (4 + e) | sup E?[V] + В (тут) + Flinn) (9.5.1) 


TE[T1,72] 


Proof. We proceed in several steps. 


Step 1. From Proposition |9.2.12) we have 


Моге ollm) X sup ЕМ / ar (f£ + улт?) 
M (71,72) 


тЄ[т1,тә] 


+f (Vahl +r UDIN] + є (5% ЕФ) E 
M (71,72) 


71,72 


Also, from Proposition |9.2.13| we have 


Еа | (72) + Fs. |9 (ті, T2) 


< by (Eres tang (а) + Fall (ri, т) Жыш + I 


= Могае [0](т1, T2) 


ШАСЫ (5% Epl) + һм) | 


71,72] 


Also, we have the redshift estimate of Proposition 0.4.1) 


Morr<r (148,4) |9 (ті, тә) + Еа О] (72) + Falh] (71, 72) 
5 Е.т, (71) + 94 4Moras [V] (Ti, 72) + f INT. 


Мт) 2<1+26,еа } 


Combining the three estimates, where the second is multiplied by the large constant А 
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and the third by 64 


^4p We infer, for a constant со only depending on m — |а|, 


ӨЛІ E, [i] (то) + Мог, (т, т) + КАЙ (т, 72)) + A (Eaeg(72) + Fe, (т, 72)) 


TMorg 1% (ті, ")) 


TE | (IV + |Ут?) + | (Ук +r DIN] 
M (11,72) M (11,72) 


те|т1,72) 


+ | e (r, ploy] 
M (n1,72) 


+A (5 (Е. asso (т) + Fall (ti, 72)) + Eaeg [i] (1) + 


«| npe e na] 


+ Orca Ere 25,4) 9 (та) + 9reaMorasg [V] (1, T2) + | ШЕ 
M(r1;72)M{ Z- 192654) 


IA 


Іі Morze (тт) 


We now choose A and ба, depending on m — |а|, such that 


coA > 2, соб? > 2Аб+, Co > 2ôred 


red — 


which is possible provided дз is sufficiently small. We infer 


5 (Shea Еа] (т) + Мог, (1, 72) + Fal] (Ti, 72)) + A(Eaeg(T2) + Fo, [V] (ra, 72)) 


m 


< / ar-2(|Vpl? + [Ут ?) + f (Ур +r DENT + f SLE, - фои 
M(T1,T2) M (11,72) M (71,72) 
+A (кым) ШАТТЫҒЫ | | уде: +e КО zo 
M 71,72 
$64, Б ee оов (т) + бы | ү. 
М(т,тэ)п{ -<1+-26,е4 } 
We deduce 


ЕҢ ](т») + К (T, 72) + Мог (т, 72) 
| 


5 Elitr) Ат Man) + (El +6) | вир ЕҢ] + ВИТ, та) + Д0) | 


те|т1,72) 
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Step 2. We commute with (Дт, Ёз) the RW model equation satisfied by Y and obtain 


1(#тф) = —[ёт, QY + £r (ve = “Va "V + к) 
= -[Ég. јр + V£ qv — ME V * fb +N + Го 
and 
i s Да сове , 
2(£ zw) = —[£z, PI + £z (ve - сш! 22) 
M 0 
= -|£z, Ub] + V£ zv — -a Ут “Lzy -- 05! N +r St. 


lal? 
Recalling Corollary 4.3.4j i.e. 

[Er Dy = 0(Г„-0%) + ГЬ. Dev, 

[Lz, jv = d(T; 5 dw) uH rl, ` gU 
we infer, using again ће RW model equation for 4) to simplify ће RHS, 


. 4a cos 6 
2( ry) Е Vry = EE" "Vo E тї T Ng 
Nery = ӘЗІМ +F (T9059) + ГЬ 


ӘЗІМ oS (T St) 


and 
. 4acosé , 
2(£ zw) -Vz = > ГЕ Мт» + №, 
New = ONO (0) тт TIY 
= DİN +S (T St). 


We may apply the control derived in Step 1 to these RW model equations which yields, 
using Lemma|9.5.1] to control the 95! (P;j05 v) error terms, 


Е(бл.ба)Й(т) + Ел, Еа) (ris тә) + Morl r, 2) (т, т) 
5 ЕЧ) +A Nn) + (о) | sup БӘЙ БМ (т, n) + РИ (ап, J | 


T€[r1,72] 


Given the relation between £ and Ут, and the one between £z and Vz, see Lemma 
9.2.1| we infer, together with the estimate of Step 1, 


Е[(Ут, Vz) (т) + Е[(Ут, Ул) (т, 72) + Mor[(Vr, Уд) (ті, T2) 


5 Е (т) * A" [v, Мт, 2) + Є D | sup E 


т, те|ті,т9| 
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Step 3. Next, we commute the wave equation (6.1.1) satisfied by v by |g|D» using the 
commutation formula of Lemma (4.7.13 


| 4acosé , 
(426) = Мр = рз "1020 + Мар, 
3 
Ny, := SUN - 2141020 + Olar? y + оГ, - V). 


From Proposition |9.2.13) we infer 
Egeg||a[Dowv](72) + Fs. []a|D2v](ri, т) 


ЛЕТИЕ f Vs ID Nu. 
M (71,72) 


(e) | аш atu (sc д ) | 


тЄ[т1,тә] 


Now, from the definition of Ар», we have, integrating by parts the second term in Niqp,, 


/ Va. (19 250) ; Мар, 
М(т,т) 


1 
S| fava alee) Doo | +A WN т) 
M(r1,72) T 
«(E | sup Bl] + Bills n) + Flin.) 
5 sup Ely] +A W, N] (ri, т) 


TE[T1,72] 


«(Ec | sup Ep] + BEI ni.) + РМА, J | 


T€[r1,72] 


where we used the fact that T, 4 € тГь, the control of „Т“ induced from the one of 
9.2.13 


in section |9.2.10} апа Lemma to control the 


(13) in the proof of Proposition 
various error terms. 


In view of the above, and in particular the estimate for E[v] of Step 1, we infer 


Egeg||q|DoV](72) + Рт, т) 
5 ön ( Erer [Bu] (ra) + АДВ, то) + ЕА) 


+N" wb, N] (71, 72) + (= + c) | sup E(w] + B2W](n, 72) + Firs) А 


т, T€[r1,72] 
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Together with Step 2, and using the Hodge estimates of Proposition to control ў 
from |q|D2 and Ут, we deduce 


Eaegl( P, Ут) 54 (тә) + Fx. 109, Ут) Y] (T, 72) + Mor[(Ver, Vz) (т, 72) 
S ön( Erer, (та) + ҒАУ (тьз)) + Er) 
A y, N](n, тә) + Є + e) | 90р 5. ah. В (т, T2) + Fin) Р 
Step 4. Using the representation of the wave operator provided by (4.7.7), i.e. 


| г? + а?)? 
lal ov = eoe =VaV дї + VaVav) + 2rV р 


+ 142250 + Jal? (n +n) -VY + T, - ov, 


together with the wave equation (6.1.1) satisfied by Y, we have 


[viste IVRP S Eae 2) + Far V2] 
X(r2) X. (n11,72) 


«f ШЕ + f INT? 
(72) Ux (71,72) 
Since we have 


Eas [(9, Vr, УЧ (>) + Fx. (9, Ут, У р) Yl (т, 72) 


< Еў, Vr) чб) + Fo, [(, Vr) 9] (n, тә) + f уз? + | узор, 


то «(T1,72) 


we infer 
Еа ў, Ут, Ур) I (72) + Fs, [( ў, Ут, Val (т, Тә) 
€ Eg, Ут) дб) + В, 109, Ve) (т, т) + f NE І ЭШ 


Together with Step 3, we deduce 


Eaejl( ў, Ут, У 8) 2%] (72) + Fs, [( ПА Ут, V g)*?!y] (т\, Тә) + Моц(Ут, Уз) (ті, т) 
5 n ( Erari [Bul (ra) + ҒА (т.т) + ЕА) 


+N" v, N] (11, 72) + (4 T ) | вир ЕШ) + Вт, 72) + Е (т, v 


TE[T1,72] 


as stated. This concludes the proof of Proposition [.5.2] 
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Next, we control the energy of Ya = Фа) for a = 1, 2,3, 4. 


Lemma 9.5.3. We have 


E (Беш) + Fs. [uris тэ) 


On (Es. [a (72) + ЕЙ (тт) + E? [jJ] (n) + A? [v, NIT, 72) 
+ ЕТ + ) | iot E + В [v] (ri, 72) + Finn) | (9.5.2) 


Proof. We first consider v, for a = 1,2,3. We commute with (Ly, z)? the RW model 
equation satisfied by Фф and obtain, proceeding as in Step 2 of the proof of Proposition 
9.5.2} 


4a cos 0 


dm. £2) v) - Vp £z)» = — “Ут(# т, £z) v + No, guy, 


lal? 
Na tz)? = oN + 05" (T,05!4)). 


From Proposition (9.2.18 we infer 


Ег, Са) (то) + Fs. (Lx, £z (rss тэ) 
5 (Els [wl ta) ЕШ (т, то) + ЕЗМ(п) 


«f, T Va (Um £2) 0) Мет ay 


B Є + c) | вир E?[V] + B;[V](ri, т) + Fin) А 


TE[71,72] 
Together with Lemma and the structure of Nig...g,)2, we deduce 


Е.т, £2) (т) Б (Er, Еа) (ті, T2) 
5 Sn (Erer Wa) + FAW (72) + BW а) + А, NI T) 


ш Є D | вир E"[v] + B;[v] (ri, 72) е) 


T€[ri,72] 


Given the relation between Ёт and Ут, and the one between £z and Vz, see Lemma 
9.2. and using the control of Eaeg|(Vr, Ул) 510] and Fx, (Ут, Ул) 10] provided by 
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Proposition |9.5.2) we obtain 


Е. (Ут, Vz) (т) + Fs, |(Ут,У2)%) (ті, 72) 
S (El, (т) + Е] (т, T) ) + Е] (т) ЛО, М) (т, т) 


T t D | вир E?[v] + Ву[ф$](т\,т») 5) 


тЄ[т1,тә] 
and hence, in view of the definition of Ya for a = 1,2,3, 


3 


2; (Eus (r2) + Fs, [Ya] (т, 7))) 


a=1 


S On C (т) + РА (т, ")) + Р (т) + A? W, (т, тә) 


T (E D | вир E?[v] + В [v] (ri, 72) о) 


T€[ri,72] 


It remains to control the energy of 4 = Ow. To this end, we rely on the modified operator 


O defined by (9.2.3), i.e. 


д 4a(r? + a? + |q|?)cosO_ , Да? соѕ0 . , 
By = оу, LH mt e рау 


and derive the model RW equation satisfied by Ow. In view of the model RW equation 
for w, we have 


TP A 4a cos Ө A 1 x 

Ov)-VOv = - ia? “УтО% + 220019709) 

1 . 4a cos 0 x 
tog Ш ( 2-V+——— ут) E i. 
lal 141 
Using Lemma to estimate the last term, we infer 

-— те 4 0 " 

XOv)-VOÓv = - m3 АЛЛО, + Ns, 


with 


y 
| 


8 DEN + O(ar ?)V go! y + O(ar ?)o5 y + 0S(T, - р) +T D 
0S? + O(ar ?)V go y + O(ar ?)o5 y +93 (T; Y) 
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where we used again the model RW equation for 4). In view of Proposition |9.2.13| we 
deduce 


Ег. [О(т) + Fe. Өй (т.т) 
5 fu (Be, (I) + FAI) + Ellen + |] Умбө- Мә 


+ (4 а ) | вир Е? + B;[V](ri, T2) + ОО) . 


T€[nr1,72] 


Together with Lemma D.5.1] and the structure of N(z... „у, we deduce 
Ег. [О (т) + Fe. [OY] (T, 72) 
S (E, [wl te) + FAW (ni, 02) + Eo] (i) + М2), Мт, т) 


р / Va (Ov) - (0(ar7) Vay + Olar?) | 
MGn;T2) i 


(H+) | sup Е] + ВИ, m) + Flinn) | 


T€[ni,72] 
Integrating by parts the T 5 derivative, we obtain 


Es [Ov] (T2) + Fe. Өй (т.т) 
S x ( Bren, (та) + FApil (rs 2)) + EPWI) + А, N] (ris т) 


+a] n raul (IV gov] + | V owl) 
M (71,72) 


+ (4 + e) | вир P’) + B2W](n,72) + F?[v]|(r1, J | 


тЄ[т1,тә] 


where we used the fact that T(r) € rl, and Ts(cos 0) € Гь, the structure of the commu- 
tator [Vr, Va] provided by Lemma 9.2.7| the control of D,7 induced from the one of 


(75) in the proof of Proposition |9.2.13] in section 9.2.10] and Lemma to control the 


various error terms. Since 


| тоо ИЛЫ? 
M (71,72) 


J.P ier) + f 
MerapT1,72) M 


Вз (т, т), 


MAS 


r=? (зоо + roy!) 
) 


T1,72 
irdp 


MAS 
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we infer 
Е.О (та) + Fs. [OY], 72) 
S (ER, Dil te) + FAW (ri, 72) ЕЗ (т) МУ, Мт, т) 
+ (Se) | sup EPY] + BEUC m) + РА, J ! 


T€[n ,72] 


Together with the definition of О and the control of Ег. (Ут, У2)5Ң)| and Fy, (Ут, У) 54) 
provided by Proposition |9.5.2| we obtain 


Eaeg(Ov](72) + Fs. |Ov|(ni, T2) 
S би(Е (та) + FAW 2)) + Е] (т) +A [s Мт, 2) 


T€[ni,72] 


«(E | sup ЕЗ] + ВДА, т) + О) | 


The is the stated energy estimate for 4 = Ow. Together with the above energy estimates 
for Wa, а = 1, 2,3, this concludes the proof of Lemma 0.5.3] 


The following proposition provides the control of Morawetz from the energy. 


Proposition 9.5.4. The solution w of of the model RW equation (6.1.1) satisfies the 
following Morawetz estimate 


бы (Es tts, ICT) + Мо (Ӯ, Уз, V4) Gri, тә) + FAlw](r1,72)) 


S i ( sup Ead Vr VA} + Fo ve val 


T€ [1,72] 


(ки) + N'i, М(т, тә) 


relr] 


«(e | шалығы Flinn) | 


«( sup E) 


T€[nr1,72] 


тє[т1,т] 


+N? y, N](m,72) + Є + c) | sup ЕЗ) + В 4) (ті, тә) + Е? (ті, ә) 


«ЕЗ (т) PSI 
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Proof. We proceed in several steps. 
Step 1. From Proposition |9.2.15} together with Lemma |9.2.16| we infer 


Мога, [V2] (ті, T2) + Morasg[Ov](n1, 72) + Mordeg| PV rv] (71, T2) 


У; (5% Едег/%а) (т) “дұ ҒАфа|(т1,7) + Fs, [Wal (71, ) 


d Tl T2] 


MAS 


+( in Baal BP) + Fa BVH) hui vl 


те|т1,72) 


тЄ[т1,тә] 


( sup Eus (5, Ут) 0] + Ру.[(ў, vil eura vera 


«f (IV gua] т уа Na] + € (5% ЕЗ (т) + км) 
М(т,т) 


71,72 


Plugging the control of the energy provided by Proposition and Lemma in the 
RHS, we infer 


Mordeg [VZ4/] (ті, тә) + Mordeg[Ow] (71, T2) + Мога | PV rv] (т, T2) 


S бу (E? г<г+ [v] (72) + FAW\(n1,72)) + nus +f (арфа) i тар Na] 
M (1,72) 


where we have introduce the following notation 


Legs = ДЕ sup Еа (0, Vr, Ур)? d eR Vs Vgl 


T€[r1,72] 
(кы) +N"), N] (1, 72) 
+ (B...) | sup E^[v] + В [v](ri, т) x 
т T€[r1,72] 
x | sup Fesl Ут, Vu] E) 


eA" Ninn) + (+) | sup EPY] + Bill (ri т) + Fr. ) 


тЄ[т1,тә] 
+E’ (т). 


412 CHAPTER 9. ENERGY-MORAWETZ IN PERTURBATIONS OF KERR 


Also, recall from (9.2.2) that we have 


ІМ € PEN] + рауы + Loses + әхз, у 


i m m 
so that, using Lemma [.5.1| 


/ (У ра + е) 
М(т1,тә) 


S ЛР, М (т, T2) + (4-4) | z EAE) 
S nnus. 
We infer 


Могае; МИЛ (ті; т) F Mor deg [Ov] (11, тә) + Мога, | PV rY] (т, т) 
S Trus + ӧн (E, [v](r2) + РА (т, т). 


Moreover, using the definition of O and the Hodge estimates of Proposition [9.3.2] we have 
Мога, 25^v/](7i, т) 5 Morag [r Av](n, T2) + Могае; [уз (т\,т») 
5 Мога (Өй (т,7) + Мога [У (т, 72) “іш (т, т) 
and hence 
Motdeg| Vi] (т, тә) + Мога PS (ri, 72) + Мога | Ут (т, 72) 
On (o (т) + ЕУ (ті. т) + Trys + Мога [Ут (т, тә) + lel py [o] (71, тә) 


5 Sn (2. fl ta) + FAWN тә)) + Zens + Мога [У v] (n. тэ). 


MAS 


Together with the control of Могае [V] provided by Proposition 0.5.2) we deduce 


Мога, (Ут, 0) 5% (11,72) 5 бин (Been (тә) + FAlv\(n1,72)) ане; 


Step 2. We now introduce the operators ПД acting on 5$» as follows, for 7 > 0, 


2 ie gl As. 2 = lg[D2(|a Az). (9.5.4) 
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Then, we commute the equation for v by Le with jı + jo € 2, and obtain in r < 
r , (14-20,,4), using the commutation formulas of Corollary 4.3.4| Lemma and Lemma 
[4.7.13] 


| 4a cos Ü 


lal? 


where ko = kp = 2 and kı = 1, and, we have, for r < 4m, 


"Va (E ERU) +N 


1. GE LEY) - VE 


Өмір 


uU А 
N д = 97 N + 55 10(1) LEY + О Є + e) о59%. 
Using the redshift estimates of Proposition 9.4.1| we deduce, for |j| = 1,2, 


CoB e, (145 ea) 20] (то) + соМот, (в,а) | PE LEY (т, T2) + со РА (т, тә) 
KE... agas a (тї) + Oca Мот (1+б,ш)<т<т+( 1--26,-а) (9, £x), т) 


+f IN a goal’ 
М(тыт)п{ <1+2бд} ЁТ 


In view of the form of № we infer 


өмір 


соЕ, (145,04) P2 LEY (тә) + соМог, < as (т, T2) + coFAL АЗ) (mi, 72) 
KE? (14-2804) VIT) (551 + бә) Мог,<у+ atire) P LEY (ті, тә) 
+ 6; Mors, (146 ;04)<r<r4(14+28 rea) ( , т) (ті, тә) 


T AP), N](t1, 72) + (4 D | sup E?[]-« В (т, T2) ШЕТ) . 


TE[T1,72] 


Arguing by iteration on jı, using also the comparison of £ and Ут of Lemma|9.2.1| and 
the Hodge estimates of Proposition |9.3.2| we obtain 


CoE <r (14+5;ea) (P, Мт) (тә) + соМог, <r, (145,04) (P, Vir) (т, тә) 
+ o Fall, Vr) 2%) (ті, 72) 
KE. 0425, VIT) + 6 Mors, (15,4) raritne (9, Ут) 220 (т, та) 


+ A? Do, М(т, 72) + (5 D | вир E?[v] + В (ті, т) E) 


T€ [1,72] 


Multiplying this estimate by бб, and summing it with the above control obtained in Step 
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1 for Morgeg|(%, V7)*?v](r1, то), we infer 
Dred (Е, 1++буеа) (9, Ут) 2% (2) zs Mor;, ( 14+6;ea) (9, Ут) 20) (ту, T2) 
HEALD, Ут) 20], тә)) Mora (3; Ут) 0] (71,72) 


5 (E, lolo) + FAW] т) + Trus 
+62, MOT (18, „а) < 029,9) (0, Ут) 20(т, 72). 
Since 


Fred MOT; , (145;04)<r<ra(1+25rea) (P, Ут) 2) (ті, 72) 5 SreaMoraeg|(P, Vr)=7)] (71, тә) 
we may absorb the last term of the RHS by the LHS for буа small enough, and hence 


OUT (Е, 1+5,еа) 109, VT) 5% (тә) zs Мог, <. ( 1+ôrea) 109, Ут) 2) (ті, T2) 
+ЕА[(#, Ут) 2%) (ті, ")) + Мога (9, Vr) Y] (т, т) 


5 Sn (Beer, 0) + FAW. т)) + Zens. 


Step 3. Next, recalling the representation of the wave operator provided by (4.7.7), i.e. 
(r? + a??? 
D ae 


|42020 = — VaVa + VgV gi) + 2rV gi 
+ 1912220 + la (n + т) - V FT, - ov, 


we infer 


|. ЦУ И" + Viel) 5 Moraal, Vr) Yl T) 


+f о? + f [o* (T 
M M 
Then, we have by integration by parts 


ПАСТАЛАР) 
КЫЛАДЫ) 
M 


! | sup Eug, Ут, Vg) + Б.В, Vr; Vg)? v] + баҒА(9, Д0 


T€[nr1,72] 
1 


x | sup Eaegl( ў, Ут, У в) 2240] + Fy, (9, VT, Vay] + ӧн FA[( ў, Vr, Zu) ’ 


T€[r1,72] 
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where the last term is used to control the boundary terms. Since we have 
Maegl(Vr, Vg. 98%) € Маут, PE] + f, (Гуз + V3?) 
+ (ут) + (Gv) vail). 
M 
we infer from the above 


2. ИЫ 
< Maegl( Ут, ў wtf oS! NT? + «f lo* (T, 


NI 


i | вир Баа, Ут, УД) + Fs. (f, Ут, Vg)? V] + АҒЫ) 


TE[71,72] 


1 


( лл VA) + Fa, Yr VEU + Ru Ут, Va) 


T€[r1,72] 
and hence 


Masg(Vr, Vg; P) v] S Ма((Ут, 9) 20] + Ханз 


where we used the control of the energy in Proposition and the definition of Zggs. 
Together with the above estimate of Step 2, we infer 


ба (Е, 1++буеа) (9, Ут) ^v](r2) + MO p.t 14+6;ea) (9, Ут) 20) (ту, T2) 
HEALD, Ул) 90 (ті, тә)) + Мога, (9, Ут, V а) 0] (71,72) 


5 Su ( Eee, (та) + ЕЗ (т, 2)) + Тан. 


Step 4. Next, we commute the wave equation (6.1.1) for y in r < 4m by (Va, Bo, Хт) 2°, 
using the commutation formulas of Corollary |4.3.4) Lemma and Lemma |4.7.13) as 
well as Lemma for the commutations w.r.t to V3. аны with Corollary |9.4.6| we 
infer 

Co Ere aas uas й, Хт) (r2) Es соМог,.< (145;ea) (V3; Po, т) v](n, Тә) 

+ coFA[(Vs, Pa, Ёт) 0 (т, тә) 

KE. atzea) [9] (1) + 6 Mors, (15,4) 425 (Уз, Йй, Ёт) (ті, т) 
T AP, (т, 72) + (5 + ) | вир Е? + В (т, T2) + Аы) . 


TE[T1,72] 
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Using the comparison of т. and Ут of Lemma [9.2.1| and the Hodge estimates of Propo- 
sition |9.3.2| and using 
Spg Mor, (14 brea) SrSr+(1+25rea) y (Va; ў, Ly )*^v|(n, 2) 
5 &Mor. 145;ea)Srsr4(1426rea)l(B, Ут, V я) ^ V] (ni; тә), 


we infer 
Co Ere as sp Vs; P, VAS Y(T) + соМог, < atra) (Va; P, Va) (т, т) 
+ coFA[(Va, P, Уа) 20] (т, т) 
EET. aas) 0 (ті) 
+ Мог, (к,а) err 1425, [C Vs V g) ^ v] (71, T2) 


+ AP, N](1, 72) + Є + e) | вир Z?[y] + В (т, 72) + Fun] . 


T€[nr1,72] 


Together with the control of Step 3, we deduce 
ГИР (Еа) 052) (тә) + Mor[( ў, Уз, 4) 20) (Tı, T2) + Flo=*y] (Tis 7))) 
5 n (Eeer, [wl ta) + FAW то) + Тин». 


Choosing 6,44 such that бу <6”, we finally obtain 


red? 


real Е?< 16, [U] (72) + Мог[(#, Уз, Va) <7] (71, тә) + Film, ))) S Евн. 


In view of the definition of Zggs, this yields 


Sa (Es оаа) + Моў, Уз, V4) Gri, тә) + FA] (ri. т) 


S i ( sup Ead Vr VA} Fo ve val 


T€ [1,72] 


(ки) + N'i, М(т, тә) 


к(а) | шалығы Flinn) | 


тЄ[т\,тә] 


1 


«( sup E) 


T€[nr1,72] 


+N? y, N](m,72) + Є + c) | sup ЕЗ) + В 4) (ті, тә) + Е? (ті, ә) 


тЄ[т1,тә] 
+E? (т) 
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as stated. This concludes the proof of Proposition [9.5.4] 


The following proposition provides the control of the energy from Morawetz. 


Proposition 9.5.5. The solution w of of the model RW equation (6.1.1) satisfies the 
following energy estimate 


йд (ЕД (т. тә) + E((Vs; Va, P) 201 (т) + Fs. (Va, Va, 02%) (ті, r2)) 
5 EWIT) + Morn(Vs, Va, 9)*^v](ri, T2) + N? B, N] (11, тә) 


+ t * ) | вир Еф] + B$|v](n, 2) + Flinn) (9.5.5) 


тЄ[т1,тә] 


Proof. The proof proceeds in several steps. 


Step 1. First, note from the control of Proposition and Lemma that we have 


in particular 


Ел (9, Vr, V а) (т) + Р, (P, Vr, VAS v] (71, т) 
+ sup Eaeg|(Vr, Vz) Y] + Fs, (Ут, Ул) (ті, 72) 


T€ [1,72] 


S (El, (т) + Е] (т, T) ) + Е] (т) +A WN] (ris т) 


(ee) | sup ЕЗ] + Biol, тә) + Finn) | 


T€[ri,72] 


Step 2. Commuting the wave equation (6.1.1) satisfied by y with $2 with ji + jo < 
2, and obtain, using the commutation formulas of using the commutation formulas of 


Corollary |4.3.4{ Lemma and Lemma [4.7.13 


4acosÓ , 
ІЛЕ 


du, GE ERU) -VP LRY = Vr Pe LEV) + Муз, 


where kg = kə = 2 and kı = 1, and 


3 


Nya gn = ӘМ — бла HER + Olar?) y + 0®3(Г,. 0). 


йг 97 


Next, we rely on Proposition |9.2.14| We infer, for r > rı with rı = т (т) sufficiently 


418 CHAPTER 9. ENERGY-MORAWETZ IN PERTURBATIONS OF KERR 


large, together with the Hodge estimates of Proposition [.3.2] 


Е, (Ут, ay 52% (т) + Fs, (Vr, д): ^v] (71, 72) 
5 Е(т)- — Mors, «cos (Vr; $)*^v](n, 72) 


HAPIY, NJ) + (Ж! +) | sup ЕИ + Вл, т) + nen) | 


Also, using again the representation of the wave operator provided by (4 , we have 
Е, [VRV] + Fs, [УФ] 


S Е,» (Ут, 005% (т) Fz.[(Vr. 9)* ът), M IF 


+f pec, ов) еам (меңг, оше. 
Х(то) x (71,72) У, (71,72) 


Since 


Ev» (Vr, Vg; 9)" v](12) + Fa Vr, Vg. P (т) 
5 Erzan (Vr, #) 0) (т) + Бы (Ут, D v](ni 72) + Erz [VV] + Fe, [У 0), 


we infer from the above 


Е, (Ут, Bs V AEV) + Fs. (Vr. P, Va) ol, тә) 
5 EPWI) + Morn «os (Vs В) (т, т) 


T€ [1,72] 


eA" Ninn) + (+) | sup ЕЗ] + BI ri, 72) + PWC, J | 


Step 3. Next, we commute the wave equation (6.1.1) for v in € 4m by (Уз, |q|V, £ )?, 


using the commutation formulas of Corollary 4.3.4| Lemma and Lemma |4.7.13} as 
well as Lemma for the commutations w.r.t to Уз. Together with Corollary |9.4.6} we 
infer, as in Step 4 of the proof of Proposition [9.5.4] 


Co Ere as uas Po, Ly) (72) + coMor,«; (145, 9 (V3; Po, Ly) Gi, Тә) 
+ coFA[(Va. 2, Ёт) Y(T, т) 

KE. atzea) (т) + 9 Mors, (145-04) rer (1426 rea) (V3, P; Ёт) v) (71, 72) 
T AP BW, N](n, 72) + (5 + ) | sup E?RW]4- В[Ф|(т\,т») + Аы) І 


тЄ[т1,тә] 
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from which we deduce, dropping the Morawetz term on the LHS, and using the Hodge 
estimates of Proposition 


CoE «v 045,4) ^ V](r2) + coFA[0 ^^ v] (n, T2) 
«E?](n) + 64 Mor. (145, err (1426-04) (Уз, P, Vr)? V (ті, 72) 


T Аф, Мт, 72) + (4 D | sup E?[]-« В (т, т) Т) | 


TE[T1,72] 


Step 4. Using again the representation of the wave operator provided by (4.7.7), i.e. 


: т? + a’)? 
la 2U = e = VaV + VaVav) + 2rVay 


+ la? Av + |a (n - 9) - Vb + PT, - oy, 


together with the wave equation (6.1.1) satisfied by 40, we infer 


Еде [07] Еа (Ут, Уг) (т) + Еа (Ут, V, Vg)*!y|(r) + f 


[o* Np, 
хт) 


where the constant in < is independent of т, and where the tensor U is given by 


la A 


U = VaVav + (r? + а2)2 


Aib. 


Next, we proceed as follows: 


Step 4a. We consider a cut-off кө, (г) such that 0 < к, < 1, Ks, = Lon r > r,, and 
кө, vanishes on A. Also, for any integer 2 < п < т, — 2, we consider a cut-off к„(т) such 
that 0 € к, € 1, к,(т)- 1on (n € т € n+ 1}, and к, vanishes on т < n — 1 and 
T > n--2. We have, by integrating by parts, and using the support properties of к„(т) 


420 CHAPTER 9. ENERGY-MORAWETZ IN PERTURBATIONS OF KERR 


and the above control of U, 


(КО? 0 (туа ттд + SF |М, uc) 
M 


+ [| sts САРЕ А ev v рр Â урт) 
M 


+ | кышк sn (evan Slow, vp + AP vier 
M 
sup  EaeglU] 


€[n—1,n4-2] 


MAS 


мін 


+ sup Еа (Ут, V, Vg)? (т) Fy, (Ут, Vg, V)* Са! m) 


te €[n—1,n4+2] 


7T€[n—1,n4-2] 


sup Еа (Ут, V, Vg) YC) + Р (Ут, Vg, У) n- Ln + ») 


Together with the above estimates, we deduce 


A 2 
SEI) 


EL 


А 
[otn (Iove + Evi wif? + 
M 


+f Е “(19% Ум? + Кү А) 


КУ ІП + E i 
M 
o ЛЫ ЗЕ sd. Жый сие 


TE[n—1,n+2] 7€ [n—1,n4-2] 


УРУУ а? + —-|VsV 9 


Ivvsvup 2E ese 


MAS 


+ | sup Ел [(Ут, V, Vg)* v](7) + Б. [(Ут, Vg, М5 (п-1,- ») 


TE[n—1,n4+2] 


x | sup Еа (Ут, V, Vg) #](т) + Б, (Ут, Vg, V) v](n — Ln + 7) 


T€[n—1,n4-2) 


+ вир f oS! |2, 
T€[n—1,n4-2) J X 
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Step 4b. In view of the properties of the cut-offs, the above estimates imply 


A 

f ҚАРТЫ ДАН + PP vvu 
Mr{r>r+}n{n<r<n+1} 

-2 ЕИ. li сеу? АР 92,12 2112 
+r IVs VS] + 72 |V VV | + 1 УФУ v| + [Ууру 

Д Al? 

re aei we 

S вир Е. |(Ут, Ул) 20(т) + sup Еа. (Ут, V, Ур) (т) 

TE[n—1,n+2] T€[n—1,n4-2] 


ES | sup Eaeg( Vm, V, V g)*!y|(r) + Fs, (Vr, Vg у) (n - 1, п + ») 


T€[n—1,n4-2) 


x | sup Еа (Ут, V, VRUT) + Р (Ут, Vg, V) Y(n — 1,n + 2) 


T€[n—1,n4-2) 


+ sup f oS! N|?. 
T€[n—1,n4-2] J X(7) 


By the mean value theorem, we infer the existence of Tin) € [n,n + 1] such that 
A А 
l s Т САЛАР БАСЫЛЫП 
T(n) fur ШЕН 
А А 
Ps ТАҒАЛА БАҒЫ БЕЛ 


„А pA 


MAS 


sup EV ге) + sup Еа (Ут, V, Уа) (7) 


TE[n—1,n+2] T€[n—1,n4-2] 


+ | sup Edeg|(V 7, V, Мы) (т) + Fs, (Ут, Ур, У) (т — 1, + ») 


T€[n—1,n4-2) 


x | sup Еа (Ут, V, Va) v](7) + Fz.l(Vr. Vg, М8 (п-1,- 7) 


T€[n—1,n4-2) 


+ вир | Jot N 2. 
T€[n—1,n4-2] J X(7) 


Step Ас. Together with the above control of Eaeg|(Vr, Vz)*?^v](r), the above control 
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of Es». (Vr, P, У р) <2] (72) and Fy, (Ут, P, V g)*?v](r1, то), and the above control of 
E,<r (146 neq) Oo (тә) and Е,05%)|(т, T2), and fixing the value of rı = т (т), we infer, 
the following non sharp estimate, for any n such that Tin) > ті, 


DOCE 20 (ту, T) + ELCs, Уа, 9) 20] (та) + Fe. (Vs; Va; E) ulin, rw) 
sup  Eaegl(Vr, V, Vg)? v](r) + ӧн вар Err, |(Ут,У2) 8%) 


T€[n—1,n4-2] T€[r1,n4-2] 
Os FAV, V z)*^v](n, n + 2) 


MAS 


1 
2 


i | эр Fasl(Vrs V, Vg) iler) + (Ут Va V) — Ln + ») 
T€[n—1,n4-2 


2 


x | sup Еа (Ут, V, Vg)? v](r) + Fs. (Vr, Vg, V)v](n — 1,n + 2) 


T€[n—1,n4-2) 


+E" [v] (71) + Mor[(V3, Va, 8$) (ті, n+ 2) 


(ті ,n--2] 


Step 4d. Let 7» > тү. By local energy estimates, it suffices to consider the case т» > 714-5. 
We then choose n such that т <п- 1 <п+2 < т» < n4 3. In particular, we have 
Tin) + 1 € т € Tm) + д, and hence, using local energy estimates between Tin) and T2, we 
infer from the previous estimate, choosing also ôy «& 641 to absorb some terms on the 
RHS from the LHS, 


бг (Радо 20) (т, 72) + E((Vs; Va, 9) 201 (т) + Р, (Vs, Va, 8 ul. тә)) 
5 вир Еа (Ут, У, Vg)*y|(r) 


те|т1,72| 
тЄ[т1,тә] 


+( sup E) 


T€[r1,72] 


x | sup ed ШАШЫ 


TE? [V] (71) + а. (6 (т, 72) 
A? v, М (71, T2) ІН n E?[y] + Bz[v](r1, 72) + F?lv] (i. J 


+Л?[0, N](, n + 2) + (E D (om ЕЗ + Bzlv](ni, n + 2) + Fln + 2) 


| | 
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and thus 


UP (Flo un. T2) + Е[(Уз, Va, 9) 9] (72) + Fs, (Vs, Va, 0) 20] (т, т) 
зир Еа |(Ут, V, Ур) v](7) + Fa. (Vr Vg, У) (т, 72) 


TE[T1,72] 


+Е (т) + Mor((Vs, Va, #) $20] (11, тә) 


+N? hb, N] (71, 72) + Є + e) | sup E?RW]4- В (т, т) + А) е 


T€[r1,72] 


MAS 


Step 5. Plugging the control of Еа, (Ут, V, Ур) 10| (7) and Fx, [(9, Vr, Ур) (т, T2) 
derived in Proposition |0.5.2) we infer, choosing also бу such that бу < Š q to absorb 
terms from the RHS by the LHS, 


бы (Рајот, T2) + Е[(Уз, Va, 00840 (е) + Fs, [(Уз, Va, 0) 20] (т, т)) 
5 EW) + Mor((Vs, Va, 8) 20] (т, тә) 


AP! Bo, N] (r1, тә) + (5 + c) | sup EP] + В (тт) + aL) 


т TE[71,72] 


as stated. This concludes the proof of Proposition 


We are now ready to prove Theorem in the particular case s = 2. 


Proof of Theorem in the case s = 2. Plugging the energy estimate of Proposition 
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9.5.5|in the RHS of the Morawetz estimate of Proposition [9.5.4] we infer 


Oa (Ben ана) + Mor[( 9, Уз, VAS Y] (T, 72) + Fal] (т, т)) 


5 Oan (ғы (т) + Mor((Vs, Va, DE Y] (T, 72) 


m T€[r1,72] 


NP Bo, Мт, тә) + (= + e) | вир ЕҢ] В (тт) + Flinn) | 


um Gu (а) «Лу, (ті, 72) 


(Qe) | ир ЕЈ н Flinn) | 


те|т1,72) 


x (ку) + Mor[(V3, V4, PDE YIT, т) 


+N? hp, N (ri, T2) + (5 2 ) | sup ЕШ] + В М (тут) + Fin) | 


т тЄ[т1,то] 
а 
-N?[v, М (т, тә) + Є + ) | вир Еф] + В 9 (т, 72) + Flinn) 
тЄ[т1,тә] 
+E’ (т). 
Choosing б; such that бу < 615,, we may absorb the Morawetz terms on the LHS from 


red? 


the one on the RHS. We deduce 
82 (Ена) + Моц H, Vs, Va) 70] (ri т») + Ер (пт) 
= E’ (ті) + Ау, М|(т\, т) 
+ (Be) | ТИАН ТЫСЫ Finn) | 


T€[ni,72] 
Together with the energy estimate of Proposition 9.5.5| and fixing the value of 0,44, we 
obtain 
Е[(Уз, Va, $)*^v](2) + Mor[( 3, Vs, VAE Y] (r1, 72) + F((Vs; Va, DEWT, т) 
- E? (т) F N’ W, N](11, тз) 


+ Є T e) | sup E?[v] + В (т, т) + Flinn) (9.5.6) 


T€[r1,73] 


which concludes the proof of Theorem in the particular case s — 2. 
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9.5.2 Proof of Theorem 


We are in position to concludes the proof of Theorem [6.3.1] We consider the following 
iteration assumption for 2 € j < s — 1: 


Е(Уз, Va, ру) (т) + Mor[( ў, Уз, Ма) (т, т) + F[(V3, Va, 0) 5% (ті, T2) 
< Е (т) EA AP? (0, М|(т\, Тә) 


T (= + e) | sup ЕҢ] + B/[v](ri, т) + ME) | (9.5.7) 


тЄ[т1,тә] 


Note that (9.5.7) holds for j = 2 in view of (9.5.6). We may thus assume that (9.5.7) 


holds for some 2 < j < s — 1, and our goal is to prove that this estimate also holds for j 
replaced by j + 1. 


We start with the following Morawetz estimate. 


Proposition 9.5.6. Let 2 < у < s— 1. Assume that the solution w of of the model RW 


equation (6.1.1) satisfies the iteration assumption (9.5.7). Then, the following Morawetz 
estimate holds: 


Exc, (trea) DITU] (T2) + Mor(( 9, Vs, V4)? * y](n, 72) + FA[057* (т, т) 


S (кїйїт) +, Nnm 


(at) | sap Р'В) + a) | 


тЄ[т\,тә] 


x | Жа | Eaegl( ў, Ут, Vg)*/*ly] 
T€|T1,T2 


1 
2 


+s, ( ў, Ут, УФ] (т\, Тә) F бы Fall ў, Ут, УТ] (Fig m) 


HEIT Yn) + А2%%, Мт, тә) 
+ (4 + c) | zu ж + В (т, т) + ЖО) (9.5.8) 


Proof. We proceed in several steps. 


Step 1. This step is analogous to Step 2 of the proof of Proposition 9.5.2, so we only 
sketch it. We commute the wave equation (6.1.1) satisfied by i» with (Lr, £z) and apply 
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the iteration assumption (9.5.7) to the commuted wave equation. This yields, comparing 
also (Vr, Vz) and (Ат, £z), and using the iteration assumption (9.5.7) to absorb lower 


order terms, 


Е((Уз, Va, (Ут, Vz)i](2) + Mor((3, Уз, V4) (Ут, Ул) (т, 72) 
+РІ(Уз, Va, 0) (Ул, V z)¥\ (т, тә) 
5 Е (т) + М, N] (11, 72) 


с Є D | sup EIT y] + Bj" [0] (т, т) не) 


тЄ[т1,тә] 


Step 2. Using again the representation of the wave operator provided by (4.7.7), i.e. 


т? +a’)? 
la sv = e - VgV qii + VgV gi) + 2r V gi 


+ la? Av + |a (n - 9) - V +777, - oy, 


together with the wave equation (6.1.1) satisfied by 2, we infer 


Mor|(V3, Va, 5) UJ 5 Мог[(Уз, Ул, 9) (Vr, Vz) Y(T) 
4 Mor((Vs, Va $)S/y](r) + | DSN}, 


U(r 


where the constant in < is independent of т, and where the tensor U is given by 


2A 
[1 „Дъф. 


Together with Step 1 and the iteration assumption (9.5.7), we deduce 


Mor[(Vs, Vic pU] 
5 EH yl) ЛМ, N] (11, тә) 


T (E T e) | sup ET") F BiH (т, T2) + au) : 


те|т1,72) 


Next, using integration by parts and the iteration assumption (9.5.7) to absorb lower 
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order terms, we have 


: Е A _ 
Jn (vis vs йш Eis Va pur 
M(r1,72) T 
А? | 
+1427 (Уз, Va, BY TUL?) 


S Mor|(V3, V4; 5—1] 


4 sup Euegl(¥, Vr, Vg)? v] + Fel, Ут, Vg)! (т, т) 


T€[r1,72] 


1 


ААА ЫЫ | sup Еа (ў, Vr, Ур) "НД 


тЄ[т1,тә] 


2 


+F5,[(9, Vr, Vg) (т, т) + ӧн FA[(S Ут, У р) 70] (т, ) 


Using again the iteration assumption (9.5.7), we infer 


А 


f, rv ve ay tur + ike Va y" uf 
M (71,72) 


A? j—1,/,)2 
+ |AeVa(Vs, Va, B7 5p) 
< Mor[(Vs, Va, #) 2-7] 


a) 


+ c (а) + Аф, Мт, тэ) 


+ (8 " e) | sup ЕЙ] + Bibi], тә) + РА, м) | 


т те|т1,72| 


4 sup Eas[( Vr, Vg) ЧИ 


те|т1,72| 


2 


+Fs,((9, Vr, Va) (ri, 72) + bn ҒА( , Ут, У д) 7 illnm] . 
Together with the above control of Mor[(V3, V4, й) 7107], we infer 
[vr viv Vo DUE vs Va tur 


A? | 
+77 АУ (Уз, Va, nep) 5 Jnus 
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where we have introduced the following notation 


Jnus :— (кит) + AP Tv, М](т\, т) 


Т (2 D | 2. E + Bili](ri, т) E) | 


( | Бе Ут, Ур) 44) 
TE|T1,T2 


2 


Fs, |9, Ут, Va) (ті, 72) + би Fall, Vr, Va) (т, м) 
+Е BAL (71) d: AP y, N](11, T2) 


p (2 + e) | sup EIH Y] + BÍ" (т, т) + Р (а, ») | 


тЄ[т1,тә] 


Using the Hodge estimates of Proposition [9.3.2] as well as the estimate of Step 1 and the 
iteration assumption (9.5.7), we deduce 


А A | 
i (Os Va a tor Elvis Va BPP 
M(r1,72) r 
А? 2 j-1,/,12 
+211УяУ(Уз, Va, PYP) 5 Tans. 
Together with Step 1, we finally obtain 


А? | 
/ r°—-|Va(Vs, Va, Od? 5 Jnns. 
M (71,72) r 


Step 3. Using again the representation of the wave operator provided by (4.7.7), we 
have, together with the wave equation (6.1.1) satisfied by v; 


Um 


А2 : j 
< f r°—7|ValVs, V4, дуер + Мог(У3, Va, 8$)? (Vr, Vz) Yr) 
M oo 


4 Mor[(Vs, V4, PYT) + | oi! Nf. 


Х(т) 


ET d 12 "d і-1,9 
r 75 22(Уз, Va, pul + r т. Ax (Vs, Va, й) Ф| 


M (11,72) 
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In view of Step 1 and Step 2, we infer 


А. (1,72) 


Using the Hodge estimates of Proposition [9.3.2] as well as the estimate of Step 1 and the 
iteration assumption (9.5.7), we deduce 


ЛЕ (71,72) 


Using again Step 1 and Step 2, we obtain 


6А“ із 6А“ 7—12 
r 78 22(Уз, Va, 2) 0 + т 78 22(Уз, Va; P) wl” S Jnus 


M(n1,72) 


А* | А* | 
т 1У (Уз, Уа, Я 79-І (Уз, Ма, BY vl S Јан. 
М(т,тә) 


gl? j+1 2 
| 92 у (уз, Va, PY 
М(т,т) Т 


А4 : 
+ | 82 (у, ут) (уз, Va, DWP 
M Т 


r8 


AA 
4 / 0А ез v, УН X Tans: 
М(т1,тә) 


Step 4. This step is analogous to Step 2 of the proof of Proposition 0.5.5] so we only sketch 
it. Commuting the wave equation satisfied by w with 92 7 with jı + jo € j — 1, 
and relying on Proposition [9.2.14] we infer, for r > rı with rı = т (т) sufficiently large, 
together with the Hodge estimates of Proposition 0.3.2) 


Р r 

Mor,>2rı (Vr, 9) (ті, то) 5 = Мог, «2 (Vr, DET, T2) F JRHS, 
where we used also the iteration assumption (9.5.7) to absorb lower order terms coming 
from commutations with Йә. Noticing that Mor, <<. (Vr, 0) 220] (т1, тә) is controlled 


by the LHS of the final estimate of Step 3, we infer 


Mor,>2r,[(Vr, 9) (ті, тә) 5 Tris: 


Next, using again the representation of the wave operator provided by (4.7.7), and arguing 
by iteration, we infer from the above estimate, for any 0 < 2l € j +1, 


/ гуу, DAWES Лане, 
Mr»20, (r1 ,T2) 
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апа for any 2 < 21 < j +2, 


/ Гуй (ут, HW? S Tans. 
Mr>2r; (71,72) 


and hence, together with the above estimate 


Мог, э} (Vr, ў, Үр) (т, Тә) S JRHS- 


Together with Step 3, we deduce 


ы (т\,то 


А? À 
«f r ?—-|Vg(Vs, Va, pty)? +f 
M(r1,72) r M( 


4 


iA j+1,/,)2 zât j+1,/,)2 
(rel (Va, Va "er IV Va BY YE) 


8 


A* | 
т (Уз, Va, Od? 5 Irus. 


71,72) 


Step 5. Next, we commute the wave equation (6.1.1) for v inr < 4m by (Уз, #, Ёт) 2/7, 


using the commutation formulas of Corollary 4.3.4| Lemma and Lemma |4.7.13} as 
well as Lemma for the commutations w.r.t to Уз. Together with Corollary |9.4.6} we 


infer 
со 9, а) (V3; 02, т)? (72) + соМог,<у e n (V3; Po, т) d] (11, тә) 
+ coF'A[(Va, Bo, Хт) y(n, Тә) 

«6. Mor, , (14 5:0a)<r<r4 (128,6) (Уз, ПА £4) ті, Тә) + RES: 


Using the comparison of т and Ут of Lemma [9.2.1| and the Hodge estimates of Propo- 
sition and using 


Oped MO yr, (145, ) rr (126,4) (Уз, ў, Lp) ty] (ті, T2) 


m pA інім? E d іні? 
E (EIV; Va BP er LIV (Va Va BP) 
M к P T 
„ЗА j41,42 зА“ 3+1,52 
is T 4 IVa( Va; Va, y) ГА T r 8 (Va; Va, y) y| , 
M (T1;T2) И M(r1,72) А 


we infer from Step 4 


Ez, assay Va; ў, У) Sty] (72) jr Mor pcr, 146,4) ( Va; ў, Уд) 52+] (71, T2) 
+Fral(V3, ў, V4) (т, т) SIRs. 
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Together with the control of Step 4, we deduce 


Ек, 107 (тә) + Mor[( 9, Va, Уа) WW] (71, тә) + Fa[057* V] (ту, тә) 
< URHS 


which in view of the definition of Jrys yields 
E, a5.) 7 (тә) + Mor[( p, Уз, Va) 0] (т, 72) + Fao v](r1, тә) 


2 Б + A? Db, М|(т, T2) 


T€[r1,72] 


+ t + e) | sup Е [0] + В ф](т\, T2) + aum) | 


x | sup Egeg|( ў, Ут, Vary 


те|т1,72) 


1 


2 


T£», [( ў, Ут, Vat y(n, T2) + бы ҒАТ ў, Ут, У р) 7 (т, vj 
+E (т) Л, N] (71, т) 


+ (2 + e) | sup Eb] + Bj" (т, тә) + Р (а, J 


те|т1,72) 


as stated. This concludes the proof of Proposition [9.5.6] 


Next, we consider the following combined energy-Morawetz estimate. 


Proposition 9.5.7. Let 2 < j < s— 1. Assume that the solution w of of the model RW 


equation (6.1.1) satisfies the iteration assumption (9.5.7). Then, the following combined 
energy-Morawetz estimate holds: 


Е((Уз, Va, p (т) + Mor[( 9, Уз, VATY] (T, T2) + F[(V3, Va, 9) (т, т) 
S ЕЗІ (ту) +N fp, N] (11, 72) 


+ t + e) | sup EIH] + BE (т, 72) + ИО) | (9.5.9) 


TE[T1,72] 


Proof. Since the proof is similar, and in fact easier, than the one of (9.5.6), we only sketch 
it: 
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1. First, we commute the wave equation (6.1.1) satisfied by w with (Ёт, Сз) and 


apply the iteration assumption to the commuted wave equation. This yields, 
comparing also (Ут, Vz) and (Хт, £z), and using the iteration assumption (9.5.7) 
to absorb lower order terms, 


Е[(Уз, Va, B) (Vr, Vz)¥ | (72) + Мог[(ў, Уз, Уа) (Vr, Ул) ті, тә) 


+F (Vs, Va, (Ут, КИЛ ӘТЕР) 
S В (ту) + NIY, N](n, тә) 


ы | sup ЕЙ + Be (тат) +P [us J ! 


T€[r1,72] 


. Next, we commute the wave equation (6.1.1) satisfied by y with (Ёт, £z) 1 g5 


for 1 € k € j +1, where we recall that 
2. = (lal Az)*, 2^ = |g|P» (lal A2)". 
Denoting 
deg = LE BY, 


and using the commutation formulas of using the commutation formulas of Corollary 


4.3.4, Lemma and Lemma 4.7.13, we obtain 
Pək j = оқ), М = 057 N + О(ат 2)о? 2 + 027 (DT, - у), 


T 3 Nu | 
ordi; = Ан,» Мана) = 087 — =2 2+1.) + О(аг yo? + o7 *(T, - ). 


Relying on Proposition |9.2.14| we infer, for r > rı with rı = ту (тт) sufficiently large, 


E25 [Pr] (72) + Fo, [i] (71, тә) 
5 Мог, <<. (Vr, DEITY], т) + E^ (т) + Л, N] (ri, т») 


T Є ar ) | sup ЕД] Bj" (т, 72) + uL) . 


тЄ[т1,тә] 


In view of the definition of Yp j, together with the Hodge estimates of Proposition 


and the iteration assumption |9.5.7| we obtain 
Esos (Ут, 0) 9 ](2) + Fs, (Vr, DITT, тә) 
5 Morgen (Vm. Й) (т, т) + Е [v] (r3) + NT [vo Мт, 72) 


T (E E ) | sup ЕЎ] + Bj" (т, 72) + ML) . 


T€[r1,73] 
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Also, using again the representation of the wave operator provided by (4.7.7), we 
have, for 2k € j + 1, 


Esa (Ут, 8) 7 VI] + Б, (Ут, f)? VJ 
5 Е,әһ(Ут, PITW) + Fa. [(Vr, 2) v](n, тә) 


He Ies e| sup EP] e FP). 


T€[n,72] 


and for 2k < j +2, 


n Iv? + | ур 
Хь>2ғ1(т2) У, (тт) 
< Eran (Vr, 9) (т) + А, (Vr, DY] (11, v) 


+NIH Y, М(т, 72) + € | sup ЕЎ + uL) . 


те|т1,72) 
We infer from the above 


E,» (Ут, P, Уа) (т) + Ру, (Ут, ff. Vg)? VG. тә) 
5 Моғг,<т<оһ (Vr, Й) (т, T2) + E^" [](n) + NI, N] T, тә) 


т, (4 Б: e) | sup Е] + Bj" (т, т) + ЕҢ ұт, J . 


тЄ[т1,тә] 


3. Using again the representation of the wave operator provided by (4.7.7), i.e. 


| TEM 
la ov = py A ) (— VaVad + VaVav) +2rV gY 


+ la? Ay + lal?’ (n + m) - V - PT, - oy, 


together with the wave equation (6.1.1) satisfied by v, we infer 
Е[(Уз, Va, 9) ^U] 5 Е[(Уз, Va 3)? (Vr. Vz) a) (7) 
HEIs Va HIY) f. PNE, 
S(r) 


(T 
where the constant in < is independent of т, and where the tensor U is given by 


lal A 


U := VRV gY + CE БЕТТІ; 


Хәр. 


Next, we proceed as follows: 
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(а) We consider a cut-off ку, (7) such that 0 € кө, < 1, &&, = lonr 2 ту, and 
кө; Vanishes on A. Also, for any integer 2 X n < 7, — 2, we consider a cut-off 
Kn(T) such that 0 € к, € 1, к„(т) = 1on (n € T € n4 1], and к, vanishes 
on T Xn —1 and т > n + 2. We have, by integrating by parts, and using the 
support properties of к,(т) and the above control of U, 


е къ, (r)&n (T) (Vr. У, Уд) (Уз, Va, 9) 9 VAY)? 


ИК ХО RT V Vas Va S rg 


+f Ray (1) Kn (T 9e (9,7, Val(V3, Va, P) V?up 
sup Е((Уз, Va, p) Чл 


TE[n—1,n+2] 


MAS 


Е[(Уз, Va, $)*^v (т) alr Fy, (Уз, Va, $)*^v (n D s 7) 


т є[п— Е E 


E((Vr, V, Vg)? * (т)-- Fs, (Vr, Vg, V)? * (п 2 1,n + ») 


€[n— ue m 


Together with the above estimate for U, we deduce 


ІЙ Koy (г)ка(т)|СУт, V, У а) (Уз, Va, )9 УР 


+f kay (rral) IYr, V. Vg) (Vo, Уз, $5) VV aul? 
M 
| 2 


+ [sse RH NS VaYs Va, B) Iul 
M 


wp — [El(Vs, Va, ) 7 (Vs 948%) + Е[(Уз, Vas HIY) 


T€[n—1,n4-2] 


MAS 


T | ылғы Е[(Уз, Уа, 8) v](7) + Fe. [(V3, Va, 9) v](n — Ln + ») 


1 


2 


T€[n—1,n4-2] 


x | sup | E(Vr, V, Ур) (т) + Fs, (Vr, Vg, М) St v)(n —1,п + 7) 


AP! hb, N](n — 1, n +2). 
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(b) In view of the properties of the cut-offs, the above estimates imply 


f (Vr, V, Va (V3, Va, DIVY] 
Mnrzr4yn(n£r£n41] 


E = 


(Vr, V, Vg)( Va, V4, 9)?  VVgu 


|А)? 431492,2 
+r (Vr, У, У Я) (Уз, Va P) Vv] | 


MAS 


зир [El(Vs, Va, 9) S7 (Vs Vz) "l(7) + Е[(Уз, Va, 9) 947) 


T€[n—1,n4-2] 


1 
2 


+( „вир Е[(Уз, Va, B) v](7) + Fs, [(Уз, Va, е) 


ré[n—1,n+2] 


x | sup Е[(Ут, У, У 8) (т) + Fs, (Ут, Ур, Vyn — 1,n + 2) 
TE[ 


n—1,n+2] 


XA? TD, N](n — 1,п +2). 


By the mean value theorem, we infer the existence of түл) € [n,n + 1] such that 


Ілеге 


А А 
тауа ууу sop ауар 


Шы Бағала + EP eto) + учди 
A AP 
+з күш? + PL vip 


MAS 


sup | [E((Vs; Va, 8) 9 (V, Vz) Yl + EVs, Va, Y) vlr) 


T€[n—1,n4-2] 


i 
2 


T€[n—1,n4-2] 


+ | i sup E|(V3, Уд, й) vir) + Fs, (V3, V4, й) Sy] (n = 1, п + ») 


T€[n—1,n4-2] 


x | sup E[(Vr, V, Ур) (7) + Fs. (Vr, Vg, V) ?*!v](n — 1,n + 2) 
AA [v, N](n – 1,n + 2). 


(c) Together with the above control of E[(V3, Va, #) (Ут, Ул) (т), the above 
control of E,>2r,[(Vr, P, V g)*7*](r2) and Fs, [(Ут, p, У р) (т, т), the 
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control of Ep<r, (145 p¢q) OS YU] (72) and FA[057* hj] (r1, тә) provided by Propo- 
sition 9.5.6| and the iteration assumption |9.5.7| and fixing the value of rı = 
ri(m), we infer, the following estimate, for any n such that Tin) > ті, 


FA[057* y] (m, T(n)) ur E\(V3, Va, $5) * yr) ge Fs, (Мз, Va, УБА (т\, T(n)) 


~N 


(Bei + NIE, Мт +2) 


i t + c) | sup 0] + BİY n +2) + Fon n + 7) | 
т, T€[r1,n4-2] 


x (. sup Е[(Ут, V, Ур) (т) + Fs, (Vr, Vg, V) ?*!y](n — 1,n + 2) 


n—1,n42] 


el 
+Мог[(Ут, #)5 y(t, n + 2) + ЕЗ" (ту) + NO Eb, N (n, n + 2) 
al ү 


+ (B. c) | sup ЕЗІ + BE (т, т 2) + Е (т, n + ») . 


T€[r1,n--2] 


(d) Let т > тү. By local energy estimates, it suffices to consider the case т > 
т +5. We then choose n such that n <n—-1<n+2<m<n+3. In 
particular, we have Tin) + 1 < т» < Tin) + 3, and hence, using local energy 
estimates between түл) and то, we infer from the previous estimate 


FADS (ті, T2) + E((Vs Va, 0) 22 v](r2) + Р, [(Уз, Ул, 009% ті, 72) 


Um т) + AP hio, N] (m, T2) 


a e) | sup ШЕШ 


TE[71,72] 


TE [71,72] 


t sup E[((Vr, V, Vg ile) + io Vg V) el 
Mor E PIHT, тә) + Е (а) + ЛУТ, N] (71, тә) 


ED | sup ЕТ! + В (ті, 72) ТЫ) | 


TE[71,72] 
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and thus 


F4[057*! y] (n. 72) + Е((У3, Vas (т) т Fs, (Уз, Va, BY] (11, тә) 
5 Mor((Vr, DEITY], 72) + EIH (т) + N?*' b, N] (ri, т») 


T (4 + c) | sup ET Ty] + BI (т, тә) + FIG, J . 


те|т1,79| 


4. Together with the control for Mor|( 9, Уз, V4)57* jj] obtained in Proposition D.5.6] 
we infer 


Е[(Уз, Va, 0%) (т) + Mor[( 9, Vs, Уа) 7+0] (т, то) + F((Vs, Va, 2) * v](ri, тә) 


- (кт) e Wels n. ml (4.4) | вир ЕЛ) zc 


те|т1,72) 


x | з, Bacall, Ут, V7] + Fs, (ў, Ут, У) У (т, т) 
T€[71,T2 


1 
2 


+u Fal, Ут, Vg)? (т, m + Е? (т) ЛМ, Мт, 72) 


T t T ) | Pop NEL + Bi" (т, 72) + ML) 
We deduce 
Е((Уз, Va; P) (ә) + Mor[(J, Уз, Va) 7 ](mi, 72) + F((Vs, Va, 9) * 0] (11, тә) 
< ЕЗІ (ту) + Аф, N] (11, 72) 


T (E Y ) | sup Е] + В (тут) + ЕЎ (т, J 


TE[T1,72] 


as stated. 


This concludes the proof of Proposition [9.5.7] 


We are now ready to prove Theorem 


Proof of Theorem|6.3.1| Recall that (9.5.7) holds for j = 2 in view of (9.5.6). Also, if 
the iteration assumption (9.5.7) holds for some 2 € j € s — 1, then, it also holds for j 
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replaced by j + 1 in view of Proposition [9.5.7] Thus, we infer that (9.5.7) holds for all 
2 < 73 < s. Thus, we have, for all 2 € s < kr, and for any ô > 0, 


Mor|(V3, Va, 2)**v](ni, т) + E((Vs, Va, BY] (72) + Е((У3,У4,)2%) (т, T2) 


5 Evin) АҒЫ Ninn) + (B ee) | sup Bs) + Blinn). 


TE[T1,72] 


This concludes the proof of Theorem [6.3.1] 


9.6 Conditional estimate for the scalar wave 


Proposition 9.6.1. Let y be a solution to the following scalar wave equation 


ф-Уф = М (9.6.1) 


where V is real and satisfies V ~ т? for т large. Then the following estimates hold true 
for all 2 < s € ky and some small 6 > 0, 


Мот[(Уз, Va, PJY] (т, тә) sf гЗ (Уз, Ма, P) Y|? + Мот? [v] (71, 72) 
+ Е (т, т) + sup E*Wj(rT) (9.6.2) 


тЄ[т1,тә] 


T (mor) "yp, М(т, Тә) + (mor) Teh, №(т, Тә) + єВ5[0] 
and 
E[(Vs, Va, 098%! (тә) + Mor((Vs, Va, DEVIT, 72) + F[(V3, Va, P) Y], 72) 
S | rs Va SOP + Mor"! lir ro) (0.5.3) 
M 
+ EU Wm, тә) + sup ЕЗ 0 (т) А, NIT, 72) + єВ [4] 


T€ [1,72] 


where 
N IY, N](n. т) x (IV gov] + о) [о<° л. 
M 


Remark 9.6.2. Note that both estimates are conditional on the control of the quanti- 
ties fur (Уз, Va, 0)5%0|2, Mor^ (т, T2) and F*-! [y](r1, то). Proposition will 
be extended to a conditional r?-weighted version in Proposition [10.5.1] see section 
These estimates will be used to control P in Chapter [14 
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The proof of Proposition is similar to the one of Theorem Given that the 
estimates are only conditional, and in view of the the strong decay in r for the potential 
V, and the fact that extending the Andersson-Blue method to perturbations of Kerr is 
more straightforward for scalar waves, the proof of Proposition is in fact simpler 
than one of Theorem [6.3.1 
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Chapter 10 


Proof of Theorems and 


In this chapter, we derive the r?-weighted estimates for the reduced gRW equation (6.1.1) 


4a cos Ü AA 
а о REEL 10.0.1 
ae YT (азу а 


“py — Vip =- 


on a spacetime M which is an admissible perturbation of Kerr in the sense that 
holds. Together with the Energy-Morawetz estimates of Theorem [6.3.1] this will conclude 
the proof of Theorems and These r? weighted estimates concern only the 
region r > R for a sufficiently large R. In such a region the equation (6.1.1) closely 
resembles the equation 


А 2 4 
ap- Уф — М, у= (1-22) a 


r 


which was studied in Chapter 10 of [50]. The estimates in this chapter are thus similar 
to the т? estimates in sections 10.2-10.5 of [50]. There is however an important difference 
in that the hypersurfaces У(т) are not null, as in [50], but spacelike asymptotically null. 
This leads to some significant differences in the proof of Theorem [6.2.1] 


10.1 Proof of Theorem [6.2.1 


In order to prove Theorem (6.2.1 we need to show that the following estimates hold true 
for solutions 4) € s» of (10.0.1) on an admissible М, for all д < p < 2—ó and 2 € s € kz, 
ВЕР (т.т) S Ерт) + ЛО, N](n тә), (10.1.1) 
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where the BEF? norms have been introduced in section 6.1.5] 
We proceed in steps as follows. 


Step 0. Recall that we have proved in section D.5|the global energy-Morawetz estimates 
of Theorem 6.3.1 i.e. the fact that the following estimates hold true for solutions 2 € s» 
of (10.0.1) on an admissible M, for |a|/ m < 1 sufficiently small, for 2 € s < kz, and for 
any д > 0, 


Mor|(V3, V4; pS] (ті, Тә) + E\(V3, Va, й) 5%) (т) + Е|(Мз, Va, p) Y] (n, T2) 
| lal | (10.1.2) 
ЕКА) +, Мт.) + (l + e) вет, n) 


In view of (10.1.2), to complete the proof of Theorem (6.2. ie. to prove (10.1.1), it 


remains to derive r-weighted estimates in the region r > R for R large enough. 


Step 1. We first derive a basic r-weighted estimate for Уз in the region r > R. 


Proposition 10.1.1. Let А >> m large enough. We have 


| окуша] n (vate [vor rto) 
M» R(71,72) M» R(71;72) (10.1.3) 


+ Е. в [0](т1) + More «(т T2) «АЛ, N] (11, т»). 


Proposition |10.1.1|is proved in section [10.2.3 


Step 2. Next, we derive r-weighted estimates in the region r > R. 
Proposition 10.1.2. Let R> m large enough. We have, foró €&px2—6,0x sx К, 


BEF > вт, Тә) SE, > в[Ф](т) + Лв, N] + Morh «<р, Тә). (10.1.4) 


The proof of Proposition [10.1.2|15 obtained in section [10.3.2 


Step 3. Combining the energy-Morawetz estimates (10.1.2) with the r-weighted estimates 
of Proposition |10.1.2) we infer, for ó <p Xx 2—0,0 € s € kr, 


|a| 


ВЕН (пут) € Ет) + Nel, (т, т) + ( $ e) ВЕР (т, тә). 


m 
For a and є small enough, may absorb the last term on the RHS from the LHS and obtain 
(10.1.1) which concludes the proof of Theorem [6.2.1] 
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10.2 Basic setup and control of Уз 


10.2.1 Renormalization of the horizontal structure 


As in sections 10.2-10.5 of [50] (see in particular formula (10.2.6) in [50]), it is convenient 
to work with the renormalized frame 


2 
ел = Аел, ез = A leg, el, = €a, А:= rs (10.2.1) 


Note that for ғ large we һауе А = Y~'(1 + O(a?r ?)), with T = (1 — 29) as in 
Schwarzschild. 


The corresponding renormalized quantities verify the following. 


Lemma 10.2.1. Let an unprimed frame and a primed frame related by (10.2.1). Using the 
ingoing normalization for the linearized quantities associated to the unprimed horizontal 
structure, and the outgoing normalization for the linearized quantities associated to the 
primed horizontal structure, see section 4.1. | for the definition of the linearized quantities, 
we have 


ЕХ = МХ, = А, ЕХ =r THX, Ў = А, 
=й, H=H, х-ма, БАЕ, 


ата 
er) = Aer), ел(сов0) = Ae4(cos 0), Vig = AVad, 
ejr) = А-1ез(т), €(cos) = А-1ез(с080), V39 = A^! Vg, 


I" — 0 ——©— 


D'(r) = D(r, D'(cos0) = D(cosd), D'83-D83, T'.3- 


ә) 
e 
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Proof. Under the conformal transformation (10.2.1), the complexified Ricci coefficients 
transform as follows: 


irX' = AtrX, XS АЎ, trX’ = АХ, X = АХ, 
7-2-Т(ов), Н =H, He =H, B=NE, E-A^?8 


1 1 
Ш =À (^ — 5^ «(log J , w = A7 (w -+ 563 (log J | 
Also, the curvature components transform as follows 
А = MA, Б.-ӘВ, P =P, В = АВ, А -Х?2А. 


Using the choice А = k? in (10.2.1), the ingoing normalization for the linearized quantities 
associated to the unprimed horizontal structure, and the outgoing normalization for the 
linearized quantities associated to the primed horizontal structure, we easily infer the 
stated identities for the linearized Ricci and curvature coefficients. 


Also, we have 


e4(r), e4(cos@) = Ae4(cos0), VI = АУ43, 
“tes(r), €3(cos0) = А leg(cos0), VLI = А133, 
D'(r)=D(r), D'(cosb) = D(cos0), D'I = Dy, 


which immediately yields the remaining statements. This concludes the proof of Lemma 
10.2.1 


Lemma 10.2.2. Assume that the primed horizontal structure is related to the unprimed 


one by the conformal transformation (10.2.1). Also, assume that (Uy, T';) associated to the 
610) 


unprimed horizontal structure satisfies ( . Then, (Vj, I) associated to the primed 
horizontal structure satisfies in the region т > Ато 


PME] + n" [oT] жт ЕГ S e, k E kr, 
€ k 10.2.2 
Зо + rp + r[oS^T*| < E e k < ~ ( ) 
trap 
Proof. The proof is immediate in view of Lemma |10.2.1| and the fact that А = ig is 


smooth in the region r > 4mpo. 


Remark 10.2.3. In view of Lemma 10.2.2, in the remainder of the chapter, we make all 
the calculations in the renormalized frame and, since there is no danger of confusion, we 
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drop the primes. In particular, in the frame we shall use throughout the chapter, we thus 
have 


2r 2rA 
e4(r) =1+ Гө» ез(т) = |92 + тГь, тх = 142 + Газ ігх = ЕГЕ + Гу; 
1 А а4 
шєГ,, w= 3 (сы) n. Z = — J +r. 
i 2 "ХИ? la? И 


10.2.2 Boundaries and integral identities 
Spacelike, asymptotically null hypersurface X = Х(т) 


In view of Definition [6.1.5] and normalizing the normal Ny such that (Ух, ез) = —2, we 
have 


1 
Ny = e4 + 5" Хез + Yep, || = О(ағ”3), 
Я (10.2.3) 
т 
g(Nx, №) = —2r °A + |у S =, 
r 
with A satisfying 
2m? < А € 2m?, DA = О(є+ RB"). (10.2.4) 
Also, define the vectorfield orthogonal to Ny, 
1 
Vy = €4— 5" Хез (10.2.5) 


and note that vs is tangent to X. 


Spacelike hypersurface >, 


Let №, be the vectorfield normal to У, of the fornq!] 
N, = e4TUes-c Ү,, (10.2.6) 
with U a scalar function and Y, horizontal vectorfield verifying 
|U| 2 14- O(e), |.| = O(ar !). 
Note also that the vectorfield 
V, = Vy, = е4 — ез (10.2.7) 
is perpendicular to N, and thus tangent to X. 


!See for comparison Lemma 10.44 of [50]. 
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Basic pointwise identity of Proposition [4.7.3] 


According to Proposition 4.7.3) if Y% € s3(.M) is a solution of ГЪ — Ур = N', with 
М! := — 449088 *\у b + М, and X be a vectorfield of the form X = X%e3+ X^e4, ша 


lal? 


scalar, M a one form and P,[X, w, M] the current defined by 


1 1 1 
Pa| X, w, M] := ОХ” + PL D, — дф дш + 1I PM, (10.2.8) 
then, 
М La (xy 1 NE 15 PT 
D'P,[X,w, M] = 5Q- ^" - X(V)IUl + ошо] — col Dew + tDiv(l| M) 
1 
* (xw F T N'- ("p+ n^n) Noo d: 79) (10.2.9) 


1 
= 59 (naue +trX HX’) ‚Уф. y rr? QOTy + XT,- . 


Recalling the definition of the expression £|X, w, M] introduced in (7.1.8), i.e. 


1 1 1 1 
E|X,w, MJ = 22: On — 5X (VII x 50610] - 49 gw 


1 
+ gPiv(Iy M), 


we deduce, with P,, = P |X, w, M], E = E[X,w, М), 


(10.2.10) 


DP, = £ + (Vxv 4 juni) (Пыр — V) + ( 9-лАТ/Ухав-хзе,ф 2 7%) 
(10.2.11) 


LIS (xXx? +trX нх?) Vio th tr (АЗ, + X47, OW - v. 


NI = 


10.2.3 Proof of Proposition |10.1.1 


The proof of Proposition |10.1.1| follows easily by integration from the following lemma?| 
Lemma 10.2.4. With the notation in (10.2.10) the following identity holds true in the 
region т > R 

1A? 


1 
E[f-sT,0,0] = E =: agp УФ + O(e + Rr (Dp + r?pp). 


?This is the precise analogue of Proposition 10.36 in [50]. Note that the identity for £[f 5T, 0,0] is 
used together with Proposition which generalizes (10.2.9) to the case of vectorfields which are not 
spanned by (ез, ед). 
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Moreover 


Pulls: 0, 0] ед = f-Q(T, e4) > 0, ТАСЫ 0,0] *€3 = ӨПТ, ез) > 0. 


Proof. The first part of the lemma can be derived by using the identity (10.2.10) with 
the vectorfield X = f Т, w = 0, M = 0, with f; = r-? for т > R and supported for 
r 2 R/2 with R sufficiently large. We refer the reader to the proof of Proposition 10.36 


in [50]. 


10.3 т? weighted estimates 


10.3.1 Basic pointwise identities 


In what follows we apply formulas (10.2.9), (10.2.10) with the choice 


1 2 2 
Х = fir) (« + КІ) : w= КЕ” М = ЕЕ (10.3.1) 
q q 


In view of (10.2.3), we have X = f(Ny — Y^e;). We choose f = f, non-negative defined 
as fp =r? for r > Rand fp = О forr < R/2, where R is a fixed sufficiently large constant. 


Remark 10.3.1. In view of the intended choice f = f, we can write schematically 
Р-ОШЕЭҺ f'-O(R?f  (r0)9(f)- О(1+ R f. 


We will use this to simplify various error terms in the identities that follow. 


Based on the remark above we rewrite formula (10.2.11) for X as in (10.3.1) in the form 


D^P,[X,w, M] = £[X,w, M] + (хе + 244) - (Ok — Vv) 
(10.3.2) 


+ (e+ А71) (Vas? [VU тз +r bP). 
We write X = YX + O X with (DX = fe, and OX = sr? fe. The following lemma 
is similar to Lemma 10.40 in [50]. 


Lemma 10.3.2. The following hold true. 
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1. The deformation tensor of the vectorfield YX = f(r)eq is given by 


Mr = ele + On, 
q 


with symmetric tensor Әт which verifies 


4 
(mas = 2f +f E O(c c Rr ^f, 


(лаз = Af’ ot Ole + R rf, (10.3.3) 


Dry =0, Drga = Ole + Rr f, @ Ones = DET =], 


2. The deformation tensor of the vectorfield ЭХ = ir? fes is given by 


@лзз = 0, 

(2) =Ole+ Ro —2 (2) = О(є+ Ro -2 

| 744 (е ү Js Md (е i Jr € (10.3.4) 
( та = Ole +R )r- 7, ( Uma = О(є)г 7, 

Oma = Ole + Rr f. 


3. For ш = 25} 


gw = P "4+ Ofe + R )r?f (10.3.5) 
4. For M — ues ea we have 
Ри» РМ) = 4r Ур. 
| e | 2 f" Ст куту) " (10.3.6) 
r r 


Proof. Since “От, = g(D,X,e,) + g(D,X,e,) we deduce 


“Олы = 0, Drs = (eaf)gaa + 4)у, Ons, = —8fw — 4esf, 
22 1 2r 
Vary, = 276; Ons, = 2f(n + are (Ола = 2f (s + ва) ; 


from which (10.3.3) easily follows. 
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Similarly 
BT = 0, Oma = —Ar 2 A fw — 2ea(r 7 Af) 
Om, = StAX ay Әта = -0A fu — Des ЗАЛ), 
аа = OPN Опа = r^ fA(n, — б), 


from which, since А = (O(1) and DA = O(c + А71), (10.3.4) follows. 


Using formula (7.1.15) for H = ш = rr zÍ, 


1 1 
H —— 9, (./|g|g~9 —350.(A8,H) + PT, - 05! H 
g Viel ( [Ч 3) H ШЕГЕ ( ) a ( ) 
u Dy. Bas -2 <2 <1 <1 
= opu ae tt ((r8))* f Ty + (08,)* f -әзіт,) 
A n 2(r m m) H' О(є, R y 3]. 


lal? |42 


Hence, modulo error terms of the form O(e, 71)? , 
A (2 ) 2(r — m) (2 | 

ш = — |f] + f 

j la? «142 lal? \[#Ё? 


= A 2r H 2r І / 2r " (= / (25) ) 
1. e) rn (т) г) + ae Mag, * Ag) 73 


__ —2r?-2a2 cos? 9  . Да? cos? 0 
Since 0,(jqz) = lal? cx Xi а 
үз A (СЕЙ! (- 4 +o) pa (4 Е єт) r) 
j la? \ Jq]? lal? 44 lal ie 
2(r — m) (= | 2 4a? cos? 0 "e 
| f'4 (- | / | «og e; 
ae А? ae ae Ww) 
2A „ A(A—r?- mr) , | A(A — т? + mr)r a? zu 
= ——f'"- fA +0 ТОҢ f 
al" (1 lar 5] (0) 
+O(R™ rf 
2 
E OCR ry. 


lal? 


Thus Ogw = 25 5 f" +O(e+ R")r-3f as stated. 


To prove the last part of the lemma we write 
Div|v"M) = 4r FV ay -y + іу М, 
2 1 2 2 
DivM = 2Div(r™ Ре) = ч Һа Ot Rte, 
r r 
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as stated. 


We are now ready to prove the following. 


Proposition 10.3.3. The following hold true: 


1. We have, for E = E[X,w, M], X = f(ea+ ir ?Aes) and w = п, 


1 т 


E= Sae (27) (vor + vi) - т 


1 
192+ Dil M) 
+ O(e+ RTS (IV ГУР e rp + т). 


10.3.7) 


2. If in addition we choose M — 2р / ёл we deduce, with Ур = Va Try, 


l uox 1 2 
E= SW s (+27) (уз vio) 
(10.3.8) 
+О(є+ RO) fF (мш? [VU + ше уыр), 


Proof. We calculate the expression 


1 1 1 1 1. 
E = 20. n+ ош] - gw Ow - 5X(V) Iw? + тру (0°М) 


1 
= & + 2р (|М) 
with X,w as in (10.3.1). Recalling that 


Ош = ПО, Diy La Suk С = “у ` П,ф + ЛЫ 
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we calculate, using Lemma |10.3.2| 


ee AM E d Mum ор gw 
— 52: rp ae т + 50648] Ж Ше ор gU 
MES | 
= ^ (Sra: DE a 274 бй 505 p! VI - 


1 1 
%29: = 1 pv 


2r 


$5 1g. Gn I 50. Or- ily gw 


FVP- Хб) 


= 3 wet’ +3 lx(v Jor Q. (Og 50: 
-iy (2. "+ O(e+ Е) и 


We deduce 


P = 10. mto Oni (Uv exon) we 


2 
-El (2 "“+O(e+R")r gi 


Recall that 


XV)? 


Qa; = |Vav[", Ом = |Va |’, Оза = [Vv]? + ||, Ода = Va - Vat. 


Therefore in view of Lemma 10.3.2] we have 


0.0% = ууш? + Gara (Уш? + Vive) 
+O(e+ R7! (|у + [Vp + viw) 
О(е-- Ее f Qa, + O(e - R)r? f Qa, + О(е)т 


Since 


= Qab- 


[Qa] < IVsv|I Vl, [Qal < |Vse||Vad] + Vel? + |>, 1041 < Уа, 
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we easily deduce 


Q Р (Ут 


МУ + (-/ + =) (УФ + Уур) 
+O(6 + Rtg [Va] ГУР + rP + rsy). 
Similarly 

Q- Or = Oe + Rr (IVa + VY + r + ray). 


Recall also that V = —“4—,. Therefore, since 


(r?--a?)|g]? 
1 Tue -4 2—6 T m. -4 
244У)- -V = O(mr ) + O(ar ^), gat’ = «V + O(ar ), 


we deduce 


1 1 
4 ТШ + Exo) = raid + af (cv) + у) = O(R r^f. 


Consequently 


е = ууф? + 5 (- f+ =f] (Уз? + Viel) - отто 
+O(e+ Rr Уы + [VU rp 1902), 
and thus 
E = ЖЕРЛЕП 


1 1 2 
= алма: (-f e Er) (vot + ум) - 5f If + piv lve) 


&O(c Е) F(IV UP + [Vor erp nva?) 
as stated. 


To derive the second part of the Proposition we choose M — 2 f'e4 and make use of 


the formula (10.3.6) 


рә(ш?м) = a fiov (27 ue 


--О(в-- Rr a Iv. 


3See for example the proof of Proposition 10.2.5 in [50]. 
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We deduce 


E = мш +; 7 ЭТА БЕРИ 


+ (= Wee ee ЯС Pw) 


&O(c Rr а + УФ? +r AP ers). 


i 


Consider the term 

= 2 „ 2 —1 2f 2f" -3 2 
J = АШ =: | т Мар: y+ ae ОЕ ‘yr f ) qw) 

= ОР Майы 2 veh ero?) + Ole + Rr rop 

1 

= 5f [VV + ry + O(e + Rr? f jp. 

We thus infer that, recalling that Ур = Va + тр, 
= bo y di 
г = ste (=r + A) (ver e Vir) 


+О(є + В) (ГУ ар + IVUP + т?ш? + [у з?) 


as stated. 


Boundary terms 


When we integrate formula (10.3.2) we get, in addition to the bulk terms expressed in 
Proposition 10.3.3] boundary terms on X» gj;(7) ОУ,. In what follows we deal with these 
boundary terms. 


Lemma 10.3.4. Given P = P|X,w, M] as in (10.2.8) with (X, w, M) as in (10.3.1), we 


have 


Р -e4 = |> — Li-2y (rfl?) + АО + Oe + В) Зр, 
А 2 А 2 (10.3.9) 
Р - e3 = f Q34 + fjr ХО» + s (г?) + (e+ R) у). 


Also, 


IP -Y| Аа УУ + O(R-))r?|vup + ry] 


MP MADE (10.3.10) 
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Proof. We write, since X = f(e4 + Ir des) 
Т. : 1 гір 16 m 
Р -e4 = ОХ + wv Dud — zll бш + 219 M, €4 
T 1 2 
= ВЕРКА ГЕ 7 Ш 
1 
= f Qea, €4) xx 3" ГАО (ел, ез) s Нар” t Vay и zel lg aa) ||? 
= f|Vavf + fro: Vad — m fr) a 1 Pul ?fAQa. + O(e + Rr? Рр. 


We rewrite the expression 


I- ЯУ)? + froy- Vay — seal fr Dep 


in the form 


I = АҒА) - Seal NOP 
21 1 
= — Ў Мар т — селт "РР 
= |а Bp ) relr NWP — r7? I — Seal Dot 
= | ЖЕТ ) +r? (elr) - DFP. 
Hence 


Pies = ај оту (т) + уг АФВ + Ole + Rr flo 
as stated. 


Also, since M = 2: / €^ 


P - e3 


1 : 1 1 
(ox T ашу i D, = 2/9 PO, + iat) еҙ 


E шы жане e (f n u) P ye 


yer Е Кис a Vale?) — es (2 l aa) IP – get wh 


= J+ fQ34+ j^ 9s + O(e + R Dr |p? 
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with 

J= jr ISP) — Sex WP — FWP. 
We rewrite J in the form 


27 = т?з (т) — т es(rf) 2 — es(r ^ f) P — 2 Рр 

= rV; (rf lvl) — (2r- les(f) 4-77 *fes(r) + ex) f 2r! fuf 
(КЛР) — (оез) e v7 festr) — 17er) f+ 217 f) 
(rf WP?) — 22 (restr) +r?) wh. 


—2 
T V3 


= r?WVig(rf 
Since ез(т) = = +7Гь = —1 + (e + ЕТ”) we deduce 
2J = т^?%з(гт/]ф|?) + (e+ R3)f |f. 
Therefore, 
P-e3 = fQ34+ 9s F Ley (r fll) + (e+ R) fr |p)? 
as stated. 


Finally, 


1 ; 1 1 
Р.Ү (ox + dw) — Ед? + juna.) у" 


= (X,Y) + p” Ууў wY (seas 


= fQ(e Y) + 5 АО (е, Y) + ыы Vro - wey (ъл) 


= Рур: Vyy + ar MAS Мунча p^ Ууф — |У iz r) 
= f (Vab — 77 Wu). Vyv + ar MAS VEVI QS pt Vie С p/ 2! 
We deduce 


P-Y = Лә). Vv + ( у-у) Ved ШАҒАЛА ver (55 x!) 
lg? r 2 2lg| 


456 CHAPTER 10. PROOF OF THEOREMS AND 


and hence 
IP-Y| € АДУУ + O04) УФ + OCR?) [у || vr 2*9) 
+O(e + Rr? flop 
€ Аа УУ + O(R-)r?| v9 + r | Vay? + О(є + R3)r? 2 


as stated. This concludes the proof of Lemma [10.3.4 


Proposition 10.3.5. The following bounds hold true, for r 2 R sufficiently large: 


1. On X = X(T), for0<p<2-—õð, 


P. Ns = / MZ + т? У? — ао (Л) 


(10.3.11) 
- O(c Re Р т-у (IVa? + [vw + тур), 
2 On Ум, witht] м, =e,+Ue3+ Y,, v, = e4 — Uez, for0 p Xx 2—6, 
> 1 
E > 2 ЖЕТЕ ie ey. = cipia 
РМА ОМА + ING + ГУ) — оох, (тА) aos 19) 
= О(Е sor "Ful. 
3. On У we have, with f =r? and for 0 X p € 1— 6, 
21,112 +112 m 
Р.Му > a ép — 23 "vy(r* ||?) + Sr? Оза 
Т (10.3.13) 
- ope обе? wp). 
4. On X, we have, with f =r? апа for0 x p € 1— 6, 
2 
Р.М, > Sep — т on? pP rnv 
(10.3.14) 


O(n" xeu + |). 


Proof. We calculate using the definition Ny; — e4 ir 2Лез Y*ey--O(r?)es, see (10.2.3), 


‘Recall (10.2.6), (10.2.7). 
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and the lemma above 
1 
Р.Мұ-?.Ү-?. (в + 3" Хез + Oir) 


= f M m sr 2Valr FOP) + sr 7M Que + O(e+ Rr? fp 


+” (res + [5779s + 5739; (rf |v?) + (e+ gy) 


= |] + Se Э/ды + FAI з (Va = r3 efl) 
*O(c + Rr FLAP 
= |ба + sr АЛУ? + For I MINSUP — ут "кт Р) + Ole + RY lof 


where we recall the definition of vs = ед — Ir ?Aes, see (10.2.5). 


We now write 


div (тив) = (т ful?) +r Fil div z(vs) 
= т” луы (е fib?) M vs(r 2) Д +r аго (vs) 
= тиу (п?) – 2r? и (г) +r fll div x(vs). 


Therefore, 


r?vg(rf| uw) = divz(r f vs) —r Раво (их) + 2fr °l] vlr) 
= div (тиз) + fr wp (2r! (9 — div x(vx)). 


Note that иу (п) = ea(r) — ir ?Aeg(r) = 1 + O(r?) + rT, and 
divg(v;) = тх + О(77 + е)т 7 = 7 T O(rt--er^?, 
2vs(r) — т !divg(vg) = O(r + er”. 
Hence 
гиз (Р) = div s(r из) + O(r^ + 9 fr |p). 
We deduce 


P Ne Pv = у uz д Mv Š га (е) 
+О(є+ Rr? |. 
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In view of the estimate for [Р . Y| of Lemma |10.3.4| we obtain 


ром > Уа +AU- dios flos) 
+О(є + R) 0? — ДУУ |У 
£OQtC Sy? ур e 7t (Гузи + [Vu + |?) 
+O(e + R Dr? fup. 


Note that 


zo 18 d Р o 12 
£F [Vay] + zer Ў УУ z а уор. 


Hence, for R large, 


P. Ny > / К : + т? Уу) + Ole + Rr э р) = divs (r flors) 
-fo(r vss, 


as stated. 
To prove we write, recalling that №, = e4 + ез + Y, and v, = ед — (ез, 
PM, = UP ез P+ eg PY, 
= U (res + [5779s + Ly, (rfp) + (6+ gy) 


| = уг ЛН) + MIO + Olet кэр) 


1 —2 V Е 1 —2 2 1 1,,—2|,],|2 
= fà (UZA) Quit [Vat] + Sr AIVE | + SUS rw 
1 
ez fr? (v (rflol?). 
As in the proof of part 1, see also the proof of Lemma 10.44 in [50], we have 


~ (Tas ПЫ) - га x. (r^! fjv») + O(e+ Ете р? 


and therefore, 


PON, E (ай VUP envi?) — айо (r7 flou) 
TO(R eor р 
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as stated. 

It remains to derive the last two parts. Starting with the identities in Lemma [10.3.4] 
Р.е = f|Vaup + fr ФУ — yu fr wp + ar Mf Qas + ДЫ ЖЕСТ ШЫ 


on fup 


ў + 7; ?Адза +r fy зу — zer" DI — 
+O(e+ R Dr? fly), 


up 


and combining them along X we derive 
Р.Му = || fr vg — Sus fr D са Г + Жары, 
+O(R + ет? р? +P- Y. 
Note that, since vy = ед — ir ?A, 
|у + ar pvp = узр? +r rVaw - Va. 
Hence 
Р.Му = f|Vxv[ fr ve — Ss r7!) 
жат АФ + PX Vb + O(R + o + P - Y: 
Since 
"“АУа).Узф = r АУ, УҘ) — О(г) Уз Sr У, + О(т 2) Узр 
we deducd] 
Р.№ > fü-r?)Vse[ + fr vee — ‚уютуш 
HEAS Qoa 0679) (уз? + IVER lop). 
Lemma 10.3.6. We re-express 
J= f- Vap] + fry vo — Sos rf 
for f=r?,0O<p<1-6,r>R sufficiently large, as follows 


2 
p. D _ 
T+ or (тА) > ~ 2 фр. 
?Note that we also estimate P · Y slightly differently than in Lemma |10.3.4 
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Proof. We calculate 
J+ Sr vm (r lvl) 
= Д1-е bs r7 fo ss) rsl DIUI + Sever) 
= fü- res + (1+ Ape nee (377 "E 2л) ње 


2 
= _ p-lyl/2 | 1--А a (1+ А)? Е 
s EA 4(1- O(r- yy" rfr 
= yr P) + m "vs (rf) |v)? 
> L|. 
^ ^ 
ui CE. eget ШАЛЫНА) w. 


Using vs(r) = 1+ Г, cr 1T, = 1-- r7!e we deduce for f = r”, r > R, 


L = P? (Huo) +e) 
_ p2 (H | d Logs ha? 


4 “970% 2 4 


For A = р, 0 < p < 1 — ô we derive 
1 2 2 
L = (р-он (E ora). 


We need R7! X 2 to deduce, for p < 1 — 6, 


ES 2 62 р-21,/,12 
+57 vs (rf |p|") > a Ш 


ав stated. 


Using the above lemma we deduce 


ром > Dante + pe] vog — Бе е lo) + Ole?) (узш? + pvp). 


as stated. The last inequality can be derived in the same manner. This concludes the 


proof of Proposition [10.3.5 
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10.3.2 Proof of Proposition |10.1.2|іп the case s = 0 


The goal of this section is to prove Proposition |10.1.2|in the case s = | for solutions of 


the wave equation (10.0.1) 
d Ур =- 


4a cos 0 
lal? 


Using the estimates already derived in Propositions |10.3.3| and {10.3.5} the proof is very 
similar to that of Theorem 10.37 in section 10.2.3 of [50]. 


"Vm + М. 


The proof of Proposition [10.1.2|1п the case s = 0 proceeds in the following steps. 


Step 1. We start by integrating the expression (10.3.2), i.e. 


D"7,[X, w, M] = €[X,w, M] + + zov) - (D — У%) 
+ O(c Е) fF (Id + VO? + [Vad +r?) 
with, see (10.3.8), 
E= 575 (r +A) (Ivor? + vier) 
+ (е-е В) (Уа + 2 +r rV) 


for the specific choice f = fp = fn, defined as fp = т for r > R and fp = 0 for r € R/2, 
where R is a fixed sufficiently large constant. 


We derive 


| Р-№+ f P-Ns + f si P - № + Err, 
У(тә) Х»(ті,то) M (11,72) Х(ті) 


x < 4a cos 0 
Err(1,,75) := — ҺЫУФ-У- МаФ = `Утї. 
2 
M(T1,T2) M (71,72) 4 


(10.3.15) 


Denoting the boundary terms, 


Къв(т,т): = f P-Ns+ f PN - | P. Ny, 
X» n(72) Xx (71,72) Х>н(ті) 


Kanni - } Р-№- | P. Ns, 
Х<н(ті) У<в(т) 


9'T'he case of higher order derivatives 0 < s < kr, is postponed to section |10.3.3 
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we write, 


E = Ken(r T$) — f € + Err(1,, тә). 


Мен(ті,т2) 


К>ң(т\,тә) + | 


М>н(ті,т2) 


We estimate the term K<r(T1, T2) — vee m) E on the right hand side and deduce (see 
also Lemma 10.45 in [50]) р 


€ 5 RP? ЕңузескіЙ (т) + Мотуз] (т т) 


+Етт(ту, T2). (10.3.16) 


Ksp(11, 72) «f 


M» n(11,72) 


Step 2. We make use of the second identity in Proposition|10.3.3| with f = f, to deduce, 
exactly as in the Lemma 10.46 in [50], for 6 € p € 2 — ó and R sufficiently large, 


1 T 
Jo 6m gf, (оа (ую + yp) 
M>R(11,72) M> R(71,72) 


E oc 7 | r? 3 за. (10.3.17) 


М>н(тіт) 
Indeed, according to (10.3.8), since f =r? forr > R, 
E = ser (oae (2 p) (УФ? viop)) 
(c Rr (IV + [VéP + npo? ет УЙ) 
r7 (раф + (2 р) (У + rof?) ) + O(e + RV, 
and integrating on M(7,72) immediately yields (10.3.17]. 


Step 3. According to Proposition |10.1.1| we have 


fo тае sS (vp + [ver eer) 
М>н(ті,т2) М>н(ті,т2) 
+ E.s[v](r1) + Morac, cal¥](t1, тә) + Norl, Мт, т»). 


Together with (10.3.17), we deduce, for 6 < p < 2 — б and for e and R^! small enough, 


Вь>в[ф|(т\, тә) 3: € + Mor в<„<ң[Ф](т1, T2) 
М>вһ(ті.т2) = (10.3.18) 
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where, see section |6.1.5} 
By>rl] (Tm, T) = f 


М>н(ті,т2) 


r7 (Vabf [VP +r lel) rV). 


Step 4. We treat the boundary terms 


Кат) = | Р-№+ f PN, | Р.Му, 
X» R(72) Dx (71,72) X.n(n) 


by making use of Proposition |10.3.5| (see also Step 2 in the proof of Theorem 10.37 in 
). Integrating the inequality (10.3.11) we deduce 


= 1 
| тмә | (арор) -S] обер) 
X2nG2) X2n(02) 2 X» R(72) 


-O(1) f ну O(c + R71) | re-i]. 
X> R(72) 5 


>R(T2) 


Since p — 4 + ô < —2 and, see section 6.1.5 E>rly](T) > ЗГЕ r?|Vsv[? we deduce 


| Р.М» > / (бә? + тр) cou +9 [ те [рр 
У>в(т) У>һ(т) > 


>R(T2) 


—O(1) En Ww](ra) = 2 ык 


Similarly, integrating (10.3.12) on У, (ту, т), we deduce 


1 < m m? 
f Ре Мр F r” (б? + 10? + тай) 
Xx (71,72) 2 Xx (71,72) r r 


-s] а (е) + (R7 + оте ир 
2 У, (71,72) 

Applying е divergence theorem on Х(т) ОУ, (ту, 72) to div x(r Риу), and noticing 

that the corresponding boundary terms from У(т) апа У, (ту, T2) cancel each other at 

У(т) n ,, we deduce, for R sufficiently large, 6 € p < 2 — ô, 


Къһ(т,т) 5] 


X»n(T2 


—О(В} «9f 


X» n(T72) 


— E»n[v])(12) — E» 2 nv] (7). 


"(аг тәр) + ] maet eror) 
) E«(11,72) 


т?р? = O(n «9f т2—3 |2 (10.3.19) 


У, (71,72) 
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Step 5. Combining (10.3.19) with (10.3.18) and (10.3.16) we derive 


BEF, а (тот) < | 


X» n(72) 


ppp + f пЗ р + E, li] (т) 


ae (Ев) + Могвуә<т<в[Ф](т\, ")) uu 


+ Ев (T2) + Exrr(ri, тә) ЕЛ >в, М (т, тә). 


Step 6. We now estimate the error term Err(71, T2) which we decompose as 


Err(7,, 75) =Errı (T1, T2) + Erra(71, тә), 


Erri (71,72) := — f AZU №, 


M (71,72) 
< 4acosé , 
Err(n, 72) = — f ар A Ут. 
М(т\,тә) [1 


First, in view of the definition of the M, norms in section [6.1.5] we have 


|Erri (71, 72)| > Al nya, IN] (r1, т). 


a] 


Next, we focus on the control of Err;(7;, T2). Recalling that the vectorfield Т is given byf] 
T= age zea + ез — 2а%(3)°еь), we deduce 


_ 4a cos 0 2а сов 0 


4 Е Мар: “Мт = 77 4 [2 ару “Мз 
O(r-?)|fol[ Vay] (|а + Ур). 


Нерсе 


2a cos 0 


Ea (Ж vu) 
4 


af түф? Ivut?). 
M^ g(n72) 


Еттә(71,79) = -/ 


M (11,72) 


To estimate the integral 


< 2acosé , 
= / АУаф- (2927 va). 
M(r1,72) ІП 


’The formula for T takes into account the renormalization of the frame, see Remark |10.2.3 
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we write, with p < 2 — 0, 


| АРТЫ 
Мо>н/ә(ті,т2) 

2 
| eur) | | А 
М>н/ә(ті,т2) M» R/2(71,72) 
2-6 x< 2 à 
ro “Ч т? Уа? / rt зу? |. 

M>R/2(71,72) M» R/2(71572) 


Plugging the above estimates for Erri(7;, тә) and Err2(7, T2) in (10.3.20), and making use 
once more of Proposition |10.1.1| we deduce 


I 


MAS 


1 


2 


MAS 


MAS 


BER) [o nce fre заа) 
У>һ(т) У,(ті,тә) 
+Np>ryal, N](t1,72) + E» n[v](72) (10.3.21) 


+ ЕРІ? (Еву) + Могвуә<т<в[їЁ](Т\, т). 


Step 7. Next, we eliminate the term 


inne) [o repe enr 
X» R(72) X.(11,72) 


on the right hand side of (10.3.21]. Note that for p € 1 we have 
Ттт) 5 Еву) + Fih], 72). 
Hence, for p € 1, 
BEF, >в, T2) 5 Ев (т, 72) + Еа (т) + Л >в, МІ(ті, тә) 
TRES (Enpsrcald (т) + Могруә<у<в](т, т)). S 


For the remaining range 1 € p < 2 — ô we have 


һат) =f тр f тёр 
Х>к(тә) У, 
S Е 5>в (т, 72) 


which together with (10.3.22) implies, for 1 < p € 2 — 6, 
L(n,72) ЕБ вт, 72) + Ey 8Ib](ri) -А1-е>в/2/0, М(т, T2) 
+R ОР (ті) + Могн/ә<,<һ|9 (Ті, ")). 


MAS 


Tob fis тә) 
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Combining with (10.3.21) we deduce, for д < p € 2 — $, 
BEF, >в(0| (тт) 5 EF» n[V](r1, 72) + En 8v) (r1) + No nolo. N)( 72) 


10.3.23 
4 ge? (Ев) + Могвуә<т<в[1%](Т\, т)). ( ) 


Step 8. It remains to eliminate the term EF g[v](r1, T2) on the RHS of (10.3.23). We 
rely on Proposition [9.2.14 which yields 


EFS g[U](1, 72) SEsnlv](r1) + № >в 0, Мт, T2) + Balt] (i, T2) 
+ (Еру (т) + Могнузеек (т, та). 
Together with (10.3.23), we infer 
BEP, n[v])(1, 72) 5 Еъ>в0 (т) + Ns nalis М (т, 72) 
+ RET (Еву) + Могвуг<< в (т, ")) 
which concludes the proof of Proposition [10.1.2]in the case s = 0. 


(10.3.24) 


10.3.3 Proof of Proposition |10.1.2 


In order to prove Proposition[10.1.2] we proceed as in section 10.4 in [50], i.e. we extend the 
estimates derived in the previous section for s = 0 to 0° derivatives of Yy with 0 € s < kr, 
by recovering the derivatives one by one. We indicate below how to go from s — 0 to 
s = 1 and note that the procedure to recover the estimate for s + 1 from the опе for s is 
completely analogous. 


To derive the estimate for s — 1 we proceed in the following steps, see also section 10.4 


in [50]. 


Step 1. We start with the following result, in the spirit of Lemma 0.5.1, which will be 
used to deal with terms generated by commutators with Гр. 


Lemma 10.3.7. Let N a tensor with the following schematic structure 
N = O(r?yeF-O(r?yo*y + O(r?)o* + o** (T, - )), 


where F is a given tensor. Also, let V? a tensor satisfying |j? | < Sty]. Then, we 
have, for ó x p € 2 — 6, 


Np ore, N] (mi, 72) 
2 ү/Вь>н/ (тт) (у 828018), т) + V Въ, 72) 
Ties R)Bo>rpalt] (Ti, 72). 
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Proof. In view of the definition of Np, we have, for 6 < p < 2 — ô, 
[IRIS errem) 
M(r>R/2) 


V Вь>нуә|ф®](т\, 72) (/, 


Now, in view of the structure of N and the assumptions on Г, we have 


| rite N|? 
M(r>R/2) 


No s nf O , NIT, 72) 


MAS 


1 


MAS 


zr. og 
rm) А 
(rz R/2) 


MAS 


|. „т (FP ptu + oe + Row) 
M (r2 R/2) 


By» nyo|F (11, тә) + By s nobi] (T, тә) 
+О(е° + ган Bi н/з [W](71, 72). 


MAS 


Plugging the second estimate in the first one implies 
Л > вуг (9, № (Tis Тә) 


5 вьсна (тоз) (y Вь>нуә]Е|(т\, тэ) + y Brerat] та) 
+(є+ R7) Bhs воб, т) 


where we used also the fact that В, >н/з|0 (т,т) 5 Bpsryalb](n, тә). This con- 
cludes the proof of Lemma |10.3.7 


Step 2. Next, we derive and estimate for £4. To this end, we commute the wave 
equation (10.0.1) with £4 and obtain, using Corollary 4.3.4| 


Да cos 0 
412 


d£ -Vlr = "Vd тї + Neo, 


where 


Ng, = rN +C, 0U) +Гь: Oy. 
In view of (10.0.1), we may rewrite Ng, in the following form 
Ng, = rN OST, V) T, М. 
Applying to the above wave equation for т, we obtain 
BEF, >к|бтФ(ті,т) S Ев (т) + No nU ry, Nga (ri; 72) 
НТ (ЕА) T Могр <В (т, т)). 
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Next, we have 


Nos nj, МЈ т) 5 Noar rt, dTs: Ф) (n тә) + No s nalis N (T, тә) 


< 
x ЕВ, s np [](т\, T2) + No>Rp (9, (т, T2) 


where we have applied Lemma |10.3.7|in the particular case where N= DS? (T; Y). We 
deduce 


BEF >п ту (т, т) S Ej s s Әт) + А> nos NI (11, тъ) + Bos һу» (ті, тә) 
a \ (10.3.25) 
+}? (Ево) + Могр/ә<,<Һ19 (Ті, т). 


Step 3. Next, we derive and estimate for ўу. To this end, we commute the wave equation 


(10.0.1) with |g| Ж and obtain, using Lemma/4.7.13} 


4a cos 0 


dla ev) – V|g| Bd = — PE "Vr(|a| PY) + Мар, 


where 


Ма» = O(1) SN + (O(r7!) + rTy) Co + O(r*)oL т + Ory 
TO(r 3)o5^y +d (Ly - 1). 


In view of (10.0.1), we may rewrite Мар, in the following form 
Мар = O(D03N + Or Lry + O(r ?)o* + O(r 9)ә52) + 02 (Г, - 0). 
Applying to the above wave equation for |4| Әу), we obtain] 
BEF, >rlla| RYT, 72) 5 Ерт) + ЛМы-н/ә (|| Pv, Мар] (т, T2) 
+ RP? (Елес (а) + Могруэ<-<в|%] (11, т). 
Next, we have 


Np>rvallal Tov, Nap, (Ti, 72) 
= V Bosaysllal Ту) (т, T2) (у Вь>нә|@тїй](т, то) + V Вь>вуз#](т, т) 
+(e + RB sry lY] (71, тә) + ЛА s nys[V, N](n, т») 


8In fact, we apply a variant for tensors in 81. Adapting (10.3.24) to this case can be done along the 
same lines, and is in fact easier as an estimate conditional on f4 (r>R/2) r?—3|w|? suffices for this step. 


See Theorem 10.61 in for a proof of this variant in the case of perturbations of Schwarzschild. 
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where we have applied Lemma |10.3.7|in the particular case where F = ry. We deduce 


BEF, >п (т.т) 
SE, >в] (т) + Л вуг, М](т\, тә) + (€ + R7) Bos ral] (ri, 72) 


+ pet (ЕА) + Могруз<<в[0] (7, т) 
\/Вь>нузЇч\ PANT, тә) (y Вв тт, тэ) + үкі (т.т). 
Together with (10.324) and (10.3.25), we infer 


BEF > n[|a| Tov] (ri, 72) + ВЕР >в ry] (71, тә) + ВЕР >в (т, T2) 
SE, >т) + Л ро, N] (11,72) + (€ + BR“) Bis jou] (ті, тә) 


+ RP? (ЕА) 2 Могруз<<в[ (т, ")). 
Using the Hodge estimates of Proposition |9.3.2) and comparing Ут and £r, we deduce 


BEF, >в(СУт, P)v)(r1, 72) + ВЕК, >в (т, тә) 
SE, > (т) + Л srl’, М(т, 72) + (e + А-1) Bo sell (i т) (10.3.26) 


+ RPH? (ЕімеесаһИ (т) + Могруз<в[0] (11, т) | 


Step 4. Next, we derive and estimate for rV4w. To this end, we commute the wave 

equation (10.0.1) with rV4 and obtain, using Lemma 4.7.11 

4a cos 0 
lal? 


d(rV4v) – Итар = "Vr(rV av) + Nevis, 


where 


1 ; 
Ne, = czVa(rVav) + O(N + O(1) Doe + O(r ?) Py + O(r T) 
O(r °y + oS*(T, - 1). 
In view of (10.0.1), we may rewrite N,v, in the following form 


1 ыш 
Nrv4 = z Var Vap) + №, 


N,v, = +О()0 М + O(r 7) Pb + O(r ?yo*!y + Ory +T, + у). 


Next, we apply (10.3.24) to the above wave equation for rV4wv, and notice that the 
Iv 4(rVa) has a favorable sign in the estimate so that we may drop it and obtain 


ВЕР > вгу (T, T2) S El spletli) + Np>rjo[rVav, N,v, (т, тә) 
4 Rp? (Е) + Мога екен (ті) ")) | 
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Next, we have 


A5» nja[r Va, Nov] (mi, T2) 


> V Brzaplr Val (ni, Тә) (/Вь>ға (т. тә) + y Във] (ті; ")) 
+(є+ БТБ sry lY] (Ti, T2) + ЕРЕУЛІ N] (Ti, 72) 


where we have applied Lemma |10.3.7|in the particular case where F = øy. We deduce 


ВЕР» > g[r Vav](mi. т) 
SE, .nlv](r)) + ЛМ nalis М(т, 72) +(є+ В!) Bi sn] (ті, 72) 


+ pet? (Ея (71) + Могруз<<в[ (т, т)) 


+ V Вь>нуәгУаїй](т,т») (y Вь>нуә[#%](т, T2) + V Във, т)) 


Together with (10.3.24) and (10.3.26), we infer 


BEF, >в[(Ут, ў, rVa)¥\(11, тә) us ВЕР >в (т, т) 
SE, в (т) + Л nj, М(т, тә) + (€ + R77) Bj s gol] (ri, тә) 


+ Re? (Fhpcrcald (т) + Morkocpcrl¥ (T, т)). 


Since (Ут, 9, rV4) spans 0 away from the horizon, we infer 


BEF, а (т, 72) Е (т) + М ьо, Мт, та) + (e+ R73) ВІ руз (ті, тә) 
+ get? (Elias. alt] (т) + Могрузэ<т<в[ё] (т\, т). 


For є and R^! small enough, we may absorb the third term on the RHS from the LHS 
and we obtain 


BEF > al] (ti, 72) ЖЕЗ > nll (m1) + M polis Мт) 
ae (8н) + Mors, 10 (т, т). 


which establishes the desired estimate (10.1.4) for s = 1. 


We have shown above how to go from s = 0 to s = 1. The procedure to recover the 
estimate for s + 1 from the one for s is completely analogous. This concludes the proof 


of Proposition (10.1.2 
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10.4 Proof of Theorem 16.2.2 


For the convenience of the reader we restate Theorem [6.2.2 


Theorem 10.4.1 (Improved r?-weighted estimates). The following estimates hold true 


for the quantity M = fə (esy + тей) corresponding to solutions v» Є во of (6.1.1) on М, 
for all -C1--ó «qx1—0,sx kp 1, 


ВЕР) (тт) S Ет) + Nel, N]Gr 02) + Nus. N]( m). (10.41) 


max 


where the norms on the right are given by 


м. м. 


Е: (т) = EEN) + Ері 210”) (10.4.2) 
and 


3 


М), Мт, т) = / 25). (ол + 2) (10.4.3) 
M> g(n,72 


) 


Proof. We sketch the proof below in the case s — 0. Like the proof of the corresponding 
result in (see Theorem 5.18 in [50]) the proof of the result rests on a commutation 
formula according to which, if Y verifies equation (10.0.1), then Y% verifies an equation of 
the form 


- v ov dacosé Y ox 3 
2p — VY = E "Vm + N + fo (v. + *y) (10.4.4) 
where 
2 (1— 8 O(r-)) Va + О(г-2)ә54) 
ў) Tle УФФ + OL) 07 cro? (T9) Vah EO T9), т>, 


О(1)05%), т< В. 


Formula (10.4.5), which is the precise analogue of formula (10.3.2) of [50], can be verified 
by a straightforward calculation. We refer the reader to section 10.3.2 and appendix D.4 
of [50] for the details. 


We apply the results of Theorem [6.2.1] to equation (10.4.4) and derive] more details 


м. 


ВЕБ € ЕД (т) + Л, ÑC, т). 


la) 


?We refer the reader to section 10.3.2 of [50] for the same type of calculation in the proof of the 
analogous result, i.e. Theorem 5.18 in |50]. 
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Note that the main беш іп АЮ, М ] is given by 
2 3 ху 
-f 2-2 +004) e 
M> n(n,72) T T 


Denoting E; = ЄНЇ] [for 2r fg, 2r! flea) with £[] as in (10.2.10) (for у replaced by Фф), 
we derive the following analogue of Proposition 10.48 in [50]. 


Proposition 10.4.2. The following estimate holds true, 


^8 
—O(e) sup E,n[)](7) (10.4.6) 


ПРЕЗЕ _ e" Р 
[амата (2+ gad? + e- ФУ" eap) 
M» R(71,72) M» n(r1,72) 


The remaining part of the proof, based on choosing R large and making use of the result 
of Theorem [6.2.1| is exactly as in section 10.3.2 of [50]. 


10.5 Conditional weighted estimate for scalar wave 


Proposition 10.5.1. Let 1 be a solution to the following scalar wave equation 


й+у = М, (10.5.1) 
where V is real and satisfies У = O(r-?) for т large, in a spacetime М = M(1, 7.) 
verifying the assumptions (6.1.6). Then: 


1. The following conditional Morawetz estimates hold true in М = M(1, Tx) 


В (1,7) 5 EFS [v](1 7.) + Вг (1, т) «f [os ^p 
Merap(1,7«) 
+ C) Np, N](L т) + CON po, NIA, т) (0:999) 
ó <k —1|+<k <k 
Z2 ( Ф| +r fo v|) N]. 


10The sign can be easily tracked down from the divergence formula, see for example (10.3.15). 
g 8 
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2. The following conditional Energy-Morawetz estimates hold true 
BEF;[v](1, .) 5 E$[v] (0) + BEFS~*[v](1, v.) 


«f гд? + NEW, NIC, т). 522 
Mtrap(1,T«) 


Remark 10.5.2. Note that both estimates are conditional on the control of the terms 
BEF} !W](1,7.) and bas lo^w|?. This result will be used to control P in Chapter 14) 


The proof of the Proposition |10.5.1| relies on the conditional energy-Morawetz estimates 


of Proposition and an analog of Proposition |10.1.2| for solutions to (10.5.1). Given 


that the estimate is only conditional, and in view of the the strong decay in r for the 
potential V, the proof for solutions to (10.5.1| is similar and in fact simpler that the one 


of Proposition 10.1.2 
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Chapter 11 


Estimates for the full Regge Wheeler 
equation 


The goal of this chapter is to provide a complete proof for Theorem M1. To this end we 
proceed as follows: 


1. We use the gRW equation for Y = R(q) coupled with the transport equation pro- 
vided by the definition of q in terms of A to derive combined r-weighted estimates 


for (0, A), see Theorem (11.2.3 


2. We extend the results of Theorem [6.2.2]to the full ү equations to derive improved 
r-weighted estimates based on the quantity y= = r*(V4 + i Id v). The result, stated 


in Theorem |11.6.2| is the precise analogue of of Theorem 5.15 in [50]. 


3. We use the r weighted estimates of Theorems |11.2.3| and |11.6.2| to prove Theorem 
M1 by relying on the decay of flux arguments, based on mean value arguments, 
following the procedure detailed in section 5.4 of [50]. 


11.1 Preliminaries 


The spacetime M we are dealing with here is precisely that described in section [6.1] We 
do however make stronger assumptions on (T4, Гь). We assume in fact that for all k < kz, 


475 
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УЦ kr = ksma + 120 


Gas + Ld oT, | < є, 
(11.1.1) 
rri e oS < e. 
We also assume that the curvature components A, В verify, for k < kr, 
г'/?+баее]у5Ё®( А B) «e. (11.1.2) 
It is important in this chapter that the frame is such that 
IET. (11.1.3) 
and that = verifies 
rE] <e X VsEer ӨЗГ, (11.1.4) 


Remark 11.1.1. The additional conditions (11.1.3)- (11.1.4) are verified by the global 


frame constructed in section 3.6.3 of [53]. These are crucial in deriving the correct struc- 
ture of the nonlinear terms of the gRW equation for q. 


Remark 11.1.2. We note that in reality the estimates (11.1.1)-(11.1.2) for kr — 120 < 


s < kr should be relaxed by replacing даес with 3 бес. This loss is due to the interpolation 
between the bootstrap estimates for Каде and those for ksma, see for example Lemma 5.1 
in 150). The loss is more than compensated by the fact that the resulting gain 3 дес 18 
doubled in nonlinear estimates. The remark also applies to Chapter |14 


11.1.1 Definition of q 


Recall, see Definition |5.2.2) 
а= 97 (OVsVsA + С, OV3A + CoA), 


(@)try? 
Cy = 2tr x — 2 & usd iy, 
= trx Е (11.1.5) 
1 3 (@)ty 4 (@)tr 3 
Ca = tree ау + - x +i | —2tr x try + 4 x е 
2 = = 2 Uy = = trx 


l'This is consistent with the value of kz used in the bootstrap assumption needed in the proof of 


Theorem M1 (see section |1.5.3). 
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11.1.2 Full Regge Wheeler equation for q 


The real part of q, denoted w = 3t(q), verifies according to Proposition|5.2.14|the equation 


. 4a cos 0 4A 
- Wy = – ч N Vo = 5 11.1.6 
ees go t^ Pc grege UH) 
with the right hand side N being given by 
N = Noct Nr Лен (11.1.7) 
where 
- No denotes the zero-th order term in 4), i.e. 
a 
No = (V-W)20 (5) Y. (11.1.8) 
- Ny denotes the linear term in A given by 
8a? A 8aA 
N; =R (æ | ке УтУзА 2474754 
(11.1.9) 


+ WAVAA + WVA +W -VA + WoA 


| 


where W4, W3, Wo are complex functions of (r, 0), and W is the product of a complex 
function of (7,0) with 549), having the following fall-off in r 


qi W, = ОИ = qW =O0(a), wo =0 ($). 
Away from the trapping, the following schematic structure will suffice 
М, = О(а)ә УзА + O(ar- 0*1 A. (11.1.10) 
- Npyy denotes the quadratic error terms, given schematically by the expression 


Муу = Ng + Va(rN,) + Nea la, 


М, = 102(P,-(A,B)), Nala] = 9 (T, - а). (11.1.11) 


We refer to solutions to (11.1.6), with N as above, as solutions to the real gRW. 
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11.1.3 Factorization of д 


Lemma 11.1.3. We have 


(y. (9 шо ш, Г тва) 


= (о?) $ an а + г20<1Г, 9 VA + roS T,A, (11.1.12) 
where Е is given by 
Peas === 
F := OD-S+E8.- HFE H= X, 
Fy = — [IL , 
ИМХ ЕХ R(trX) 


(R(trX))2(trX 
2 2 
MEC trx) (xg, A 4 © (trX) р 
(коску л GR(tr.X))2(tr X)? 
ТЕХ)” Ве " 
7 EL ER Әу; OVA + C, 9 V3A + СА 
where 
(е) trx)? 
ё =- 9 Vs (aaa) 
ab (594) ; 
REX) (xP 
c c trx)? 
Ce зы» ENIMS (Cone 
5 (trxy? i 
RUX) rx): 


Together with the definition of q, we infer 


(R(trX))2(trX)? 9 | (С, = С) (2%. д + СЕА — сул) 0 
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Next, recall the following null structure equation 


1 = == ie 
Әу + (шх) = OD.E-E. H«E.H-;X 
==; F. 


We have, in view of the definition of Ci, 


la " (Natr. X. " (OV 3trX Е (у з (ЕХ) 
41800 eX uX RX) 
1 — 1 = 
= ЫХ — -irX 4 trX)? + (trX)?) + Е 
ато UA) + ray) + Fa 


where 


Also, we have in view of the definition of (2, 


У trx)? 
" 1 Vs Ба шр) 
ZEE (trx)? 


Ge(trx))?(trx)? 


ы 1525 
(OVC) + 1661)" 


NO мн 


(Vs (aux - 2trX 4 (tX)? + (trX)”) + ін!) 


1 
R(trX) 


1 12 1 2 учо : 


Note that Fı вт” ӘЗІГ, and Р € 05!T,. In view of the above, and using the definition 
of С, and С» in (11.1.5), we infer 


Cy = rX — 2trX + ((trX)? + (trX)?) --озт, 


1 
(кх) 
2 
= —44 try + ry itt х)? — (@try)?) + оГ 
E ay А X 


2( (try) 2 


= —4i у + 2tr y= +S, 


= Q +T, 
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and 


ae novel) e (= tac ED ТЕЗ 


R((trX)?) 


ажа ху O + x») 


1 ae 1 HO I. 
+—[2тХ —2тХ + = (te X р 
1 ( rX rX + SX) ((tr X)* + (trX) ) +r D b 


1 
= 2(97,(А) + = Z x try = ay (21 x? — бїт x try”) 
4 ЗА try V X X MX 


tr x E try 2 a 2 1 . (a 2 2 a 2 
+—= try = (trx = ( try’ yy t+ 1 (а try + gu E try’ ) 
әтір, 


== С» + 2 (9%, (Fp) + r әзі, 


We deduce 


© ©. (trX)? 
MZ (maxx) 


Г ( =q + 07! D, OV3A + (2 9 V3(F5) + r7 101Г,) A) 


(Хх )2 l 2(trX)? 
REXX qq 4 (ВЕСЕ) 2(6:2)2 
2 
- 2 OV.(F)At rT, ©з А + то<!ГА 


©хуз(Е„) А + roS, (97A + гәзІТ,А 


| 
тт 
© 
тт 
3 
E 
м 
| 
Т 
7 
кі 
FJ 
© 
х2 
a 
| 


| 
тт 
© 
тт 
3 
E 
м 
| 
Т 
ч 
es 
ral 
© 
NS 
a 
| 


2 
- Ov, (а) + т201Г, OVA + roS! T,A 


апа һепсе 


OVs (9 (акр) Д phe) 


= (067) + Fu q-- r?oS!T, GR A +ro='T,A 


as stated. This concludes the proof of Lemma |11.1.3 


Next, we introduce the tensor V. 
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Definition 11.1.4. Let V € (С) given by 


ү TX) r 
v= a - z^ 


where Е is given by (11.1.13). 


We have the following corollary of Lemma |11.1.3 


Corollary 11.1.5. Let V as in Definition |11.1.4, Then, (V, A) satisfies the following 
system of transport equations 
A = (067) + raTa) 4 + rS, (9%. д + ro='T,A, 


(ЕХ)? 
“ч (cae 


A) = V + r?o*!(T3) - A. 


Proof. This is an immediate consequence of етта |11.1.3| Definition|11.1.4| and the fact 
that Р € ӘЗІГ,, 


11.1.4 Norms for 1) 


We recall that the norms БІ, Ely] and F5 [v], respectively for the bulk, energy and 
flux of w were defined in section To simplify notations, we make use of the combined 
norms 


ВЕК (Ti, T2) :— B W], T) + sup Е2[0(т) + Еф(т,т). (11.1.14) 


P 
T€[r1,72] 


We also recall 


М, Nl, m) = | (Май 4-7! ]9])IN] + 


M (1,72 


(1,72) 
F | Vav . У ; 
M (71,72) 


and the corresponding higher derivatives А; lY, N] norms. 


/ rP NV (т). N 
Myr>4m (71,72) 
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11.2 Control of the full gRW equation for q 


11.2.1 Combined norms for v, A 


Definition 11.2.1. We define the following norms modified bulk and energy-flux norms 
for A and combined norms јот (A, wv) 


В[А|(т,т) = f pu (4% OVA) + r*| V4Vs AP + r*|V VA]? + УзА)? 
M(n1,72) 
+r?|VsAl? + ту AP + |47), 
BJA) = k 782 (rh vaa IR УАР + IVAP raa 
-АР), 
F,[A](11,72) = f pete (riva УАР + |У EVA]? + r^|VaAP +77|V4 A)? 
AUE (71,72) 
-|AP), 


where Xni = Xlr) denotes a smooth cut-off function equal to 0 on Mirap and equal to 1 
on r > 4m. 


The higher derivative norms are defined by the usual procedure 
ВА] = B,[o**A], ЕА] = E;[0^ A], РА] = F0 A]. 
We also define the combined norms: 


Её, АЦ”) = EBEjwj(r)-* E;[AJ(7); 
Bel, A(T, T2) = Bi[v](n. 72) + В°[А](т, т), 
Ft, Al(1,72) = Е (т, т) + Е#[А](т\, т). 


We use the short hand notation 


ВЕР (А](ту, T2) = ВАЈТ, тә) + sup BAI) 5 АТ т»), 


T€[ri,72] 


ВЕР?, A] = ВЕЕ] + BEF;[A]. 


Remark 11.2.2. Note that the derivatives VA, VV4A and У?А are missing in the com- 
bined norm BEF,[A|(ri, T2), as they cannot be derived by the transport equation methods 
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used here. Fortunately, in view of the structure of the Ny, term, they are not needed to close 
the estimates for w and thus for q. Additional derivatives in ЕДА(т) and F,[A|(ri, 72) 
are missing as well and are also not needed to close the estimates for q, with the exception 
of the ones recovered in (11.2.7). We also remark that 


f P(r [SYP + SAP) 5 BA т), 
M(n1,72) 


but the norm ВИА) is in fact stronger in powers of r for the Уз derivative. 


11.2.2 Weighted estimates for the full gRW system /11.1.6 

The main technical results of Chapter |11) which extend Theorems and to the 
full real gRW system |11.1.6| are as follows. 

Theorem 11.2.3. The following holds true, for all ó < p < 2— ô and 2 € s € ky, 


ВЕК Y, А](т, 2) 5 ЕҢ), ATi) + Л, Мр (т, T2) + Qu ee (11.2.1) 


where N ppp 1s given by (11.1.11). 


Theorem 11.2.4. Under the same assumptions as before we have for 2 < s < ky — 1, 
for all -C1--ó <4<1-6, 
BEF WoT) S Ez [V] (i) + Ez). Al(1) + АД, N pe] (71, 72) 
+ Мв) W, Мр (ті. T3) Яр an eee 


max 


(11.2.2) 
where i) = r?(V ay + uU) and 


Ns k, N frr] (fi, T3) = f 


"T 3 
rit? V DS) i (vas Ng, RE амр) А 
(ext) M 


We postpone the proof of Theorem |11.2.4| to section and concentrate our attention 
to the proof of Theorem |11.2.3 


11.2.3 Proof of Theorem [11.2.3 


We restate for convenience the result of Theorem |6.2.1) whose proof was completed in 
chapter [10] 
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Theorem 11.2.5 (Basic r?-weighted estimates). The following estimates hold true for 
solutions Ф € вә of the model gRW equation, see (6.1.1), on М, for alld <p € 2— ô and 
2 < S = kL, 


BEF (т, 72) 5 (а) + No lv, NI (71, т). (11.2.3) 


The proof of Theorem |11.2.3|is done in steps as follows. 


Step 1. Recall that N = No + Nr + Np, see (11.1.7). We first eliminate № + Nz from 


the right hand side of (11.2.3]. 


Proposition 11.2.6. The following estimate for solutions w of the full gRW equation 
hold true, for all s € ky and all ó € p € 2 — 6, 


ВЕР (ті, т) S Е (т) + la| ВЕР, A] (Ti, 72) + Л 0, N grr) (Ti; T2). (11.2.4) 


The proof of Proposition |11.2.6|1ѕ an immediate consequence of (11.2.3) and the following 


lemma. 
Lemma 11.2.7. For 6 <p<2-—06, N given by (11.1.7) satisfies 


Netw, Мт, 72) 5 la BEF |Y, A] (ri, тә) + Л, N ppp] (ta, T2) + єртү 77%, (11.2.5) 


The proof of Lemma |11.2.7|is given in section [11.3] 


Step 2. We eliminate the terms ВЕРА) from the right hand side of (11.2.4) with the 
help of the proposition below. 


Proposition 11.2.8. The following estimates hold true, for all s < ky, and for all ô < 
p < 2- б, 
BEFS(A\(t1,72) 5 В (т, T2) + ЕЧА(т)- àr ^ “ме, (11.2.6) 


Also, we have the following additional control on X(T) with т € |m, ra], for s € kr, for all 
| pP? (remeso; (957058 Al? 2 "494705517 
У(т) 


ШЫҒАТЫН AP + r|ve* AP) (11.2.7) 


SEB (т, 72) + E;[A](1) + dr 3 39) 
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The proof of Proposition |11.2.8|is given in section [11.4] 


Step 3. As a consequence of Proposition |11.2.8| and Proposition |11.2.6| as well as the 
smallness of |a|/m, we deduce, for all s € ky and for all ó < p € 2 — ô, 


BEF;|w,A](n.m) 5 Еш, A(T) + А), Мр, (тато) + Өт 2 “че 
as stated. This ends the proof of Theorem |11.2.3 


11.3 Proof of Lemma 11.2.7 


Recall that N = No + Nr + Кар, see (11.1.7). Therefore, we have 

ЛМ, М(т, 72) 5 МД, Nol(t1, 72) + Nol, Nz (т, 72) + Nol, Мру )(т, 72). 
In order to prove Lemma|11.2.7| we need to eliminate the terms ЛА/>[ф, No] and Л, №]. 
Recall that by definition of V; [v, N](r1, T2) we have: 

М, Мт, т) = “Ny, p + NTI, М](т, 72) + PON P, N] (i, т), 
(or) AE), М(т,т) = » Й (^ш) + roy) EN, 


k<s (ті a 
A V, N (т, т) = >, D. 2) i V | dni 
k<s T1,T: 


(Ет) Мр, (ті, тә) = p» 


k<s 


/ V, (059) - мк 
M (71,72) 


We then estimate separately the above terms as follows. 


Step 1. First, we estimate (M9 A/*[y, No + Nz] + (ON А), No + №]. We obtain, for 
(Mor) NS ip, No + Ni) (т, T2) + ӘЛ, No + Nil (Ti, 72) S lal BS lb, A] (ri, 72)-(11.3.1) 


This is done in section [11.3.1 
Step 2. Then, we estimate ©") A/*[y, No] and obtain 


ЕТЕГІ (11.3.2) 


те|т1,72) 
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This is done in section [11.3.2 


Step 3. Next, we estimate (5l, №] and obtain 


CON W, М. (а, т) 5 «( sup вй, Ae) lé Ann) 


T€(T1,72) 
qe ee (11.3.3) 


This is done in section [11.3.3 


Step 4. Combining the results of Steps 1-3, we obtain the following, for д € p € 2 — ô, 
М, N\(ri,72) 5 Өлер, No + МЈ (т, 72) + (e20 NP Ip, No + Nz](11, T2) 
ЛМ р, No] (i, 72) +”) N W, №] (m, 72) + Лр, Ney) (71, T2) 
|а| ВЕР [v, A] (ri, т) + МҰ, Nppyl (ti, т) + өті ^ ee 

as stated. This concludes the proof of Lemma [11.2.7] 


It thus remains to prove estimates (11.3.1), (11.3.2) and (11.3.3). This is done in sections 
11.3.1/|11.3.2| and |11.3.3| respectively. 


MAS 


11.3.1 Proof of the estimate (11.3.1) 


In this section, we estimate men р, No + Nr](m, 72) + (er) AP Do, No + Nr](m, T2). 


We have 
(Mor) A/S ap, No + №] (т, тә) 


| (ай +r oul) ose 
M (11,72) 


1/2 1/2 
s (f masure) (fi ren) 
M (71,72) M(n1,72) 
1/2 
< (/ 771 (Iv Нм, + (Vayl? +r? |o?) 1,54 + 3) 
M(11,72) 
1/2 
x (/ pen) 
M(71,72) 
ija 1/2 
5 (Bi т)) ( f rise | 
Mt(T1,72) 
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Since No = O(ar~*)w, we have 
/ т S N|? < |а| Мог (т, 72). 
М(т1,тә) 


To estimate the term іп Nz we make use of the schematic structure given in (11.1.10) 
М, = О(а)о УзА + O(ar')oS'A. 


Thus, 
| ritis л, |? < a f rvs (зое др + rapea, 
M (71,72) M (71,72) 
Therefore, 


(Mor) A's p. No + №] < la| Bily] (ri, T2) uid la| (В; (т. m) 


1/2 
т (/ п (зое Ap кезірендір)) 
M (n ,T2) 


< lal (Бит, n) 2 (Istat аренда) 
T1,T2 


(Вп, т) + ВДА), т) 
41830, А|(т, тә). 


л Q^ 


Similarly, we obtain 


(er) N^ aj. No + Ni] 


| пру уд - з= 
(ext) M 


1/2 1/2 
(/ эрер) (/ терел) 
(ext) M (ext) M 
: 1/2 1/2 
( Б. М) (/ рер) 
(ext) АД 


MAS 


MAS 


NowP] for 6 < p < 2 — ô, 
f PS NP S la Í j?7Tlo5*uf? x Jal eu], 
(ext) M (ext) M 


/ SUN, € Jal f sos vu д? + Зәр) < Jal BiLA), 
(ext) M (ext) M 


Recall the definition of the B,[A] norms and Remark |12.2.2 
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from which we deduce, for д € p € 2 — 0, 
ONGI, No + Ni]. S lal( Bild] + BSLAT) 5 1850, Al (ni. тә). 
We conclude, for ô < p < 2— б, 
(MOAT, No + Ni] + ONG, М + №] S Jal Bi[V, А), 


which proves (11.3.1). 


11.3.2 Proof of the estimate (11.3.2) 


Here we estimate (/) 754), No]. We first observe that 


f. TN vane) ам 
ІЙ (т\т) (7%) ам 


T ТЕЛ 
М(т1, a 


where x = x(r) is а smooth cut-off function which is 1 on Mirap and vanishes for г > 4m 
апат € ri(1 + буа). 


(Ет) Мр, No] (i, T2) 


MAS 


Observe that the second integral above can be bounded just like Ny, № (т, T2), 
and gives 


M a vs ооо 5 OOB: тә. 


We are therefore left to estimate | Suin m) XVR (05*v):0** No|. Using that No = O(ar~*)y, 
we have 


Va, (05*y) 0M = Olar) xV z (05°) - 05% 
= D, (О(ағ "le vf?) — O(ar-*)y |o y D, Те 
—O(ar-*)(Ts(r), Ts(cos 0)) (|х | тх) lovi". 
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Integrating by parts the first term, we therefore concludd?| 


PMN Nen) S [f хуп) ало + alitem. n) 


a "n sup қиманы 


те|т1,72| 


which proves (11.3.2). 


11.3.3 Proof of the estimate (11.3.3) 
Неге we estimate ("Л/°[0, Nr]. As above, we write 
(Вт) Мр Nz] (71, 72) sf. (25%) D 
- i [va l|" iN. 
М(т1, тә) 
5 [f A 05790) о + Ву, Ars v. 


where x = x(r) is a smooth cut-off function which is 1 on Mirap and vanishes for r > 4m 
апат € r,(1-- rea). Therefore, іп what follows, we consider the first integral, and notice 
that r is bounded on the support of x so that we can neglect the powers of r. 


Also, recall that we have 


ком | a T E 
Ту = Tei z)z 


where хо! T) = 0 on Mi". In particular, we can estimate the term involving xo(0 ^ 5 
as above, and we obtain 


PON Ih, №] (т, т) 5 / XVa (079) -0**N; + |a| Bily, А|(ті, T2). 


Furthermore, since Y = X(q), and in view of the definition of q in (11.1.5), we have 


y = R (47 (Әу; OV3A + СУЗА + C2A)) 


= Ж (qq? V3V3A) + O(a)d 01А. 


3Notice that weights іп r are irrelevant in this estimate since r is bounded on the support of x. 
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We introduce the notation 

Vo :— %(40У3У34) 
and obtain 

V = 4+ О(а)о А. 


Proceeding as above, we infer 


(ва) A/S). №], т) 5 | / | хул (адо) ON + |41820, А|(т\, т). 
Мі(ті,то 


Next, we focus on the term ХУт(05%/р).058/1. We have 


XVr(07*ug) -OS Nj, = -х(05%%). Уто Nz + Da(x (00) - (07 N;)T^) 
—x (0*4) - (05* Nr)D, T^ — x' (r)T(r)(05*vo) - (05° №) 
= —Xx(0**yo) d VN; + x(05*uo) - 0° NT, 
D, (x (95*uo) - (05* Nz)T?) 
—x (0*4) - (05* Nr)D, T^ — X (r)T(r) (оо) - (05° №) 
where we used the fact that [V-r, 0*] = O(1)d* in view of the control of Гь and Г, on the 
support of x. 


Observe that, since Nz = O(a) ТУҒА, we have, using integration by ра апа е 
fact that Yo = Y + O(a)051A, 


Л Пота) -05 N, + Da (хода) (әт) 


-x(S Yo) - (OS №:)р.Т" — x (r)T(r)(05*yo) - (о) 


= |а| | sup Es[v, A] + В Фф, Al 2) -+ та 


T€[r1,72] 


We deduce from the above that 


(вп) М (тъ) X / (Oty) - à VN; 
М(т1,тә) 


+|a | sup Es|v, A] + BsWw, Al (71, J -+ ті iec, 


T€[r1,72] 


^Notice that for the boundary terms, we use the control of A provided by E;[A] as well as the one 


provided by (11.2.7). 
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We now consider the term x(055u) - 05* V4 N;. Recall that, see (11.1.9), 


8 3/42 
Жі = -®( 145 6 (а2т ката) + O(a)o= 
апа һепсе 
8447,7 2-2 <9 
ҮтЛі = -R к Ут + ЖАРЫ) + O(a)0^ 
Since we have 
a 
T = T= 
т? +a? 
2205 А а 
Е r2 Ба? т? Ба? ^ 
we infer 
8gg?r? 2c2 a^ a? 
N = — PN о 1 ы = 
VO »( [1 вет r? +а 
+О(а)о?а 
8qq?r? аА a? 
= —# ( qr (evi + aie VzV3- Pag vi) vA) 
-HO(a)V goa + O(a)o*? 
and hence 


x(95*uo) с DS VENT 
8 q^? (aA 
tO(a)x0**uo - Vg P К ees) | 2. 


8 31.2 
= Х(Ут955)) аа ( ae угуз) 


5 <в Sqr? aA 
(оер) ә on (SE "s пачти) 


<8 <8 844” 7° а? 
—x(Vz0= Wo) -0- "( "I mug dyes 


+D, CO 225924 (Re, T". z^) 4 O(a)x V go o а 


O(a)(Ix'| + 1х1) (Oa) - (05ta) 


zai) vi4) 
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Recalling 
Wo = R (qd? V3V3A) D Y = Wo Ain O(a)0*! A, 
we deduce 


х(ә5%)-05%/т. Мі, 
8 3,2 
= Х(Утд©°% (q7? V3V3A)) аа ( P 
2379 
8qq'r чау) 


ШЕЕ, 


2734) 


—х(@®°% (44%93У34))-ә "R ( 
8qq?r? a? 

|46 r2 + a2 
+D,, CO EUM (f, T". z^) 4 O(a)xV go yo 58324 
-KO(a)(|x'| 1х) (о2о) - (оа), 


-Х(У2055% (qd? V3V3A)) -DSR ( К) 


or 


xS ^uo) - O° Va Nz 
8а2т? <8 42 <s =3 
= 1446 XY (o5 R (qq VrV3A)) -DSR (44 VrV3A) 
ад 8r? 
r+ oP |0 
8r2 a? 
DENT 
+D, COE Sq (Rr, que z^) + O(a)xV g05*y0** а 


+О(а) (1х + [xD (02° о) - (ә а), 


(OR (qg* V3A)) - Vz (OR (07 У3А)) 


XV3 (OR (qj? VzV3A)) - IR (07 VzV3A) 


and hence 


xO Yo) - 0% Л 
ай: CO Hales, z^) +D, (О(а) хә . ы те, 2) 
+О(а) ху g0**y0** а + О(а)(х + (оа) - (05520). 
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We deduce from the above, using integration by раг] 


(Ет) N fipo, Nz] (ri, T2) > / xS ypo) OVEN 
M (71,72) 


lel | sup Esl, А ES) d re 


TE[T1,72] 


MAS 


lal | sup Еф, А] + ТЕР) + eir ie 


T€[r1,72] 


which concludes the proof of (11.3.3). 


11.4 Transport estimates for A 
The goal of this section is to prove Proposition |11.2.8| i.e. show, for s < kr, and for all 


ВЕР |A] (Ti, T2) 5 ВЕР (т, т) + ESIA] (m) + ery. (11.4.1) 
To this end, we proceed as follows: 


1. First, we state a general lemma for transport equation in V3 in section |11.4.1| see 
Lemma [11.4.1 


2. Lemma |11.4.1|is then proved in section |11.4.2 
3. Next, we derive estimates for A, УзА and У.А in section |11.4.3 


4. Then, we control angular derivatives of A in section |11.4.4 
5. Finally, we conclude the proof of Proposition |11.2.8|in section |11.4.5 


11.4.1 General transport estimates 


The main result of this section is the following general transport estimates. 


?For the boundary terms, we use again the control of A provided by E;[A] as well as the one provided 


by (127) 
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Lemma 11.4.1. Suppose Ф,,Ф› € $2(C) satisfy the differential relation 
(730 = Ф. (11.4.2) 


Also, let Xu = Xnt(r) a smooth cut-off function equal to 0 on Мьар and equal to 1 on 
т 2 4m. Then, for every p > à, we have 


АУЫЛ 
M (71,72) 
+ | re (п Уа + [Vg Pal?  |9ip) 
OM? (71,72) 
B п (праф T [V Ф)? a 9 (11.4.3) 
М(т,т) 


«f re? (r° xal Vat]? + у gt]? + ||?) 
X(n) 


+ (a? + е?) f т? уф; >, 
М(т1,т) 


where O* M (r1, T2) denotes the future boundary of M(T1, T2), i.e. 

ОМ) = A(Tı, T2) U X73) DUX, (тата); 
Remark 11.4.2. Observe that estimate (11.4.3) is conditional with respect to the V 
appearing on the right hand side. 


In the proof we make us of the divergence theorem in the form, see Lemma |15.3.11|for a 
general vectorfield X, 


" f g(X, N) + f g(X,N) = Div(X), (11.4.4) 
+ M(71,72) 0— M(n1,72) M (m1,72) 


where № is the normal to the boundary such that g(N, e3) = —1. 


Remark 11.4.3. We also make use of the following properties of the boundary, see Def- 
inition |6. 1.5| 


e On A we have 
1 
g(NA, ез) = —1, g( NA, ед) < -199" g( NA, ea) — O(n), 


e On the boundary У, we have, with № = Ny,, 
g(N., ез) = =1, g(N., ел) < =1, g(N., еа) 2 O(r^). 


11.4. TRANSPORT ESTIMATES FOR A 495 
e On the spacelike boundary У = Х(т), g(Ns, Ns) € -5 5, 
E Nae.) = e4(7) Са 


The following basic lemma will be used in the proof of Lemma |11.4.1 


Lemma 11.4.4. For any function f, we have 


Div(fes) = e3(f) + E en) f. 


Proof. We have 


Div(e3) = g"g(Daes, ез) + g"g(Dses, ел) + g"g(Dies, e.) 


1 2r -- 
= —z4w +trx= 15 Бх + ГЬ 
2 ^ ld = 
2r 
= er, 
417 


and hence 


Byrd es foie) deest ees rat (-Шт + rs) ў 


as stated. This concludes the proof of Lemma |11.4.4 


11.4.2 Proof of Lemma [11.4.1 


We start with the following lemma. 
Lemma 11.4.5. Suppose Фі, Фә € $2(C) satisfy the differential relation 

(ON. = Фф». (11.4.5) 
Then for every p > 6 we have 


Е Е 2 s = 
rae 5 теі "lalaa? – 7. Div(la" *|®1)’es) (11.4.6) 


and its integral form 


| Pe» / rr? g]? < f PoP / r? ?|ó,P. 
M (71,72) OMC+ (71,72) M (71,72) Х(ті) 
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Proof. Multiplying the relation “)V3®, = Ф, by ©), we deduce 


ез(|Ф,|?) = 2%((Ф- + 2sw®}) s Ф) 
= 2#(Ф›. Фу) +T;|/®1|?. 
Multiplying by |q|?~?, and using 
ез(14|%) r 57 5 


es(lql) = 219] == 4 | О(1)ез(т) + O(r~)e3(cos 0) == 4 


-- "Гу, 


we deduce 


2|q\? 7R ($5 : Ф.) e3(|q|?-7|®1|?) — e3(lq/?-7) |®1|? + |g| 2ГЫФ: |? 


e3(|q|?*|®1|?) + (p — 2)r|a|?* |i]? + r? Ty |i)’. 
In view of Lemma |11.4.4| we write 
2r 


ealla 4:12) + ( 2. +) аР, 


= 2|g|"?* (95. Фу) — (p — 2)r|q|" Ф: 


Div(|al 7 |9i|*es) 


2r 
+ (-ш + г) Р 54,2 +r? 27,4, [2 


= 2\q/P PR (9; i ,) — рта Ф|? +r? ?T|9,P. 
From the above identity we deduce 
pr |q? 4%.) 
= 2|q["?R(9, - Фу) — Div(|ql?-7|®1|?e3) +r? °F 5] G1? 
= 2R((Qr) "la PS - (Ar)? la) — Div(|gl?|91]?es) + 7? Tela]? 
€ Arla]? + Ar Pl? — Div(la P? e3) + r” Tala]. 


We obtain, in view of the control of Гь, 
prag *|Ф\|* < № Ф + Ar gq? [a]? + Oler PE? — Юу (|Р 7|9:[es). 


Therefore, for p > ô, choosing А = 5, we infer, for є sufficiently small, 
4 — ae = 
rae? S кі "a"Ia[" – Омар Ф. les) 


which is precisely (11.4.6). 


The integral form (11.4.7) of the inequality then follows by the divergence theorem, see 
(11.4.4), and Remark |11.4.3| This concludes the proof of Lemma |11.4.5 
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Next, we need to control V Ф; for solutions Фу of the transport equation (9%7,Ф = Do. 
To this end, we start with the following commutation lemma. 


Lemma 11.4.6. Let U € 5;. Then, we have 


TE Va U = O((a,e)r")VU + O(r !eV4U + O(r ?)VsU + O(r 3S)U 


so that 
r? + a? А ;( A ) 
———HR = —{e,-— ез|. 
412 a ge 
We infer 
r? +a? 1 A 
9. 412 Val Е Уз, V4 963 (a8) ¥ 3 


VAVE AG ЭЕ (r7 O(r-ea(cos6) ) Vis 


пла) ен) 


Also, note that the commutation formula for [V4, V3] of Corollary [A.1.1] implies 
[Was V3|U (Olar?) + r) VU + 2/40 + DV4U + O(r ^? jU 


NIe NIe мн 


1 A 
(Olar?) +T,)VU +2 (-19 (а) + 5) V3U + Гь: + O(r-*)U 


(Olar?) +T,)VU + (- ð, 9 +T A VU +T,V4U + O(r )U, 
where we used the definition of and the fact that 2 € I';. We deduce 

АА U = (O(ar?) - I)VU + (O(r ?) +Г,)У:0 -T,V4U + O(r 90. 
Together with the control of Г, and Гь, we deduce 


"ен U = O((a,e)r )) VU + O(r te) Val + О(г ?)V3U + O(r 5З) 


as stated. This concludes the proof of Lemma |11.4.6 
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We next, we consider the following transport lemma. 


Lemma 11.4.7. Suppose Фу,Ф» € $2(C) satisfy the relation V3, = Ф;. Then, for 
every p > 0, we have 


i; P (vai +P) + f rP- (|V g8]? + |Ф\?) 

М(т,т) OM+ (71,72) 

sf i7 (|V pal? + 192) «f п (|V аФ 2 + |6?) (11.4.7) 
М(т1,тә) X(n) 


+ ef r?-*|V4o, |? + (а? + ef r? Vo. 
M (1,72) M(11,72) 


Proof. We commute the transport equation for Фу with "e Vg. Together with Lemma 


we infer 

v iP sg Paw 
(257; (Aur vati) = уз == 28ш, АА Ф; + qe YR 

= O((a,ce)r V, + O(r 1e) V49, + O(r ?) Và, + O(r 3), 
r? +a? 

and hence, since V gw = dI, = O(r~'), we obtain, using also (9%7,Фі = Bo, 
(c) r? +a? 221 =j -1 

V3 “ge a = O((a,e)r~)V®, + O(r “e)V4®, + O(r )6, 
+0(77?)Ф + O(1)V po. 


Applying (11.4.7) to this transport equation, we infer 


| r^ |у Ф|? + | rr? |V gol 
M (11,72) OM t (71,72) 


Sf rn (eere ente eno Pert Уы?) 
M(r1,72) 


«f re? |у Ф). 
Efri) 
Together with (11.4.7), this yields 


/ P (vai +o?) + f r? (IV |? + |69) 

M (11,72) OM+ (71,72) 

7 i" (Vabal? + Фә?) «f rP? (|V R21] + |81’) 
M(T1,T2) X(n) 


+ ef r? 3|V 4, |? + (a? + 2) | r? 3 er 
M (71,72) M (71,72) 
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as stated. This concludes the proof of Lemma |11.4.7 


We are now ready to prove Lemma |11.4.1 


Proof of Lemma (11.4.1, We need to derive an estimate for x,,V491, where ya; = xr) 
denotes a smooth cut-off function equal to 0 on Mirap and equal to 1 on r > 4m. Note 
that, in view of Lemma [4.2.2] 


[9v;, OW IU = O((a-c-eor !) VU + O(r)U 
so that 


(у(х, 2/10) = ха O Vað + д„хмез(т) УФ. + O((a + er!) 9 vo, 
4O(r ?)9,. 


Since (©УзФ; = Ф, and since V4 = O(1)Vg + O(1)Vs, we infer 


OV 3(Xne 99746) = xa Vso + O(1)0- xai V рф + O(L)OrX nt Be 
+O((a+)r7') OV, + O(r?)8,. 


Since p+1 > p > б, applying (11.4.7) to this transport equation with p replaced by p+1, 
and using the control of Ф; provided by Lemma |11.4.7| we infer 


J r? (1252 V 481)? + урф? + |Ф:|?) 
M (11,72) 
«f rr у МАФФ" + IVgeil- Ie) 
OM+ (71,72) 
M (11,72) 
«f rP? (т V4 + [Vah + |o?) 
X(71) 


i ef ену + (a? + e f PUTS, (2 
M (71,72) M (71,72) 


500 CHAPTER 11. ESTIMATES FOR THE FULL REGGE WHEELER EQUATION 
Together with the fact that (957;Ф) = Ф», we deduce 
f rP- (r?IV39P + r?x2,| V4 + [Vg]? + |i?) 
M (11,72) 
«f r=? (г УФ]? + |V g|? + Ф|?) 
МУ (71,72) 
| о (ааа + Va + |) 
M (71,72) 
«f re? (r?x2,|V49,]? + V gtl + |Ф1|?) 
У(т) 


«ef Paese e f т? уф; |2. 
M (71,72) M(71,72) 


Since V4 is spanned by Ур and Уз, and since x4; = 1 in the region r > 4m, we infer 
/ г? (r?|V3 |? + r7|V4®1|? + |0,|?) 
M (71,72) 
+f rP? (r?x2 | V49,|? + [V p81]? + |Ф1|?) 
МУ (71,72) 
Sf (бушу. + [Vaal + 102) 
M (71,72) 
«f re? (r?x2,|V49,4]? + |V pil? + |Ф1|?) 
Х(ті) 
i ef 317 4b)? + (a2 + ef туфу. 
M (11,72) M (71,72) 


For e > 0 small enough, this yields 
ir rP (12| УзФ |? + r7|V41|? + ||?) 
M (11,72) 
«f rP? (722 |V 49]? + IVa, l^ + |Ф |?) 
OMC+* (71,72) 
ЗАТТАРДЫН 
M (11,72) 
«f re? (r?x2,|V49,]? + [Vg]? + 81’) 
X(nri) 


+ (а? +?) | rl Ve 
M (71,72) 


as stated in (11.4.3). This concludes the proof of Lemma |11.4.1 
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11.4.3 Estimates for А, V3A and МА 


Recall from Corollary |11.1.5| that (V, A) satisfies the following system of transport equa- 
tions 


©» = (067) - rT) q + r?o* T, (УзА + roS A, 


c (tX)? u 24«1 а 
Ov: (DPE) 7 noa 


where V is given in view of Definition |11.1.4] by 


un GX) - 
= өз, (дата) - 74 


with Fy given by (11.1.13). 


To state the next proposition, we introduce the following partial norms for A which do 
not provide control for angular derivatives. 


Definition 11.4.8. We define 
B,[A\(1,72) = | үн G O V3 AP + rt|V4 V34]? + r?| Va AP + r?| V4AP + IAP), 
M (71,72) 
ЁДА(т) = | ЯРАТА САУДЫ АЛЫ ұл 
Х(т) 


+40), 


e 

> 

ет” 

2 

5 

„= 
| 


f PP 84v. VAP +r? АЛЕТ: 
AUX. (71,72) 
Ар), 


where Xni = Хп(7) denotes a smooth cut-off function equal to 0 on Mirap and equal to 1 
on r > 4m. 


We also define the combined norms 


BEF,|[A]( i, тә) = ВА А (Ti, 72) + sup ЕА} + F;[A] (11, то). (11.4.9) 


тЄ[т1,тә] 


Remark 11.4.9. Note that the norms above do not contain angular derivatives which 
will have to be recovered later. 
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We prove the following proposition. 
Proposition 11.4.10. The following estimates hold true, for all ó < p € 2 — 0, 


ВЕРА} (т, т) В, [9] (71,7) + ЕДА(ті) 


11.4.10 
+ (а? ais ә | rP*(r? Iva AP E IV.AJ?). ( ) 
M (71,72) 


Proof. Recall from (11.4.8) that we have 
©у,Ф = (Or?) +r Tp) + ro? T, OVA + ro TA, 
By applying Lemma |11.4.1| with Ф; = V and 


Фҙ 


(Or) +r Tg а-г, OVA + roS ТД 
O(r~*)q + O(re)V3A + O(€)A, 


where we used the control of r} and Гь, we obtain for p' > б, 


[тузт entem pur? 
M (1,72) 
ef. mS? INS pr) 
OMC* (11,72) 
sf h(x Vaal? + Isa + lal) 
M (n ,72) 
«f т? ?(r?x2 | V4? + |У а? + |92) кене) | г? vp 
X(n) 


М(т,т) 


+ е / [EH ur УГУЗА «Iva vga + узар) 
М(т1,т) 


+e I. "т, УА + [УБА + ЈА) 
71,72 


We choose р = р + 2 and obtain for б € p € 2 — ô, noticing that р > 2+6 > ó in that 
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case, 


/ r? T (r?| Vat]? + r?| V 4V|? + №?) 
M (71,72) 
«f rP (rx VW + [VRY] + |М?) 
ӘМ (71,72) 
Sfo rts + Ia + lal) 
M (71,72) 


a. п (пама + У а) + 192) + (0? + е) f гт |у? 
Б. М(ті,тә) 


+e | r* (72,2, 17,94 + [VaVsAl? + УзА) 
M (11,72) 


+ ef 7? (ту |V aA] + [VRA]? + AP) 
M(71,72) 
In view of the definition of the norm B,[A] and В, [9], we infer, for ó < p € 2 — ô, 


ае OI? +e veer e up) 
M (71,72) 


«f r? (ту Уа? + |VgW|? + [w|?) 
аи (11.4.11) 


XB, lali, т) + | rP (roVt + [VRT + YP) 
X(n) 


+ (а? + 6) | rety]? + eB, [А] (Ti, 72). 
М(т1,тә) 


Next, recall from (11.4.8) that we have 


By applying Lemma |11.4.1| with Ф; = up and 


Фф, = Y +r! (Tj) - А = V + O(reJA, 
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where we used the control of Гь, we obtain, for p > д, 
f perl (r^|V3AP a r?|V4AP? ДЕ |A|?) 
M (1,72) 
«f т (r?X? | V4AP + |У БАЈ? + | A?) 
ӘМ+ (71,72) 


5 | rr (Ph + ут? + ер) 
М(т,т) 


«f rPt2 (722 |V,AP + |VgAP? | |AP) | (а? | ә f т +3 |у Al? 
n M (11,72) 


L ef pet (ыма АІ? ae IV RA]? + АР) 
M (71,72) 
and hence, for е small enough, 
/ rPH (r?|V3Al? + r?IV4AP + | Al?) 
M (71,72) 
+f Pt? (үзу | V4AP + |УвА|* + |AI?) 
ӘМ (71,72) 


Sfo rn (PAS + ут? + p) 
M (1,72) 


«f гр (7242 Iv, AP ES [VRA]? | ІА) | (а? | ә | "РУЛАР. 
Sisi) M(n;,72) 
Together with (11.4.11), we infer, for ó < p < 2— ô, 
| P(r уз 2 + r?| Val? + pup) +f т! (туз AP + [УА + |А) 
M(n,72) М\(т›тә) 


«f r?(r^x2,| V4W|? + |VgW|? + |w|?) 
OM+ (71,72) 


«f pP? (x2, У.А) + У БА)? + |А) 
OMC+* (71,72) 


+ 


f rP*? (r?x? УАР + IVgAP + |А|?) 
X(n) 


+ (a? + 6) | ТР уҹ? + (a? +?) | гу A|? + € Bp lA] (11, 72). 
M (71,72) MC 


71,72) 
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In view of the definition of V, we have 


=, 6 (trx)? a 
diede COOLE ps 
—4 
= OV; (Є + D 4) +т?Г„-А 


E 
Е 
r2 


| 
М 


+ т) -V3A + (O(r) + r?051T3) - A 
where we used the fact that P5 given by (11.1.13) satisfies F € Гь. Using the control of 
Г, and Гь, this yields 


УзА] 5 rY] +r A], 
\VaV3A| 5 r^?[V4W|--r || 4-r * |V4A]| +r 7A, 
IVaVasA| S т Урт - r7! УБА +r Al. 


Also, using the definition of q, see (11.1.5), we have 
(Qy24 = P + O(r) OVA + O(r)A+T, OVA - r7T,A, 
and hence, using also 
V4OV4A = OV2A4T, 0 V,A = OVZA4+T,V3A + ГЬГЬА 
and the control of Гу, we infer 
IVa OV&A| S тд - r7!|VaA| 771A]. 


Plugging in the above estimate, we infer, for д € p < 2 — 0, 
f pet (туз (Ow. AP? + гу УзА} às {узд}? д. ту А} 4 |АР) 
M (71,72) 
+ f rPH? (r*32 У VA]? + r?IVaVsADP +r?|V3A/? + r2|V4AP + |A]?) 
OM* (71,72) 
SBplal (Tı, 72) + / PPE Aal Va VAT + r?| VgVsAP + УзА) + МА HAR) 


Efri) 


+ (а? + 6) f ret уҹ? + (a? + e?) | r?*3|v Al? + e B,[A](n, Тә). 
M(T1,T2) MC 


71,72) 
In view of the definition of BEF, [A], we obtain, for ô < p < 2— ô, 


ВЕДА (тут) B, la(s, т) + ВДА) + (a? + е) | 9 (02у д + [VAP) 
M (71,72) 


+ € B,[A](ni, т). 
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For є small enough, we deduce, for ô € p € 2 — 0, 


ВЕДА (т, т) S Bplal(ri, 72) + ЁЛДА) + (а? +2) L P(A + IVAP) 


as stated. This concludes the proof of Proposition |11.4.10 


11.4.4 Estimates for the angular derivatives of A 


In order to control es derivatives of A, we start with the following estimates for 
ODE OD - А) and (?DG( (9D - V4A). 


Lemma 11.4.11. The quantity (9 DG( (9D - A) satisfies, for 6 < p < 2 — 6, 


1 гР+5| (pg (p Р.А)? < а? EIVAT E EA a] 
M (n тә) 


wd р 
M (mn T2) 


and 


/ тР+б| ODE( OD. А)? < ШІ r??v AP? + E,[A](T) 
X(r) У(т) 


«f r?*8| Erro AP 
Х(т) 


where 


Errg4 := T4: VaA r lo! (T, : (A, B)) Tess. 


Also, the quantity (9 D&( OD - УЗА) satisfies, for 6 < p < 2 — 6, 


| pU|ODS(GOD.wv,A)? < ШІ r?+3(|VV3Al? + IV AD) + Ват, тъ) 
M (71,72) М(т,т) 


&BiAfn n) + f r?*"Errev,A|? 
M (m1,72) 


and 


/ r8)ODG(OD-V3A)? S a f гр (IVV4AP + |V AP) + ЕШ (ғ) 
Х(т) Х(т) 


«EA + | rP*9 Erro. AD, 
X(T) 
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where 


Errgyga =r T, qr 10S" (T, - (УзА, V3B)) +r? (P, - (A, B)) 05 (DT, - A). 
Proof. In view of Proposition |5.1.1| we have 


^ LA 1 = 1 
Opea(OD.A) = Ov,Owv,A— (-5«x = жх) (OVA + tX CWA 


A| = 


- (aH + H + Н). OvA- (-trXtzX + 2P) A- H®(H- A) 
+r e* (T,- B) +r- Tg- A, 


where we used the fact that the frame used in this chapter satisfies He Г, and Уз= € 
rS}. We infer 
1 a 
7 OD@(OD-A) = OV, OVA + O(r71) OVA + O(r-*) Ov,A 
+O(ar) OVA + O(r ?) A - T,- VA +7105 (Г, - (A, B)) 
+I, Е Г, 7 А, 


where we used again that fact He D,. Thus, we obtain 


(o D&( (0D.A) = OV, (9V, A E O(r-!) (Ov. A + O(r-) (у, Д 


--O(ar?) OV A + O(r)A+ Errya, 
Errya = Г,: УзА +710 (Г, - (A, B)) + Г„-Г,. A. 


1 
4 


This yields, for 6 € p € 2 — 0, in view of the definition of the norms BEF, [A], 
[ ODDA д f уд" ВАКТ) 
M (71,72) M (71,72) 


«f тр Erry al? 
M(71,72) 


and 


/ rP*9| (2рә( OD. A)? < ё | rP*?lv AP + E,[A](7) 
У(т) У(т) 
«f rP*8[Errg A]? 
X(r) 


which are the stated estimates for (ÓDG((9D . A). 
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Next, we consider the control of (?DG((9D . V4A). Recall from above the following 
identity 


apa i = 1 
OD@(OD-A) = OV, OV3A – (-gux = жх) Gr As j;uX (Ov, A 


A| ҥе 


— (4H + H+ H)- OVA- (-trXtrX +2Р) A- Нё(Н.А) 
+т1д0®1(Г,. В) + Ts T, A, 


which we differentiate w.r.t. (V3. Using the following consequences of the null structure 
equations, taking into account that Н € Г, in the frame used in this chapter, 


(varX = O(r?)4 гг 
(Ov strX = O(r~*) + r әЗІГ,, 


as well as 


2 

trX = 2+ 0(ar?) +r; — Х=0О( т ) 4T 
T 

Н -O(ar?)-TI, H=O(ar’*)+Ty, 


e Р-О 3) p. 


and the fact that УзГ, = r 101Гь, we have 


1 ащ 1 
ev = (- т^ = жх) (OV4A + res (9% 4А 
- (AH + H+ Н). OVA- (-tXtrX +2P) A- H@(H- A) 


+r S! (T, B) +r- Tg: a) 


= Е + ar) (Ov; OVA + O(r?) 9v4A + O(77}) ӘУ, Өу;А 


--O(r-*)| O vs, OWA + Olr?) 9v,A + O(ar?) OV OVA 
--О(ағ”2)| 9 v4, (VA + O(ar-?) VA + O(r?) 9V4A -O(r NATIT, - 9v2A 
+710! (P, -(V3A, V3B)) +1202 (T; - (A, B)) +9©1(Г„. T, А). 


Using the following consequences of the commutation formulas of Lemma [4.2.2] taking 
into account that Ñ € Г, in the frame used in this chapter, 


[ € v5, 997,0 O(ar-?)VU + O(r-?)U + rT StU, 
[OVs, OVJU = O(ar-?)V3U + O(r-?) VU + O(ar 90 + Г, - 010, 
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we infer 

ДА — (-у"Х = жх) УЕД ED (9%, A 

– (4H + H + Н). OVA- (-trXtrX - 2P) A- HG(H - A) 

+710 (T; B) +r- Tg: 4| 


= E + (ar?) OV, OV3A + O(r 1) Ov, 9v,A + Olar?) OV (Ov, A 
7 


+O(r~*) OW3A + O(r ?) OVA + О(ат ?)у А+ O(r ?)A 
+r: 9V2A +r 108! (P, - (УзА, VaB)) +1705? (Ts - (A, B)) - 0S (P, T, - A). 


Next, using the definition of q, see (11.1.5), we have 
с 1 — — с — с = 
OVy2A = (5 + O(ar ) q + O(r-)) OVA + O(r7?)A +T, 0 V4A +r IT, A, 
and hence 


1 —- 1 
ДА = (-у"^ — жх) (97A + 5X VIA 


—(4H+ H+ Н). OvA- (-tXtrX + 2P) A- H&( 


= 
> 


“т” 9S (D, B) +r,- Tg: al 


= Е + Оа) q+ O(r 1) 9v, Ov,A + O(ar?) OV Әу; 
* 


HO(r?) OW3A + O(r?) OV,A + O(ar-?)VA + O(r/?)A 
+", q +r! (T, - (УзА, VaB)) + r ?o*? (Гь: (A, B)) - 99 (T - T, А). 


Coming back to the identity 


PT EPA RP 


1 — 1 
ODQ( (0D.A) = GAVA (97A = (— 51x _ жх) (9%. Д fe juX OVA 


mle 


- (AH + H + Н). OVA- (-trXtrX + 2P) A- H(A - A) 
tret (D,- B) +r- Tg- A, 
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and differentiating it w.r.t. ‘V3, we infer 


1 к= 
: (Oy, OD&((9D . A) 


= 9V30V,OV3A + Е + Оа) q + О(т-1) Ov, OV3A + Olar?) OV Ov.A 


+O(r~*) (УзА + O(r ?) OVA + O(ar)VA+ O(r ?)A 
tr“T,-qtr ‘05 (DP, (УзА, V3B)) + 7057 (Py - (A, B)) - 05! (D, -T - А). 


Next, using again the commutation formula 


[9v,, OvjU = O(ar?)VU + O(r )U +r 10510, 
we have 
[9v;, OVI (УзА = O(ar?)v (УзА + O(r ?) УзА +r T, S OVA 
and hence 
1 P 
1 OV, (o p&( (0D. A) 


5 
= (90у, (9у2А + E - Olar) q+ O(r !)) Өу, (УзА + O(ar ?) OV OVZA 


-HO(r?) OV44A + O(r?) OV,A + O(ar-?)VA + O(r™°)A 
rS qu r I9? (D, - (УзА, VaB)) + r 797? (Ts - (A, B)) -- 95! (D, T, - A). 
Using again the fact that 


1 
(0w24 = (5 + ША) qt O(r) 9v4A--O(r?)A +T, OV3A4 rT, А, 


we infer 


1 1 
= (5 + а) (9% iq E (5 4 00-5) 9+ O(r-!) OV, (Ov. A 
--O(ar?) OV OV3A + O(r-?) OV4A + О(ғ”2) OV,A + O(ar-?)VA + O(r)A 
tr“T,-q +r (D, (УзА, VaB)) + 7790? (Ty: (A, B)) c 0* (T4 T, - А) 
and hence 
1 (әу, ODD . A) 
= O(r~*)ea(rq) + O(r 9q-- O(r!) Ov, (УзА + Olar?) OV Әу; 
+О(772) OV4A + O(r~*) OV {A + O(ar ?)VA + O(r)A 
tr, qr 10 (D, - (УзА, V3B)) +7720 (Гь: (A, B)) - 0* (T, T, - A). 


11.4. TRANSPORT ESTIMATES FOR A 511 


Next, using the following consequences of the commutation formulas of Lemma 
taking into account that H € Г, in the frame used in this chapter, 


н 1 К 
[ 9 V4, D&]U —ztrX D&U + O(ar-?)\V3U + O(ar-?)U +T,V3U + rT, - 010, 


= === 
(Әу, D]U = -X D.U- O(ar ?)V3U + O(ar?)U --T,V3U 4 rT,  0S!U, 


we have 


Әу; D&(OD- A) – . (OW3A) 
== | 9 V5, OD D®]( 9D . A) + D&[^ "Wa, OD D.|A 


1 pS -— 
= (-;тХ2% + O(ar~?)V3 + O(ar ?) +TV; +r T. s) (OD. А) 


A H ——_ 
+ ODG (-;тХ® - A + O(ar ?)V3A + O(ar *)A -- ',VaA +r IT, - sa) 


= -trx ?D&( (9D. A) + O(ar ?) VV3A + O(ar ?)|Va, VIA + O(ar3)V3A 
-"О(ағ”ЗУУА-- O(ar ^)A + r 19S (TVA) + roS? T, - A) 

= O(r)9D@(OD - A) + Olar?) VVA + O(ar ?)V3A + Olar™?)VA 
+O(ar~*)A + roS! (T,V3A) +r 2022(Г, - A). 

Together with the above, we infer 

("D&( (9D . OVA) 

= O(r~)es(rq) + O(r?)q-- O(r ')V1VsA + O(ar ?)VV3A 
HO(r) 9 p&( OD . A) + O(r?)V3A + O(r ?)V4A + O(ar?)VA + O(r3)A 
“Га” 0* (Г, - (УзА, VaB)) + 7057 (P, - (A, B)) + 99 (T - T, А). 


Recalling 
1 mp 
| ODS(OD. A) = OV, OVA + O(r !) УзА + O(r7!) OVIA 
+О(ат 2) OV A + О(т7?)А + Errya, 
we deduce 


ODS(OD. OVA) 
= O(r)ea(rq)  O(r*)q + O(r)VaV3A + O(ar ?)VV3A 
+O(r-7\V3A4+ O(r ?^)V4A + O(ar ?)VA + O(r *)A 
+, qd re 1909 (T, - (УзА, VaB)) + е 709? (Ty - (A, B)) 4-09 (P, T, - A) 
4-O(r- Er. 
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In view of the form of Errg 4, i.e. 


Errya = D$: УзА +710! (T, - (A, B)) +Гь:Г,:А, 


we obtain 
ODS( (c). (O4 A) 
= О(т°)ел(та) + O(r-9)q + O(r")VaV3A + O(ar~?)VV3A 
+0(772)УзА + O(r ?)V4A + O(ar ?)VA + O(r?)A + Erryy,a 
where 


Errvy,A = rT, "4 + r5 (T, $ (УзА, V3B)) + r a (Г, s (A, B)) + (Ty $ Г, j A). 


This yields, for ô < p < 2 — ô, in view of the definition of the norms ВЕР, [д] and ВЕБ [А], 
[Dad уал) s а |. (уузд + VA) + Blai) 
M (71,72) M(71,72) 


+B,[A] (71, т») + / r?*"[Errev, д|? 
M (71,72) 


and 


е 


| yer (©рӘ( OD. VA)? S ё f т (Ууз А? + |V АР) + Е, (7) 
Х(т) Х(т) 


--ЕДА(т) «f r?**Errvv,A[" 
x() 


which are the stated estimates for (0D&( (9D. V4A). This concludes the proof of Lemma 
11.4.11 


To control angular derivatives of A, we will also need the following lemma. 


Lemma 11.4.12. The following estimate holds true, for any U € %(С) and S C M, 


f (vot wr) х 


Proof. In view of Lemma we write 


[T 280| o f s vou? 


D&(D.U) = 2250 - AO KU — i( tryV3 + ӘУ) 
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where ®K = —itr Хх = 5 (try @try + IX- c= ір. Therefore 


U-D&(D. 


= 


) = 20. AU - AP K|UP — iU - (MtrxV3 + (уа) 
-|VUP + V*(U - VU) – AO K|UP? — iU - (ууз + ?trXV4)U. 


Proceeding as in the proof of Proposition [9.3.2] with the help of Lemma [9.3.1] 
V*(U - V,U) = div? (U - VU) + O(ar )U - (V3, Va, V)U. 


Thus, by integration on 5, we deduce 


n (VUP+4%RK|UP) < 
S 


[T 280-0) +a f Uls Va DU. 
8 8 
Since 9 K = r7? + O(a?r~*), we deduce 


[vor +r) 5 |[ 9-090 а f ens van] 


as stated. 


We now obtain the desired control of VA and VV3A as a corollary of Lemma |11.4.11|and 
Lemma 11.4.12 


Corollary 11.4.13. We have, for all д < p < 2— 6, 


| r?*3|v Al? S В„[А|(т\, T3) «f r?*9| Еге д|?, 
М(т1,тә) M (71,72) 


| ту Al? <Е„[А|(т) «f rP*9 | Errg д}, 
X(r) Х(т) 


f гууз А2 SBola](ti,72) + BAG, тә) + | Г?+Т| Errog,al?, 
М(т1,тә) М(т1,тә) 


апа 


| т |УУзА SEplal(r) + БА) + f re | Етуузд|, 
>(т) >(т) 


where the error terms Еттуд and Erryy,a are defined in Гетта |11.4.11 
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Proof. According to the elliptic type estimates of Lemma|11.4.12|we have for any 5 C М. 
/ (IVAP + rap) 5 / A-D&(D- A) + (a? + е) f r^ 9 vs, OVa)Al?. 

S S 8 


We deduce, for all ó < p< 2— 6, 


| ттар зыр терә. Ap 
M (11,72) M (11,72) M (71,72) 
кене) | PTs, Va) AP 
M (71,72) 
S B,[A](ni, T2) «f r9 De (D . A) 2 
M (71,72) 


and 
| ту AP al ars | трд. A)|? 
Х(т) Х(т) У(т) 
++) | т (Уз, Va) Al? 
Х(т) 


ЭЛЕКТ) 
Х(т) 
Next, recall from Lemma |11.4.11|that we have, for ô € p < 2 — ô, 


/ rP|OpS(Gp.A)? x è f rP*1 V AP + B lA] (71, 72) 
М(т1,тә) M (11,72) 


+f т?+5|Еттү al? 
M(71,72) 


and 


f rrt OD8(OD. AP 5 ШІ rP*?lv Al? + E,[A](7) 
5(т) 5(т) 


+/ тР+6|Еггу |9 
Х(т) 
see Lemma |11.4.11|for the definition of Erry,. We infer, for all д € p € 2 — ô, 


/ тР+З |у А? se | rely Al? + B, [A] (11, T2) + f т? Етте al’, 
M(r1,72) M (71,72) M (11,72) 
and 


I ам РЛЫ se | r?*?|v Al? + ЕА] (т) + | тР+б|ЕтгуА|?. 
х(т) Х(т) Х(т) 
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For a small enough, we infer, for alld € p < 2 — ô, 


| тР+3 |у Al? <B,[A](1, 72) «f т Еу al’, 
М(т,т) M(n1,72) 


and 


f rH AP <А) + / ен [Em А], 
Х(т) Х(т) 


ав stated. 


Next, proceeding as above, with D&G(D - A) replaced by D&(D - УзА), we have, for all 


f r9 VA]? </ тР+3 V4AP? «f r*"'[D&(D - УзА) 
M (71,72) M (m ;,r2) M (n1,72) 


+ (a? + е?) / P3112 VaV3)Al? 
M (11,72) 
ВДА.) + тра узд), 
M (11,72) 


and 


l rP* 6 VA]? sf т у: AP? «f г |рә(р . УзА) 
У(т) X(r) X(T) 
+ (a? + e f r?**1(V2, VaV3)Al? 
Х(т) 
SE Ar) + |. траф узд) 
Х(т) 
Next, recall from Lemma |11.4.11|that we have, for 0 < p € 2 — ô, 


f PU|ODS(OD.v,AJ? < а? || PPP [ууз AP + IV AI?) + Bola] (is v) 
M (71,72) M (r1 ,T2) 


-B,[A](ri, т») «f r?*" [Errvv,A[? 
M (n1,72) 


f т?18|(0рӘ( Р. УзА)? < ё | т (УУз42 + IV АР) + E,[al(7) 
X(r) 


X(r) 


--ЕДА| (т) + | гр Erroy,al’, 
X(T) 
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see Lemma |11.4.11|for the definition of Erryy,4. We infer, for all ô € p € 2 — ô, 
/ ЖАМ ууд}? se | т (IVV3A/? + IV AI?) + В, (т, 72) 
М(т1,тә) M (71,72) 


+ B,[A]ti, тә) «f r?*"[Errvv,A[? 
M(71,72) 


and 
| IVAP sa АА АР + IAP) + ЕШ) 
X(T) У(т) 
+ Р.А} (т) + | гт?+8|Еттүу»А|?. 

Х(т) 

For a small enough, we infer, for all д € p € 2 — ó, 

[We Ват, n) Bins) + f rr Enea 
M (71,72) M(r1,72) 


and 


|. тууз SEC) Ear) + | точе, 
Х(т) Х(т) 


as stated. This concludes the proof of Corollary |11.4.13 


To conclude this section, we provide the control of the error terms Erry, and Erryy,a 
defined in Lemma [11.4.11 


Lemma 11.4.14. The error terms Еттуд and Erryy,a defined in Гетта |11.4.11 satisfy 
the following estimates, for all s < kz, and for all ó < p < 2—6, 


—2—36 
f r? 108 Errg 4|? «f r?* [о Errev, |2 < EST an da 
M(n T2) М(т,т) 


апа 


f ЖАЛЫН r?*5l0* Erro, A? < gp we. 
У(т) X(r) 


Proof. Recall that the error terms Erry4 and Erryy,, are given respectively by 


Errva = D: УзА +710 (P, - (А, B)) - Is T4- A 
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and 
Erryy,a = r ^T: qtr ‘0S! (T, - (УзА, V3B)) +r °S (Ty - (A, B)) +0511, T, А). 
In view of the Bianchi identities for V3A and V3B, we have 
УзА = O(r7 B+O A+,  VaB=r 0ST, 
Together with the fact that д € roS°T,, we infer 
Erry, = pog T - (A, B)) + К T+ MEE! 
and 
Erryy,a = 7 ?0? (T; -D3) т 202° (T, - (A, B)) +51 (D, T, - A). 


Using the bootstrap assumptions for T}, Гь, А and В, we infer, for all s < kr, 


| r’ ә“ Етте al? + f r°? оттуу, д? 
M (71,72) M (71,72) 


+оо 
< а (/ ат ) (/ ат ) 
N 3+3ődec 14-6 
n T SEE ">т-(1-бн) T ш 
2. —2-3ddec 
S emn 


and 


| 78 о Еггу AP? + | r9 [o*Erre v, a]? 
Х(т) Х(т) 


MAS 


chr 2-999 dr 
pltó 
т>т-(1-бң) 


< є2т—2—3даес 


as stated. 


11.4.5 End of the proof of Proposition |11.2.8 


In view of Corollary [11.4.13] and Lemma [11.4.14] we have, for all ó < p < 2— ô, 
A p (r]VV3AP + | VAI?) £B,[al(i, 72) + ВА, тә) + єртү m, 
тт 
Also, recall from Proposition [11.4.10] that we have, for ô € p € 2 — б, 
BEF,(A](ri, T2) SBplal(t1, 72) + Ат) 
+ (a? + е) Ja ud (r21VV3AP + |V AD). 
ттә 
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Putting the two estimates together, and using the smallness of е and a, we infer 


BEF, A](71, т») «f Аы (r?Ivv3AP + IV AJ?) 
M (1,72) 
SBp[q](71, 72) + E,[A](1) + Qr; ? 3, 


Noticing that Fp[A] (T1, T2) = PIA] (n, тә), Epl A] (T) = E,[A](7) and 


Бл ый = ВЛАК, тъ) + T jPPGPIVVSAP + [V AD), 
M (mn T2) 


we infer, since q = Y +i 5), 
ВЕР [А(т,тъ) 5 Бф ](т\,т;) + Éj[A)() + ri^ m 
which is in the case s — 0. 
Next, in view of Corollary [11.4.13] and Lemma [11.4.14] we have, for all ó < p < 2 — 6, 


Jr CHAP + ТУАР) ВЫ) + ЁДАТ) dons 
У(т) 


Moreover, we have in view of the above, for all ô € p < 2 — ô, 


sup E,A](r) 5 BEF,[A](n.7») € By[v](n, 72) + Ё„[А](т\) + er ee 


те|т1,72) 


and hence, we have in particular, for any т € [т, т], , for alld < p < 2— ô, 
f [P (rA Va VA] + rIvRVaAP + r?|VA]? | АР) 
У(т) 
5 В.т, 72) + Ё„[А](т\) + ery". 
Also, recall that we have 
OV2A = O(r-*qt+ О(г) OVA + O(r?)A c T, 9 V4A +r UT, A, 
and hence 


V39V3A = OV2A+T, OV3A 

(©%у2 д + ГУЗА + ГЬГЬА 

= O(r*)qt O(r7!) OVA + O(r?)A +T, OV3A4 7 TA 
SS sq GA 

= O(r*)q + O(r ')VsA- O(r?)A 
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where we used the control of Гь and Г,. This yields, for any т € [1,79], for alld <p < 
1-6, 


| ену, OVA? x Eja(n T2) + f 
Х(т) 


гез (v*IvsAP + | АР). 
Х(т) 


Grouping the above estimates, we infer, for any т € [7,79], for alld < p< 2— ô, 


f pP (pmin(t5—9—P) 17, OW. AP + rixa VVA]? ту БУЗА 
(т) 


+ r?[V3A]? + [AP + nV VSAP [У AI?) 
SEB (т, T2) + Epl A] (n1) + en de 


In particular, since Xm = 1 on r > 4m, and since V, is spanned by Уз and Vg опт < 4m, 
we infer, for any т € |1,7), for alld € p € 2 — ô, 


/ o pE pA уу Ov, ШЛУ + r4|VV3Al? er VA 
Х(т 
SEB,|v])(n. 2) + Е„[А](т\) + єртү mem. 
which is in the case s = 0. 
It remains to recover and for 1 € s € ky. To this end, we proceed as 


follows: 


1. We argue by iteration assuming that (11.2.6) and (11.2.7) hold for some 0 € s < 
ky — 1. It it true for s = 0 by the above, and our goal is to prove that (11.2.6) and 


(11.2.7) hold with s replaced by s + 1. 


2. We commute the system of transport equations (11.4.8), i.e. 


OVW = (0072) - r^T,)q + r?o*'T, УзА + rd TVA, 


+4) =\Фф-+т?0®!(Гь). A, 
with £r, g OD- and “V4. In view of the commutation formulas of Lemma 0.2.1) 
and Lemma |4.2.2| we have, for U € s», 


Уз, т] = [V3,£r]U + 40, £r]U = (Ет, 0]U --ә5ҚГ,)0 
oS (E, 
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[9V3,q¢9D-]U = g[OV3,¢ OD-]U + es(q) OD-U 
1/— 2 — = __ 
== (ax - Zela) OD-U+2qtrX H - U - qH - 9 V4U 


+r,- o*!U 
= O(ar-!) 9 V4U + O(ar ?)U + rT, OV3U +T,- 010, 


and 
[Ov,, OVJU = O(ar?)VU + O(r )U + rT, oSU. 
This yields the commuted systems 
©узёт® - (0607) +r Ty) Lrg (0607) +r T, )a 


= rS, ШАЗАУ pA + ro*l TET A 
= r?oS?T, (2%. д + roS TA, 


x4) =£ rY + r?0* (T4) - £A + 77907? (Ls) A, 


97349 - Y = (O) +T) Va (067) ro? T,)a 
+ roS T, V OVA +7702, OVA 
0S! T4VA + roS TA, 


— trX)? 
(c) OD. (trX E Apes т 
wa (amma) q(9D - V + O(ar) УзА + O(a)A 
+ DT, УзА + т?Гь 05 A + то (T3) A, 
and 
Nay -(06? т m (OV а + (067) t ЖУ 
+r9S'T,OV3A + ro TA 
 O(ar ?) VV  O(r E Ta, 


(c) (c) (trX? — (с) -1 24<1 А 
Уз Уд (етуи V4V + O(a)VA + O(r !)A + r^o* (Гь) - А. 


3. Using the iteration assumption for these commuted systems, and using the original 
system to recover the V3 derivative in the redshift region, we infer that (11.2.6) and 


(11.2.7) hold for s derivatives with A replaced with (Ёт, q 9 D-, 9 V4, Xrea 2/3) А. 
Together with: 
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(a) the link between Ёт and Ут of Lemma 9.2.1| 
(b) the Hodge elliptic estimates of Proposition (9.3.2 
(с) the fact that (Ут, "Уд, 9, X¥reaV3) span 0, 


and using the iteration assumption to absorb lower order terms in differentiability, 
we infer that (11.2.6) and (11.2.7) hold for s derivatives with A replaced with 051A. 
In particular, (11.2.6) and (11.2.7) hold with s replaced by s+1. Thus, by iteration, 
and (11.2.7) hold for all s such that 0 € s < kz. This end the proof of 


Proposition |11.2.8 


11.5 Proof of Theorem |11.2.4 


In this section we prove Theorem|11.2.4| i.e. we establish the estimate, for 2 € s < kr — 1, 
for all -1+6<q<1-46, 
BEF (т, т) 5 Ет) + Ez ao: Ат) + Л, Ng ln 72) 


max 
—2—3Óqec 


+ кош (9, Neel (t1, 72) + біті А 


тах 


where 


Nel, Ney] (1, T2) Е / 


ЕТ 3 
тї*?\/ 1084), $ (va Npr + ер) 4 
(ext) M T 
Proof of Theorem 11.2.4) According to Theorem we have, for solutions w € 52 of 
(6.1.1) on M, for all —1 +8 < q €1—6, s € kr — 1, 


BEF; (а, T2) S Е (1) + Ag lo, NIC, тә) + NEE (Ys М (т, т), — (1.5.1) 


m. 


where ф = (eh + уф), Ет) = ESY) + Bethea lUT) and 


Nel, Мт, тә) = |. rro. (va*N + е) 


М>н(ті,т2) 


where, see section 11.1.2; N = No + № + Ары. In view of (11.5.1), it remains to 
estimate the terms Nasa) lV, No + Nz](n1, 72) and Л [v, No + №] (т, T2). This is done 


in the following steps. 
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Step 1. We first estimate the term A 5) 


№, No + Nr](m, T2). Note that 


m. 


Мав) lY, No + №] (т, 72) 
от 8 ex 8--1 
ee me м tab, No + №] (т, т) + ( ON exla les No + Мі (n, T2) 
PAON y Nol (т, 72) PR AS ly, №(т, тә), 


which together with (11.3.1)-(11.3.3) implies 


NEH tb, No + М.(т,о) 5 ВЕЕ, eb, Al(ti, т) + bry? 9e. (11.5.2) 


max(q.ó) тах(4,6) 


Step 2. Next, we estimate the term Neti, No + Nr](m, T2). Notice that 


Аф, Мт, т) = 


< Y 3 
f rI? VDS y) : (ven + 2) | 
(ext) AA (71,72) T 


_ 


f rat aS] : (= N) | . 
(ext) AA (71,72) 


We thus have 


Neth, No + Nz](r T) 5 Л, No](n т) + М, Nr] (n. т»), 
Ағу, No (т, T3) < / rly 055 : (051 No) 
(ext) AA (1 ,T2) 
Аг, М. (тт) S / PIT oS. (StI N,)|, 
(ext) AA (4 T2) 


and we estimate below the terms Ns [U, Мо](т\, T2) and Ns (2, Ny ](mi, T2) separately. 


Step 2a. We have 


"— КЕР 1/2 
NeW, Nt, m) X ( / рә) / перл) 
(егі) M (11,72) (егі) M (71,72) 
(ext) B®; 12 +514 <8+1 2 ve 
s (Bilin) | f PSSN), 
(ext) M(T1,T2) 


and, since № = O(a?r~*)y, 


f HN s oa f І 
(егі) M (71,72) (егі) M (71,72) 
= O(a") Ва ев [0](т1, 72) 
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which yields 

мев у (ext) DÊL us s+1 A 

Ag мт) 5 (PB (тыз) (Вет). (1153) 
Step 2b. Since, according to (11.1.10), we have 


М, = О(а)о УзА + О(ат 031A, 


we infer 


Neh, м] S / АСТЫНА (052 (ata) 
(ext) M 


+ 


f rV 4055) - (o5**!(O(a)o*! A)) | 
(ext) M 


1 
v -- 2 2 
X Jal (/ rac) (/ ген (Шама?) + вер) 
(ext) M (ext) АД 


which yields, recalling the definition of the norms B,|A] in Definition |11.2.1j 


Nil, МЈ, т) 5 (556.0) (Brita ollm. 2) - (11.5.4) 


Step 3. Combining the estimates of Step 1 and Step 2, we have 
ЛМ a lV, No + Nz](n, 72) + Neti, No + Nz] 


max(q,6) 


en tr 1/2 шт 1/2 
5 (“в тт) (Bien Alm. 0) 
+ ВЕР SS) ly, А] (Ті; 72) + т 7, 


max 


Since N = № + Nz + Ng, this yields, together with (11.5.1), 


м. 


BEF (тт) 5 Е (т) + М0, Ng d (ri T2) + АФ Ios NE (ris т») 


(ext) S,Y. 1/2 stl 1/2 
(ӘЙ (тт) (Bilel Alm. тә)) 
+ BEF 9) ly, А] (Tı, T2) T Eg ee 


In view of the control of БЕКЕ 1 5) lY, Al(r1, T2) provided by Theorem |11.2.1| we infer 


BEF [v] (Ti, Тә) 5 Е; (%|(т1) T BH [v, Al (ті) Es Ns k, AN gps] (T, то) 


+ М9 9, Му] (ті. тә) + er UM 


max 


as stated. This concludes the proof of Theorem |11.2.4| . 
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116 Eliminating Np, 


The goal of this section is to eliminate the error term Ng, appearing in the RHS of the 
estimates of Theorems |11.2.3| and |11.2.4| and derive the following results. 


Theorem 11.6.1. Under the assumptions made in section|11.1| the following estimates 
hold true, for alld X p € 2—ó and 2 € s € ky, 


BEF Sh, А](т\,тә) 5 Esl, А](т\) + өйт 7 Meee, (11.6.1) 


Theorem 11.6.2. Under the assumptions made in section|11.1| the following estimates 
hold true, for 2 < s € kr — 1 and —1 +8 € q € 364, 


м. м. 


ВЕР} (ту, T2) S Е (т) + ЕЗІ „р, А](т\) + өті Pe. (11.6.2) 


тах(9,5) 


Proof of Тһеотет|11.6.1) Recall, see (11.1.11), 
Мен = Not Va(rNg)+Nmlal, Ng = 17077 (Г, (A, В)), Аа] = 9 (T, - a). 


The proof of the theorem follows step by step the proof of Theorem 5.14 in [50]. As in 
that paper, the terms N,,,[q| and №, are estimated directly using the bounds for Г,, A, В, 
making sure to absorb to the left the corresponding bulk contribution in q. The more 
difficult term V3(rN,) requires an integration by parts which is explained in detail in the 
last part of section 5.3.2 of [50]. 


Proof of Theorem The proof is similar to the proof of Theorem 5.15 in [50], and 
we recall below the main steps of the proof. 


Step 1. First observe that the control of Np, in the proof of Theorem |11.6.1| yields in 
particular 


маа ls Nigel Л ы 


max(q,6) 2 


We therefore only need to estimate 


“гу = s 8 3 8 
№ [v, Мут, Тә) = D prr. gs V - (vo: Мен Eg -05 Ner) 


MAS 


/ т4(ғУ,05%)) (0591 Ng.) 
(ext) M 
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Step 2. We use fact that 
DSH Nee = OTN, + eg(05* rN) + 05*" Ns [q], 
and estimate each contribution separately. 


Step 2a. We have 


Nilo, М], т) 5 = гаг ао о N,| 


ый 2 12 1/2 
< (/ zar) (/ ripe 
(ext) M (ext) M 


< В| (т, 72) + ФЛ, №, (т, т), 


where бі > 0 is chosen sufficiently small so that we can later absorb the term бу Bj w (Ti, T2) 
on the left hand side of the main estimate. 


Step 2b. Аз in the proof of Theorem |11.6.1| the integral due to 055*! N,,[q] сап be 
bounded using the control оҒГ,. Since б < q +1 < 2 — б, we finally infer 


Nei, Nalala T) 5 бу В°$](т\, тә) + di Nara W, Му](т\, тә). 


Step 2c. The integral due to e3(05**!r N, L is estimated through the — by parts 
in ез and the use of the wave equation for 7, as in the proof of Theorem As in the 
proof of Theorem 5.15 in [50], we obtain 


Nl), езт) (т, т) 5 > ЕТ ,resesro д) t e) 


м. 


t6 Be [v] (ri, T2) + ONG [o М. (ті, тә), 
m (т, тә) + дү Nada s Му] (ту, 72). 


MAS 


Step 2d. The estimates in Steps 2a, 2b and 2c imply, for any бу > 0, 


Nel, Ney] (1, T2) S 8 B: (т, т) + Oy NV, N (Ti, т»). 


Step З. Together with Theorem |11.2.4| steps 1 and 2 imply, for all -1--0<4<1-6 
and any бу > 0, 


BEF? (ті, 72) < Ет) E Бен. i, А|(т 1) d ed exi, ,8)-2-3бдес 


max(q,6) 


+ 5, B (т, тә) + б Weds fb, (т, т). 
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Choosing 6, > 0 small enough to absorb the fourth term on the RHS from the LHS, we 
infer, for all —1 +ô <4<1-6, 
sp sp 8 max(q,d)—2—36gec 
ВЕК 0] (т, тә) 5 Е (т) + Ба V АЈ) + ерт t 


+ Nets v; N (т, то). 
Now, arguing as in Proposition 5.10 of [50], we have, for all —1 +6 € q € 3ddec, 


М2, №] (т, т) 5 өті зе, 


a 


We infer, for all -1--0 < q € 3ddec, 


м. м. 


ВЕК (т.т) 5 (а) Ет), А](т) + т е 


тах 


as stated. This concludes the proof of Theorem [11.6.2 


11.7 Proof of Theorem M1 


In this section we make use of the results of Theorems |11.6.1| and |11.6.2| to complete the 
proof of Theorem M1 of [53] which we restate below. 


Theorem 11.7.1 (Theorem M1 in [53]). Assume that the spacetime M verifies the as- 


sumptions (11.1.1) (11.1.4) as well as the assumption (1.5.7) on the initial data. Then, 


> 0 is sufficiently small, there exists долга > Odec such that we have the following 
estimates in M, for all s < ky — 10, 


(ES + т) ета 
su 
f log(1 4 7) 


Also, for all s < kr, — 10, 


- rr 4 7) be) (Jos A Ат) < со. (11.7.1) 


la) 


f (Vad TY]? < egr estra, (11.7.2) 
) 


Proof. We proceed according to the following steps. 


Step 1. Starting with the result of Theorem|11.6.1| we run the basic mean value argument 
for 06 < p < 2— ô as in Theorem 5.21 of [50]. We орва for т € T € T, and s < Ky, — 2, 


BER AIC m) & qe. (11.7.3) 


9With q replaced here by the pair (0, А). Note that there is a loss one derivative for each application 
of the mean value theorem. See section 5.4.1 in [50], and in particular Theorem 5.21 in that paper. 
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Step 2. According to Theorem|11.6.2|we have for 2 < s < k,—1, for all —1+ô € q < Зда, 
ВЕБ (тыз) 5 Й(п)- Ez ajos Al) + irt m. 


In view of Step 1, we have 


i -(2-тах(4,6)-6 
Erg) o> A](n) 5 өт ( (q,5)—6) 

and hence, for s < kr, — З and —14- ó € q € 8б, 
БЕР, DICT тә) = Е. MG 1) + e 2- SÓdec 


Applying the basic mean value theorem argument in the range —1 + 38де < q < 3ddec as 
in the proof of Theorem 5.22 in we deduce, for all —1 + 3ô4ec < 4 < 364, 


la 


ВЕК (т.т) $ en е. 


Step 3. In view of Step 2, we have in particular, for s < kr, — З and q = —ó, 


sup Е (т, т) 5 еті eae 8. 


тЄ[т1,тә] 
From the relation between 1 and n we deduce, as in (5.4.20) of [50], for s € kr — 3, 


sup Ез (т) 5 өл есе, 


TE[71,72] 


Step 4. Recall from Proposition [11.2.6] that the following estimate for solutions 7 of the 
full gRW equation hold trud] for all s € ky and all ô < p < 2— ô, 


BEFj (т, T2) 5 Eph) + ВЕРУ, A] 1,72) NS Ios Ny] (i, тә). 


Eliminating Np, 88 before in Theorems |11.6.1|and Theorem |11.6.2| see also Proposition 
5.10 and the proof of Theorem 5.14 in , we deduce, for s < kr —1 and all ó € p € 2— ô, 


BEF;|v](ri, T2) S Epl] (ri) + ВЕК, A] (ri, T2) + eorr 2—38аес 


In view of Step 1 we have BEF3|w, А](т, т) S ere Hence, for s € ky — 1 and all 


БЕР; Ше 73) < E, (т) + cà Ti — (2-28) +e тү (2+ 88е p) 


"Here, we crucially exploit the fact that, in the estimate of the Proposition |11.2.6| the term in A on 
the right hand side appears in the norm ВЕР, A] (rather than BEF; v, A]). 
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In particular, we infer for s < Ку — 3, 
BEF:[](1, т) S Ет) + Bry 2800, 364,26 Sp x 2- 9. 
Together with Step З and the usual mean value argument, we deduce for s < ky — 4, 
BEF:W](n,m) Se Oe), 1-8 Sp < 2-6. (11.7.4) 
In particular, for s € ky, — 4, we have 


ВЕР? (ту, та) S er, t9. (11.7.5) 


Step 5. As in Proposition 5.12 in [50], we interpolate the control on E,[v] provided 
(11.7.4) between p = 1 + ô and p = 1 — ô and obtain 


pe |р554/2 < em 
Sr 


Using Sobolev, we infer the following pointwise decay estimate for w, for all s < kr, — 6, 


1--З364ес 
2 


|854 < eor tr (11.7.6) 


Step 6. We can now make use of the system of transport equations, see Corollary |11.1.5| 


©» = (067) - Ty) q + r?o* T, OV3A + roS A, 
TO 11.7.7 
Oy (trX)? ( ) 
RX) tX)? 
with V introduced in Definition |11.1.4| Integrating the system of transport equations] 
and using the pointwise decay for Yy = Ж(а) in (11.7.6), we infer the following pointwise 
decay estimate for A, for all s € kr, — 6, 


4) = V + r$! (Ty) - А. 


| 1+3ôdec 
2 . 


loS*A| X єт т (11.7.8) 


Integrating this estimate on X(T) and recalling the definition of the АА) norms іп Defi- 
nition |11.2.1| we deduce, for all s < ky, — 6, 


е А) 5 Gr men (11.7.9) 


Step 7. The estimates (11.7.5) and (11.7.9) imply, for all s € kz — 6, 


Ет 4А, v (т) < єт (99449). 


a) 


5Proceeding as in sections 6.1.3 and 6.1.4 of [50]. 
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We can thus run again the standard mean value argument and deduce from that estimate 


and Theorem [11.6.1] for s < К — 7, 
ВЕРДА, (тт) S dr erem, 
In particular, for s < kr, — 7, 
БЕКІ (1,7) 5 д к. (11.7.10) 


and, in view of the definition of the flux norms Рё] in section |6.1.5| we deduce 


| |Vao*- yp? « т” @+38аее—36). 
У, (27) 


Hence, choosing extra = 3057 > D daos for s < kr un (m 


| |Va3o* ly)? < pu ы 
У, (27) 


which establishes the desired estimate (11.7.2). 


Step 8. Making use of the estimate (11.7.10) and proceeding as in the derivation of the 
estimate (5.2.7) in Proposition 5.12 of [50], we derive the estimate, for any S, C Х(т), 
9 < Kz, = 8, 


Жайы cx санла” (11.7.11) 
Sr 
Similarly, proceeding as in the estimate (5.2.9) in Proposition 5.13 in we derive for 
апу S, C U(r), s € kr — 8, 


Қо < ташы (11.7.12) 
Sr 


Step 9. In view of (11.7.6), (11.7.11) and (11.7.12), and since v = R(q), we deduce the 


following estimatd?| for q, for all s € kz — 10, 


1 
sup (ыы + pu [oS*g| + sup rr! е" [98—150] < eg (11.7.13) 
M M 
354, —28 
for белга = ол > без 


?Note that this corresponds to the estimate for q stated in section 3.6.1 of [50]. 
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Step 10. Using (11.7.13), together with the system of transport equations in (11.7.7), 
and proceeding as in sections 6.1.3 and 6.1.4 of [50], we derive the following pointwise 
estimate for A, for all s € kr, — 10, 


ee + q) етта 
su 
bea log(1 + 7) 


as stated in (11.7.1). Together with the proof of (11.7.2) in Step 7, this concludes the 
proof of Theorem M1. 


-r*(2r + нше 4 ro" VsAI) < є0 


Chapter 12 


Decay Estimates for A 


The goal of this chapter is to provide a complete proof for Theorem M2. To this end we 
proceed as follows: 


1. We derive combined r? weighted estimates for the pair (q,A) stated in Theorem 
12.2.4 This, by far the most demanding result of the chapter, is proved in sections 
and 


2. We then prove Theorem M2 in section |12.4) relying in particular on these combined 
r? weighted estimates. 


12.1 Preliminaries 


The spacetime M we are dealing with here is precisely that described in section [6.1] As 
in Chapter we make stronger assumptions on (Г,, Гь). We assume in fact for all for 
all k < kz, witH?] kr = Kemau + 120, 


[rp + ora] Sad UM < €, 
(12.1.1) 
пті ае КГ < e. 
We also assume that the curvature components А, В verify, for k < kr, 
r2 кд B)| < є. (12.1.2) 


l'This is consistent with the value of kz used in the bootstrap assumption needed in the proof of 


Theorem М2 (see section |1.5.3). 


931 
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We make the additional gauge condition 


E erp Herr (12.1.3) 


9? 4 


condition which played an essential role іп deriving the gRW equation for 4 in section 
[5.3] Recall that this choice of frame was necessary to derive the correct structure of the 
nonlinear terms Err[L]5q] in Theorem |5.3.6} 


Remark 12.1.1. The additional conditions (12.1.3) are verified by the global frame con- 
structed in section 3.6 of [53]. These are crucial in deriving the correct structure of the 
nonlinear terms N pyy of the gRW equation for q. 


12.1.1 Full Regge Wheeler equation for q 


Recall the definition of q, see Definition 


а = af (Ov, УА +С, 99,4--0,4), 


with complex scalars 


(12.1.4) 


1 9 (a)t 4 (а) 3 
C, = "i x? — 4 Ory? + > A +? (-2 x try + 4 A ) i 
TX tr x 


The real part of д, denoted 4) = (6), verifies the following real equation, see Theorem 
5.3.6] 


. 4a cos 0 4A 
— Vor = ——— * N V = = с —— 12.1. 
2V — Vow 1412 Уту + М, 07 2 F а2) 42° ( 5) 
with the right hand side N given by 
N = No + № + Neve (12.1.6) 


where 


- № denotes the zero-th order term in 1), i.e. 


№ := (V – 0) - 0(5)9. (12.1.7) 
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- N; denoted] 


8a? A 8aA 
№ = R CIC F = 


тар 


mg 2 +W,A,+W3V3A+W,VicA+ WA) 


where W ,, Из, W, are complex functions of (r, 0) апа W is the product of a complex 
function of (7,0) with 59), with the following fall-off 


a 2 


2 
б = _ " a 

q Wa, q = О ( : ) ' qd Ws, qq = О (5) 

Away from the trapping, the following schematic structure will suffice 


Ny, = О(ат oS! V4(rA) + O(ar ?)053!A. (12.1.8) 


- Ng, = Егт|Пәй| is the nonlinear quadratic error term, given schematically by the 
expression (5.3.10) which we recall below 


Ng, = Ме, po (Pos Ty), Кен =7"0=" (T, - (A, B)), (12.1.9) 


with Nev: the principal term in Np,, with respect to decay in т. 


12.1.2 Factorizations of q 


Lemma 12.1.2. Assume that = € rT. Then, we have 


Bex 
2tr x 


Х|? 
а = gj Gz + 2trX — er) Gz + 2trX — ) A+ To (T, Г). 


Proof. We have 


Xp? Xp? 
VL + 2trX = шеді (S7 + 2trX — ш А 
2tr x 2tr x 


2|{тХ|? хү 
= VA} (ux = делі, Аы UV. (зх T er) A 
"Хх 2tr x 
X А trX 2 
"MOTOR MT MEUM 
207 x 2tr x 


?Here W4, Из, Wa, Wo are complex functions of (r, 0), all of which vanish for zero angular momentum, 
having the following fall-off in r. 
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Since 


Pind dn 


4trX — = Atry — 4i try — 
tr x tr x 
t 2 
= 2irx—2 x NE (try 
TX 
= СІ, 


where C, is defined by (12.1.4), we deduce 


trX |? Р ЗХ? 
oy, + шх — EXP Y (оу, Lax — SAL) А 
2ir y 2tr x 


3[trX |? 
[tr -)А 
2tr x 


[г X |? Зе? 
2trX — 2trX — А. 
«( в 2tr X ! 2try J 


Next, in view of the following consequence of the null structure equations and of the fact 
that Ber 1T,, 


= ViA4- C, (УА + Әу, (aux E 


1 
OW atrX + z (tX)? excea. 


we have 
3 [trx]? 3 l(trXYtrX + trX—L(trX)2 
OV, 2trX — 3 | : | = —(trX)? = A r ) r r 3t ) 
2 irx 2 try 
нр эш ыгар, 


2 try? 
3 |trX|?(tr x? — try?) 
4 trx? 

()try4 
trx? 


3 T 
= —(trX)?+ Х| — tr, 


1 5 3 
= x ж + 5 ery? + 2 + 2itr x Mtry +r ST, 
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Зх? а 3 IteX | 
Ov, (шх-2 E | n (aux E | L) (шх- ЕГ) 
2 ire 
x 


and hence 


3 (te 
4 t 


3 1 €i 1 3 try? 
== — 2i Mt t — 2i Mt 
+(5 iss 2 trx diis "EE 2 tr x "E 


+ 2itr x try + p 79 T, 


= EU bg те Lom 
mE 572727 


(a)try3 
+ Е + 4 т zi ) | py T, 
TX 
= С, +772021, 


where С» is defined by (12.1.4). We infer 


ЖІ З)? 
(у, + 2trX — esd OW, + 2trX — tr x | A 
2tr x 2tr x 


= VÍA C, 0V4A-- C,A 4 r 7o (T, Te). 


In view of the definition of q, we deduce 


trX?\ (ы 3c X p? 
2 = | 9v, o2ux — XP) ( Gy, oux EXP Y A {= (T, . T4) 
7 2tr x 2tr x 


as stated. This concludes the proof of Lemma (12.1.2 


Next, we introduce the tensor V. 


Definition 12.1.3. Let V € (С) given by 


a 
y := 5 (OVa + 20x - 
r 


3 2 

ХІ ) A 
2tr x 

We have the following corollary of Lemma |12.1.2 


Corollary 12.1.4. Let V as in Definition Then, V € ә ІГ,, and (V, A) satisfies 
the following system of transport equations 


r37 


4 
1 
OV (rV) = ai + ro^ (T, y D), (97, (54) = [t + Fr T. 
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Proof. We have 


ке 
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4 X 2 
5 (ov taux - ST) 4 
r 2tr x 
qf 3(tr xtrX — |Х |?) 


1 
(Ova + Sex + 


Ja 


O(r?) (2v, + зх) A + O(r?) (9try A 


2tr x 


1 
оөз) (vat sax) A rs 


Together with the Bianchi identity for ( (VA, we infer 


v 


as stated. 


Next, we compute 


S = - 
or^ (-5 DSB - 248 - sPR А+г, 


05! 


ГЬ 


j 3[trX |? 
OV (rv) = ov, (£ (Ov, +anx- FAT) 4) 
= É (957,4 4e4(q) u ea(r) (Ov, + 2trX — altrX |? P 
5 g T 2tr x J7 
Since 
ea(q) c cim e4(r) d |е X |? | 
q | 9? y 2 try | "E 
we have 
E t X й 3lt X 2 
evry) = © (ovi зах EL +г,) (Ovi taux - ЭКГ) А 
r rx TX 
: Х|? 3|trX |? 
= É[9v-2uX - 2 Oy, +x — SEXE Y A огир 
А 2tr X 2tr x 
в Х|? 3|trX |? 
- (ov ener IE) Cg, кх E 4 
А 2tr X tr x 


-ro* (T, To) 


where we used the fact that V € oS!T,. 


4 


п (OV. + 2ux - 


Now, recall from Lemma |12.1.2| that we have 


X 2 
Se | ) A | rast, . T). 
2tr x 


trX|? 
HAT) (ет, atx - 
x 


2tr 
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We deduce 
(OW (rV) = 4, + ro (Г, Е D) 
Td 


as stated. 


Finally, in view of the definition of V, we have 


4 4 
GAVA (54) — Е (9.4 | (3440 m atn) A 
r q 


r r 


m ЗХ |? 
Е (Әта + 20x - ІХ] «Tja 


r3 2tr x 
1 

e -Ọ+rI,- Te 
е 


as stated. This concludes the proof of Corollary (12.1.4 


12.2 Control of the full gRW equation for q 


12.2.1 Norms for A 


Definition 12.2.1. We introduce the following norms for A in М = М№М(т,, T2) 
B,[A](11,72) = / yes GAZ t r'IvVa(rA) + r|vsva(rA) 
M (711,72) 
тау (А) + [УА + [VA]? + LA?) 


= f P7 (Pp vica)? + DAP), 
M (11,72) 


Уз 

eS 

m 
| 


ҚАБАДЫ 
Х(т) 
«f (узд) + |412), 
X(r) 
Е | p? (var А)? + УА)? + [VA]? + 1А?) 
AUE (71,72) 


+ f УУ (РА), 
A(T1,72) 
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where Xred = Xrealr) is a smooth function such that Xrea = 1 forr € r4(1 + 2б а) and 
Хгеа = 0 forr > r,(14- 26,44), with the constant дд > 0 small enough such that there 
holds May C {r > rL(1-- 20,4]. 


Remark 12.2.2. Note that the derivatives V£ A, VV3A and V?A are missing in BEF,|A](r1, тә) 
but are fortunately not needed to close the estimates for q. Additional derivatives in 
E,[A](r) and F;[A](ri, T2) are missing as well and are also not needed to close the esti- 
mates for q, with the exception of the ones recovered in (12.2.6). 


The higher derivative norms are defined by the usual procedure 
ВА] = BJo* A] — ENAM-ESOSAL ЕДА] = FAL 


For р, we use the norms for solutions of RW type equations introduced in section [6.1.9 
We also define the combined (A, p) norms as follows 


Еш, А(т) = ЕШ(т)--ЕДА(т), 
Bole, A] (т, тә) = В| (т, 72) + В[А|(ту, 72), 
Fol, Al(t1,72) = FPy[v](n.72) + РА} (т, т»). 
We use the short hand notation 


ВЕР Ат, т) = ВДАЈ(т,т) + sup ЕДА(т)-ЕДА(т,т)), 


тЄ[т1,тә] 


BEF (т,7) = ВБ) (т,т)4 sup Ер (т) + 0 (т, т), 


тЄ[т1,тә] 


BEF: [p] + ВЕЕ [А]. 


ВЕР, (0, A] 


12.2.2 Statement of the main result of Chapter 


First, note that Theorem applies also to the gRW model problem (12.1.5) for v. 


Theorem 12.2.3 (Basic r?-weighted estimates for v). The following estimates hold true 
for solutions р € $2 of the model gRW equation (12.1.5), for alls < kr, д < p € 2— 9. 


ВЕР (ту, т) 5 Е (т) + NG, NIT, T2). (12.2.1) 
Proof. The proof of the estimate (12.2.1) is identical to the analogous for 1 in Theorem 


Indeed, the only difference between the two RW model equations is the change of 
sign in front of the term Sr *V r which is never used in the proof of Theorem 
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The main result of this chapter is to extend (12.2.1) to the full gRW system as follows. 


Theorem 12.2.4. The following holds true for s < Бі, for all ó < p € 2 — 6, 


ВЕР 0, A] (1, тә) 5 Eple, А](т) + Л, Ng (n. тә) + єрт e, (12.2.2) 


where Мру. is defined in (12.1.9). 


12.2.3 Proof of Theorem |12.2.4 


As in the case of the analogous result for w in Chapter the proof is done in steps as 
follows. 


Step 1. Recall that N = No + № + Ng, see (12.1.6). Also, recall that Ng. = 
Ng + 09 (T, - Dj), see (12.1.9). We first eliminate № — Np, from the right hand side 


of (1221). 


Proposition 12.2.5. The following estimate for solutions р of the full gRW equation 
hold true for all s < ky, and all ó < p € 2 — б. 
vj() + O(a) BEF? |Y, А|(т, т) 

0, Ng (т, тә) + єўтү ^ em (12.2.3) 


N 


BEF W\(t1,72) 5 Еф 
+№; 


The proof of Proposition |12.2.5|1ѕ an immediate consequence of (12.2.1) and the following 


lemma. 


Lemma 12.2.6. Foró <p<2-—06, N given by (12.1.6) satisfies 
Л, М|(т\, тә) 5 |а| ВЕР ар, А|(т\, Тә) + Nol, Мрт, тә) 


1 


-Fegr, 17 ёе (ВЕБ,Ш(п. 7))) Tu сетте [12.241] 
where Np, is defined in (12.1.9). 
The proof of Lemma |12.2.6|is given in section |12.2.4 


Step 2. We control the term ВЕРА] with the help of the proposition below. 
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Proposition 12.2.7. The following estimates hold true, for s < kz, for all < p € 2—9, 


BEFS[A](11,72) 5 В (т, т) + ESIA) + өт 2 we (12.2.5) 


p 


Also, we have the following additional control on X(T) with т € (т, т], for s € kz, for all 


[| p"? (vaya A)? + r7|[VVa(ro** A)P + [узул (го А)? + (әз: AP) 
x(n) 


5 ЕВ Wun t Ez[Al(n) + eri e, (12.2.6) 


la 


The proof of Proposition [12.2.7] is given in section [12.3] 


Step 3. As a consequence of Proposition |12.2.7| and Proposition |12.2.5| as well as the 
smallness of |a|/m, we deduce, for all s < kz and and alld € p € 2 — ô, 


BEF; (9, Al (11, тә) 5 Е [v, A] (71) + Now, Neel (11, T3) al: eig е 


as stated. This ends the proof of Theorem |12.2.4 


12.2.4 Proof of Lemma [12.2.6 


Since № = № + Nr + Ng, it suffices to prove, for д < p < 2— 6, the following estimates 


Netw, No + Nz)(n. T2) 5 |a| BEF: Y, A] (ri, 72) + cory? ees, 
N 1—6 i (12.2.7) 
Now: NErr Ме (тт) S өті 77 (ВЕК Шт, т) 


We start with the control of Мр. — Neve Recalling the definition of the norms Л [v N], 
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see section we have, for ô < p < 2— ô, 

№, М (т, 72) 

| (тай +т шу + 
М(т1,тә) 


/ а (ғ). N Р / Уһ: N 
(ext) AA (1 уто) = М(т1,тә) Е 


[Coulee ерм f (vss +r EAN] +VII) 
idis e. 


MAS 


1 


2^ ото 
S (5% swo) f IN | a2 (uas (г) 
[тт] n 
1 1 
2 2 
„|/, (Өтен) | f me 
M (1,72) M (71,72 
jh А | 
i T2 ад " 2 
< (ВЕР, т) | ІМ loueur) + / r”™ [N] : 
ті Mn т) 


Since Ng, — Ng. = 0®5(Гь„.Г„) we have, according to our bootstrap assumptions, both 


N — ,2,,-3, —-3/2—25 dec 
Nen = Ng. = Єт “т , 


2-2, —-2-Waec 


New МЕн = Єт T 


Thus, ford < p < 2— ô, 
МЕтш Е NErr 


T2 
ті L? (Xtrap(7)) M (11,72) 
1 
Too d 2 
pa 
ef aa Т e (/ азы 
n T БЫ М(ті,т2) 


—1- 264 
< 6071 de 


МЕтт = МЕ; 


1 
) 


MAS 


We deduce, ford < p < 2— $, 


Als Ner- бат) S eri (BERI. т)! 


which proves the estimate for Ng, — Ng, іп (12.2.7) in the case s = 0. 


For higher derivatives, s < kr, we write schematically 


~ % k k 
0 UNE S Мк) = STD qug. баг oS 7T, -DETT 
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and we use an additional то by a standard interpolation argument, see Lemma 5.1 in 
[50]. Hence, for ó < p < 2— 6, 


Л, Npr- Хр, (т, т) 5 gu (ВЕК Шт, 7))) Í 


which concludes the proof of the estimate for Мру. — Ng, in (12.2.7). 


It remains to prove the estimate ір (12.2.7) for the linear terms № + Nz. We decompose 
in two parts 


Nol, No + (т, T2) = Л, са, No №) (т, 72) + Nas, No + Мі (т, т). 


The control of the term V5.4, (0, No + Nz](r1, 72) can be done exactly as in section 
In particular, for the treatment of (P9... [, № (ті, T2), we proceed exactly as in 
section |11.3.3| with (V3 replaced by ‘V4, where the boundary terms in the integrations 
by parts require to control all first order derivatives of A and V4(rA) on X(r)n(r € 4m} 
which follows immediately from the control of E,,[A](7) and the additional control on Х(т) 


provided by (12.2.6). We infer 
S eani. No + Nil(t1,72) € |аВЕ [v](ri 72) + өті 2 ee 
and hence 
М, No + Ni] (т, T2) S Л, (0, No + №) (т, 72) + [ВЕ (т, тә) + eor; 2774. 
It thus remains to control Л? „4. [, No + № (ту, 2). We have, for 6 € p € 2 — ô, 
А sm Ls No + Nr т1,79) 


J (Ivan ol +r OS + IV ol 7 vao I) 0N + л) 
My>4m (71,72) 


MAS 


MAS 


f (зои +оо) рое л + М) 
My>4m(T1;72) m m 


(/ uL EL) 
Myr>4m (71,72) 


y% | [p + pe АЛ n о?) 
М,>ат (71,72) 
1 


° | rit (рохе + х?) 
Myr>4m (T1572) 


2 


MAS 


1 


2 


i 
2 


MAS 


(BEF; (т, ")) 
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and hence 


AG (0, No + Nz] (т, 72) 


e (ВЕР Шт, ")) i (/ rite (Jos No? J 222) 
My>4m (71572) 


2—20gec 


B 
2 


+|a| ВЕР (т, T2) + отг 


Since No = O(ar~*)y, we have, for ô < p € 2 — б, 


| т о x aB l(t, 72). 
Mam (11,72) 
For the control of Nz, we write, see (12.1.8), 

Ny, = О(ағ oS! V4(rA) + O(ar ?)051A, 
and the definition of the B,[A] norms (see Definition [12.2.1], 


| r? 05° у |? ШІ т оу (rA)? «ef r?-3| Al? 
Meam (71,72) My>4m (T1572) Mr>4m (71,72) 


a? В5[А|(т\, т). 


MAS 


MAS 


We deduce, for all ó < p < 2— ô, 
Аё, % + Ni.) ВЕЦ, Ат, ro) + ет 0 


as stated in (12.2.7). This concludes the proof of Lemma |12.2.6 


12.3 "Transport Estimates for A 


In this section we prove Proposition |12.2.7| i.e. we prove, for д <р < 2— 0, s € ky, the 
following estimate 


ВЕК А(т,т) 5 ВЕ (т, T2) + Ej[A](ri) + e9(1 + т) 2e, 
To this end, we proceed as follows: 


1. First, we derive a basic lemma for transport equation in V4 in section |12.3.1 
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2. Next, we derive estimates for A, УА and УзА in section |12.3.2 


3. It remains to control angular derivatives. To this end, we fist derive some algebraic 
identities involving angular derivatives of А in section 12.3.3 


4. Next, we derive estimates for VA in section |12.3.4 and for VV.4(rA) in section 
12.3.9 


5. Finally, we conclude the proof of Proposition |12.2.7|in section |12.3.6 


12.3.1 Basic transport lemma in V, 


We prove below the (?9WV.,-transport lemma counterpart of Lemma [11.4.5| and |11.4.7 


Lemma 12.3.1. Suppose ®,,®2 € s;(C) with signature s < —1 satisfy the differential 
relation 


(Ow d, = Oy, (12.3.1) 


Also, let Xred = Хгеа(т) is a smooth function such that Xrea = 1 forr € r,(14- 20,44) and 
Xred = 0 forr > r,(14- 20,4), with the constant 0,44 > 0 small enough such that there 
holds Miss C {r > r4(1 + 20 а}. Then, for every p € —ó: 


1. The pointwise inequality holds true 
4 м = 
rar? 5 5 les = p NF 19,74) (12.3.2) 


and its integral form 


/ Pep f Pep / r=?) 
М(т1,тә) У(т) AUX. (71,72) 


(12.3.3) 
sf "ej | rep. 
М(тіл») (n) 
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2. We also have 
f т? (r?|V49,|? + [УзФ |? + |Ф1|?) 
M(T1,T2) 


+ f p? (IV. + I9, + x2, Vs P) 
> 


(тә 


+ n P" (IV gb. + s) + / Vað]? (12.3.4) 
AU. (71,72) А(т1,тә) 


q Чуку? +1922) + f |УзФ:/2 
M (11,72) 


Mr<ry (1425 p¢q) (7179) 


«f r= (У Ф 2 + [Ф102 + X241 Vsds[") кене) | Eel 
S(r) M( 


71,72) 


Proof. We prove first the following analogue of Lemma |11.4.4 


Lemma 12.3.2. For any smooth scalar function f on M, we have 


Div( fea) = ef) (2%. - +) f. 


Proof. We have 


Div(e4) = g”g(Dues,e3) + g?g(Dsea, ел) + g'g(Die,, ec) 


1 2AT | — 
= - du +trx =—25+-——-+їгх 
2 [1 
2Ат 


and hence 


Div( fea) = Ліме) + elf) ef) + (А-а T.) f 


as stated. This concludes the proof of Lemma (12.3.2 


We continue the proof of (12.3.2) as follows. Multiplying the relation (OV, = Ф, by 
Фі, we deduce, since Фу has signature s, 


e4(|®,|7) = 2%((Ф- 25w81) - 1). 
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Multiplying by |q|?~?, and using 


ela) _ тА йр A rA 
= — + О(1)ел(т) + O(r ~ )es( cos 0) = — 


ea(lq|) = um 


we deduce 


2|g| ^X (9 - $1) 


ea(|g/?-*|®1|?) — ex(lal7)|ei + 4slal |o, 
ea(|q|?-7|®1|?) — (p — 2)rA|al ^| |? + 480] 7| 
+19? ^T, P. 
In view of Lemma [12.3.2] we write 

2r A 


e (14412) - (1 к » ае 
= 2|g[?9 (9; - $1) + (p 2)rAlq|? 9|,|? — 4suw|g|? 7 |," 


2rA^ 

> (7 Я 2w) Р 1,12 + lal? gl al? 

ШТА СЛЕТ АЛИНА 
Қарт, 


Піу(|4ІР7|Ф,|%.) 


From the above identity we deduce 
рта, + 2(28 + ulao: 
= 21912 7 (0, - $1) — Div(|q|?~?|®1|?e4) + |g[ T, ||? 
= 2:(0r) "lP B: (Ат) ?|gp?79,) — Div(|ap?|: Pea) + lal? Pg Ga)? 
< МАФФ) — Div(laP E] e4) + gl ^T, |; P. 
Since —w > 2 +T; and s < —1, we deduce, using also the control of Ty, 


pria Ф: < Аа) "oi + A77 77 РФ + Ol al? |: — Div([g] Фел). 


Therefore, for p < —ó, choosing А = 5, we deduce, for е sufficiently small, 
_ 4 _ 2. Ж 
rig? “|G? 5 r "арт ?- ілі Ф. (ел) 


which is precisely (12.3.2). 


The integral form (12.3.3) of the inequality then follows by the divergence theorem, see 
(11.4.4), and Remark?|11.4.3 


Next, we focus on deriving (12.3.4). To this end, we start with the following commutation 
lemma. 


?Note in particular that g( Nx, ед) = cm. which is responsible for the energy integral on X (7). 
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Lemma 12.3.3. Let U € sy. Then, we have 


та уы U = Or((a,ce)r ))VU + O(r !e)V4U + O(r ?e)VsaU + O(r S)U. 


Proof. Recall that R is given by 


so that 
r? + a? А 1 A 
^ cabe) 
We infer 
ess] = (a) lien 


= -} e (аз) alis E) Vex ТАМАР 


1 Ау АЕ 25 1A 
7 73 (9 (as) lag rs) Vs 7 gp Val 


Also, note that the commutation formula for [V4, V3] of Corollary implies 


(Ма, У;І0 = (O(ar~*) + Ty) VU + 2wV3U -- I'4V4U + О(ғ”%90 


1 А 
= (Olar?) 4 Г,)У0 2 (-2% (аз) | i) VU + T3V4U + O(r 3)U 


A 
= (О(ағ”?) + Г,)У0 + (-9 (а) + г.) VU --T4V4U + O(r S)U, 
where we used the definition of @ and the fact that @ € r}. We deduce 

"ен U- = (О(ат”?) + Г,)У0 + D, V3U + ГУ + O(r SU. 


Together with the control of Г, and Гь, we deduce 


АА U = О((а, Өт ))VU + O(r !e)V4U + O(r?e)VaU + O(r 3)0 


as stated. This concludes the proof of Lemma [12.3.3 
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We commute the transport equation for Фу with тай ху. Together with Lemma |12.3.3| 
lal R 


we infer 


т? + а? т? + a? r? +a? 
(957; (ета) = lv. | 25, 412 Va Фі + "ұр Ya? 
O((a, €)r7')V®, + O(r !e)V49, + O(r ?e) Va, + O(r7?)®, 
r? + а? 


and hence, since V ро = O(r-?) + оГ, = O(r-?), we obtain, using also V481 = Фэ, 


2 2 
OV, (“a vat) = O((a,6)\r)V®, + O(r-2e) V4, + O(r-?)9, 
+0(є77!)Ф + O(1)V БФ». 


Applying (12.3.3) to this transport equation, we infer 


f EI Piva + / r?^?|Vgo,P 
M (71,72) У(т) 


AUE (71,72) 


< f uc + е2) 2|уф, > + ге Va? + r ^e, + r’ B]? + IV pe") 
M (71,72) 


«f rri V gif. 
Х(ті) 
Together with (12.3.3) and the fact that (OW 48, = Bo, this yields 
/ r^? (r?|V49,]* + |V pil? + |Ф1|?) «f (|у R8]? + |Ф1|?) 
M(71,72) Х(т2) 
«f r?? (IV R] + |9,7) 
AUE (71,72) 
sf r^^! (Vg? + |Ф)?) «f т (Vg, + |811?) 
M (n ;,72) У(т1) 


+ ef r?-°|V3@,|? + (a? + е2) |. r3 Vo,?. 
M (71,72) M(11,72) 


It remains to recover V3A in the redshift region. To this end, we commute the transport 
equation ()V4®, = Ф, with Xrea © Уз where Xreq is a smooth cut-off function equal to 1 
in r € r4(1 4- беа) and 0 for r > т (1 + 20,,4). Note that, in view of Lemma 4.2.2 


[9%3, 9 vU = O((a-c-or ))9vU --O(r?)U 
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so that 


OV a(Xrea OV 381) = XredaV 32 + O-Xreaea(r) OV 301 + O((a ter?) OVO, 
-O(r 3)$,. 


Since s — 1 « s € —1, applying (12.3.3) to this transport equation, and using the above 
control of Ф}, we infer 


f rP- (r248? [у Ф 219,02) + | м 
Mn тә) M(r<r4(1+6rea)) 


|. тА (|У ail? + |i)? + Xreal V311’) 

X 

«f 
A 

sf Чуу? + 928) + f [УзФ»|? 
M(n,72) 


Mr<r4 (1+28req) 7072) 


r= (IVgoiP + |9,2) «f IVa, |2 


ОУ, (71,72) A(71,72) 


i f P (IV bi + [Oy]? + v2.41 Vei) 
> 


(71) 


+ ef r?-°|V3@,|? + (a? + е) | r3 Ve? 
M (71,72) M(11,72) 
and hence 


/ r?(r?| V Ф|? + [Vai + |®;|?) 
M (11,72) 


«f r* *(IVg&|^ + |; + Xreal Vadis p^) 
У(т) 


«f rP? (IVgdi + |Ф1|?) «f IVa, |2 
AUS. (1,72) А(ті,т2) 


<[ vastos) + f узе 
M (mn T2) 


Mr 428,4) (7175) 


+ | P" (IV gei + [Oy]? + x2 vei) 
Xm 


+ ef r? 5| Vaso? + (a? + е?) f revo. 
M (71,72) M (71,72) 
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For e > 0 small enough, we deduce 
| т? (r?|V49,|? + [УзФ |? + |Ф1|?) 
M (11,72) 


«f тА (|у Rb] + [Oi]? + x2,| Vail?) 
У(тә) 


ef uuu amem) f vm 
AUS. (71, то) A(71,72) 


5] ТР ( (Ур 503? + Ф| ? + «f |УзФ2/% 
M(r1,72) Mare (1425 ;¢q) (71,72) 


«f п (IV s |? + [Oi]? + X2,| Vs?) кне) | r"3Wyo,? 
(n) M( 


71,72) 


as stated in (12.3.4). This concludes the proof of Lemma (12.8.1 


12.3.2 Estimates for A, V,A and УзА 


Recall from Corollary |12.1.4|that (X, A) satisfies the following system of transport equa- 
tions 


4 
1 
OV (rv) = гог, Гь), Va (: A) = Y +r,- Ip (12.3.5) 
rj— r 
where V is given in view of Definition |12.1.3| by 


4 
= 5 С + 2trX — 
- 


3 2 
Х| E 
2tr x 


To state the next proposition, we introduce the following partial norms for A which do 
not provide control for angular derivatives. 


Definition 12.3.4. We define, for all p, 
1. In M(n, T2) 
Blan.) = | 


M (11,72 


f(r ima sar + AP). 
M (11,72) 


rl (1V4 Va(r A)|? + [VaVa(rA))? + IVa) 
) 
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2. On X(T), ЕДА(т) = E,[Al(7), 
3. On AU X,(n,75), E[A](n, 72) = А(т, т). 

Proposition 12.3.5. The following estimates hold true for p < 2 — ó 
BEF,[A](t1,72) 5 В (тт) + ЕДА((ті) 


Hate) f кез (PIV V(r)? + [VAP) + pr? ee, 
M (71,72) 


p For p € —ó we apply (12.3.4) of Lemma |12.3.1| with Фу = rV and Ф = r7 "gs 
<ҚГ,.Г,) and we infer 


r?(r*|V 4I + r? V3W|? + г?) 
M (1,72) 


4 | r^" (r^| VgWP + rE]? + А3?) 
Х(то) 

+ | rP? (САЛЫ + г?|Ф|?) + | |у” 
АШУ, (71,72) iind 


Sf, rm Iva org nt, TOP) 
М(т1 т) = Е 


«f (IVsal? + 0T, rr?) 
Mr<r (1425 peg) 7172) 


+ | A е VsvI?) + (a? +e?) / rv. 
X(n) М(т1 тә) 


i.e., since Y = R(q), and in view of the control of Г, and Гь, using also p < —ó, 
Jur КҮЗ + Iva + up) 
М(т,т) 


+ r= (|У р]? + WP? 230?) 
У(т 


à f "(Iv ql? + [wp + «f узт? (12.3.6) 
AUE (71,72) A(11,72) 
< вш (п,ъ) + S p"! (| RE]? + WI? + xal Va?) 
X(n) 


++) | т-у? + dire 
M(71,72) 
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For p € —ó, we apply estimate (12.3.4) with Ф, = ТА and $9 = rV + rT,- Гь and 
deduce 


pP73 (r*|V4AP +r7|V3Al? + г?| Al?) 
M (71,72) 


f, PIT RAP PAP osa) 
X(T2) 


f 727—2 (r? VRA? + r^Ap) «f УзА}? 
AUE, (71,72) A(71,72) 


rr? > + rwy? 2 r^o**(T, А Ts) |?) 


-+ 
+4 


MAS 


/ (уаш + рг, гу?) 
Myr (1425 peg) 7172) 


+f r= (r? VRAP + rA + Уз АР) + (a? + е) f rer WAP 
Х(ті) M (11,72) 


i.e., in view of the control of Г, and Гь, using also p < -6, 


rP! (т |У 4А)? + УзА? + |А?) 
М(т1,тә) 


+ | i"? (IVs AP + LAP + 32,1 Vs AP) 
У(тә) 


(у Ар JAJ) + f узд) 
A(71,72) 


AU. ( (ті, тә) 


-+ 
a r= (Iv sup + pop?) + f САТ. 
М(ті,т2) Mr 285,44) (7175) 


«f re “(М SAP + |A|? + х2АУаА| 2) + + (a? + e f т? |УуА|? + egr? aee, 
>(ті) М( 


71,72) 
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Combining with (12.3.6) we deduce, for all p < —ô, 
Jmm (PI? + ab? + ш + VAR Isa + LAP) 
M(T1,72) 
+] (уаз + LWP + xd Val? + [VRA] AP xul vsAP) 
(72) 
(Iva? + Vel?) 


Я! (Iva + (Wl + VRA + AP) + f 
AIS. (71,72) A( 


S ваш т "(узт + LLP + real Val? + VRA + LAP + УЗАР) 
X(n) 


71,72) 


+a? +) | ppl ( + IVAI?) + egr? dec, 
M (11,72) 
Replacing p with p — 2 we rewrite, for all p € 2 — ó, 
| ке (Pau? + Ive + e туд + [ад + 1AP) 
М(т1,тә) 
+] “(вш + LP + Zeal Va + УА A 9а АР) 
У(т) 
(1902 + \VeAl?) 


«f P (Igi + IP + Vad? + LAP) + f 
AUE (71,72) A( 


S Bip f (IVRE + EP + real Val? + [тед + LAP УАР) 
X(n) 


71,72) 


+(a? + е) f r3 (VW)? + |[VAP) + egre, 
M (11,72) 


We now note that 


4 ХІ? 
y = © (ov +ах - E 2 
: 


2tr X 
2 E 4 3 
= r*(1-4O(r )) Manto a A 


= r( 0679) (VarA) + (ein) +00) + гг) A) 
= r(1-O(r )) (Va(rA) + (О(г!) + TT) A 
= (1+ O(r™))(rVa(rA) + O(1)A), 
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where we have used the control of Г,. We can thus replace V with rV4(rA) in formula 
above. Together with the fact that 


r'IVAA[* + |VaAP + |А) S [Va(rA)? + IVgAI? + |А)? + хә, |УзА, 
we deduce, for p< 2 — à, 
BEE(A](n,r) 5 ВШ (т, т) + БА) 


~N 


+a? + e?) | pp (Iv vate 4 IVA’) + ep? Pace 
M (1,72) 


which ends the proof of Proposition |12.3.5 


12.3.3 Identities for angular derivatives of A 


In addition to the estimates of Proposition |12.3.5| we need to control angular derivatives 
of A. To this end, we derive in this section several identities. We start with the following 
identity for (9DG((9D . A). 


Lemma 12.3.6. (9DG((9D . A) satisfies the following identity 


i 1 1 ux 
т (D&( OD. А) =V; (9.4 + ;"XA) 4 (ex 4 mx) (9.4 + ХА) 


+(H4+H)-VA- (OD. MA+o(aryvatoya 4287) 


+r tSt T, - T3). 
Proof. Recall that A verifies the Teukolsky equation 
- Ov, VAH ; C D&((9D . A) — А: (OV, A — = (ux + 4X) VA 
КЕ (4H + H +H) l4 ( - ахах + 2PJA 2H&(H- A) = r-29S1(L, - Ts) 
and hence 
1 ODS(OD- A) 2 0v, Ov,A + E: OVA + Б («Х + ІХ) OVA 
- (1H+H+Ħ) VA- (ахах -2P)A-2H8(H.A) 
ере (T, - Ty) 
= (2%, OVA + E (OVA + е (кх j Хх) (Ov,A -trXtrXA 
+ (H+ Н). УА + O(ar ?))VA + O(r9)A +r ST,  T,). 
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Next, using the null structure equation for (9 V3trX, i.e. 


Op.H+H-H+2P+=-5--x%.¥ 


1 
NEA + ХХ 
OD. H +0(r °) +r T, +r,- Te, 


we compute 
oy, ( © 1 1 У (о 1 
У; УА + ХА + P + 2trX МА + 9X4 
1 === 
= Ow,Owv,A- E (Әу; А +5 ()Va(trX)A + (sux + жх) (v,A 
1 e 
+ (Sux + жх) ХА 
(Oy, (©) Ly 1 1 cy) (с) 
= Уз ^ V4A + т^ УзА — аха ХА + guX + 2trX МА 
1 cd ME: -3 -1 
+| 5trX + 2trX | отд + (00. Н)А+О( А+ T T, 
1 1 == EN 
= (Oy,Owv,A4 5X (OV. А + (их + 2trX ) ENT A +trXtrXA 


1 __ 
dst ODp.H)A+O(r)A+r Ts  T,. 

We deduce 

1) 


P 1 1 u— 1 
op&(9D.A)-Gwv, (9.4 + ;"X4) + (sux + жх) Gz + ;"XA) 


EN 1 — 
HFE) УА S OD. H)A + O(ar)\VA+ O(r)A 
+r toSt Ta- Г) 
and hence 


i TIN. 
- Op&((9D.A)-Owv; % УА „| (5 trX + жх) GZ + ;"XA) 


+ (H+H)-VA- 5 ( OD.H)A+ O(ar-*)VA+ O(r)A 
+r toSt Ta- T,) 
as stated. This concludes the proof of Lemma (12.3.6 


We will need to differentiate the identity of Lemma |12.3.6| To this end, we first derive 
the following identity. 
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Lemma 12.3.7. We have 


(а) try2 


1 
X _ 9 @) ix) (9.4 + ;"XA) 
tr x 2 


= q+ O(a?) A + r?oS!(T, -T;). 


3 
qq? (9 + 5X —2 


Proof. Let h a scalar function to be chosen below. We have 
(© 3 се) 1 
Vat gir +h МАА + ХА 
(© ху? (© P use. d 1 (o 
УА + (2trX + h) УА + 1X) + 5ttxh + 5 Va(trX) |А 
= (9у24 + (2trX +h) OV,A + КО» + ЫХ» + = (-5 rx + ma) A 
= OV2A4 (2trX +h) 9V,A-- Eo + зихи) A +т7201(Г, -Ts) 


where we used the null structure equation for (9% {т Х and the fact that = € oT in 
this chapter. Recall from (12.1.4) that C is given by 


(try? 
C, = 2ітх-2 а (Mery, 
tr x 
We choose 
so that 
(@)try? 
h = 2try -—2 е Mery — 2tr + 2i try 
tr x 
(try? 
= 9X _ 9 y. 


tr x 


With this choice of h, we deduce 


1 
(9v. 4: Зах тн h) (9.4 ДЬ заха) 


(try? 


с с 1 1 
OVA - C, OVA + (кх + т^ (-2 TY 


— 2i бех) A +r °S! T, To). 
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Next, recall from (12.1.4) that C, is given by 


1 3 (гуй (туз 
C, = -—{тх?—4'®ҥх?+-— z +1 (<2ех try +4 aus ) : 
TX r 


We compute 


1 1 try? 
— (stu? + т^ (-2 2-6 ШЭ) 


tr x 
3 Mtry4 34 Mtry3 


where both the tr x? in the real part and the tr x try terms in the imaginary part cancel. 
We infer 


1 
(9v. 4 бхХ + h) Gz + ;"X4) 


3 3 “Хтуб — 3i ту? 
UNS AJ OC OVA + LO. d. pus = Еа” а 
Аға adt & ta ы: tr x? tr x калыр (Ty ГЬ) 
Since 
3 3 “Ату 34 тұ? 
- (ту? — а КЛЫ, A Olar) +r T, 
2 2 try? trx 
we deduce 


(ov, + Зах + i) (9.4 + ХА) 


OVA +С, ÓV4A + C,A + O(a?r-*)A 4- r 7051 (T, -Ts) 


and hence, using the definition of q, 


3 1 
qq? (9 + ЫХ + h) (9.4 + заха) = 4+ 0(а2)А + т20={(Г, - Гь). 


In view of the definition of h, this concludes the proof of Гетта |12.3.7 
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Lemma 12.3.8. We have 


ім === 1 (a) try? 
; 8 (wp. ("уд (Fix - 27 + EL а)) 
ir x 


-O(ar ?)VVA4(rA) + O(ar-*)VA + O(r *)Vaq + O(r?)q + O(r ?)V4(rA) 
+ O(r“*)V34 + O(r*) A + r?o**(T, - Г,). 


Proof. Recall from Lemma |12.3.6|that we have 


TN 1 
| Op&((9D. A) = OV; (° УА + н (5 irX + жх) (9.4 + ХА) 


+ (H+ H)-VA- jl (D. H)A-- O(ar ?)VA + O(r)A 
tr 1o? (T, Г). 


We will differentiate this identity by (9 V, + 5119,4 - 200 —2i try. To this end, first, 
note that 


+O(ar~?)VA+ O(r?)A+r7105! (Ly - T,) 


- (9 - jx) ((н + H)-VA- H OD. а) 
+0(ат ?)VVA4A + O(ar ?)VA + O(r 3)V4A + O(r"5)A +r 202 (T, - T) 
1 — 
= ( (ova sex) (H+). -VA+(H+H)- v( (vat зх) а) 
-5 (0D. (( 9v. sux) я))4- (92 (е Tat Хх) A 
+O(ar~)VV4A + O(ar)VA + O(r ?)V4A + O(r A + r?09*(T, - T,) 


where we used the fact that, in view of Lemma and the fact that = € r^ !T', in this 
chapter, we have 


1 
[Va VIF = — 5 XVF + O(ar ?)V,F + O(ar™)F c r IT, 07 F. 
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In view of the following consequence of the null structure equation 


lx т DS 
= Оқа тн, 
1 — 
OV aH + grad = ©V,H + КАН + О(а?т*)-+„т?Г, 


-3 HIAK 
= an) ы 00, 
where we used again the fact that E € r~'T, in this chapter, we infer 


3 (try? 
(9 + 5trX -2 T 


— 92i etx) (a + H)-VA-— 5 OD.H)A 


+O(ar7)VA + O(r?)A + 101 (T, - 7) 


= (H+H)-V (С; + зах) а) = (Өт - H) (9 + зх) А 
+O(ar~?)VV4A + O(ar ?)VA + O(r?)V4A + O(r 4) A +r ?o**(T, - Ty). 


Also, since (V4 + $trX)A € r-?90*!T in view of Bianchi, we obtain 


ex 1 
— 21 ery] (u %Н)-УА- | (Op. H)A 


3 (а) тұ? 
(9 + а —2 a 


+O(ar)VA+F O(r?)A + ro (D, - D 


= O(ar ?)VV,A + O(ar ?)VA  O(r ?)V4A + O(r-*)A + r?o** (T,  T,). 


Recalling 


A 1 
; 9D8(9D - A) = (9%; > VA + poa) (5 trX + жх) GZ + ХА) 


+(H+H)-VA- T OD. H)A + O(ar?)VA + O(r?)A 
+r әЗКг,.Г,), 
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and differentiating this identity by © V4 + StrX — 200 — 2i (try, we deduce 


1 3 (try? EN 
> (9v. p ex -2— X 9 ery] D&(OD.- A) 
2 trv 


(a)t 1 
= OV, (( (©, + = —2 ша — 2i ery] (9.4 ;"X4)) 


(a ics 


3 1 
+ E Vat т^ S2 — 2i try, = (94% ХА) 


1 — 3 S 1 
H (Sux + жх) ( (©, + 9 rX —2 x" — 2i ery) (9.4 заха) 
TX 


1 
+ OV, (5 irX + жх) (9.4 + bud 
+ O(ar~?)VV4A + O(ar ?)VA + O(r ?)V4A + O(r )) A + тӘ (Т, - Г,). 
Also, recalling from Lemma [12.3.7] that we have 


3 (try? 
dq? (9 т _ 


1 
— 24 ery] (9.4 + ;"X4) 
= а+О(а?)А+ Po (ls Гь), 


we infer 
1 


4 


(a uos 


3 
С К желш жаш ery] ODS(OD.- A) 


1 3 (а), 1 
= (957; (a) = |9 V4 + —trX — 2 24 = 2i try, ud (9.4 + 31X4) 
q7 2 trx 2 
1 
X 4 


1 — 1 EE 1 
ам | up mx | q+ Ww | a eee | VA OA 
qq? 2 = 2 2 


+ O(ar ?)VV4A + O(ar ?)VA + O(r 3)V4A + O(r )VaA + O(r A 
tr 9**(T, - Ty) 


and hence 
1 3 (try? ый 
-[ Ov, + Stx —2 “* — 2i try | ©DS(OD. A) 
4 2 tr x 
3 @)try2 1 
= [Ov ES 9X —29 r 2:93 (а) гу, d (94% ;"XA) 


1 E. 1 
+ ©ху, Ge: d mx) (9.4 + ;"X4) 


+ O(ar ?)VV4A + O(ar ?)VA + O(r “Уза + O(r ?)q 
+ O(r *)V4A- O(r *)VsA- O(r *)A  r ?o* (D, - Гу). 
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Since we have, in view of the null structure equations, 
©у тх = Or?) +r 8 T,, 
and since 


(OV 4А + ХА = rOVAGGA)-O(r?)A -T, Гь, 


we obtain 


1 3 (try? PE 
-( Ov, 4 Stx —2 “* 2i try | 9D&(OD. A) 
4 2 tr x 


3 (try? 
= [Ov + 5trX -2 =a 


+ O(ar ?)VV4A + O(ar ?)VA + O(r ?)Vaq + О(ғ”%а + O(r 3)V4(rA) 
+ O(r“*)V3A+ O(r IA +r 202(Гь - Ty). 


1 
—9{ (Mery, ov (9.4 ДЕ ;"X4) 


Next, using the null structure equation for (9 Vstr X, i.e. 


A” 


5 


1 ea m rcu 
OW strX + ХХ OD sil DP сс; 
= Or *)t+r ST, +T,- To, 
as well as the commutator formula 


[OVs, ӨУД0 = O(ar ?)VU -O(r 9)U +13: VU +r TU, 


we infer, using again (‘V4 + $trX)A € r-70S'T, in view of Bianchi, 


3 (a)try2 1 
|ov, g X —29 me — 9i (try, eva СА 4 ХА) 


1 1 
= O(ar~?)V СА + ;"X4) + O(r-?) СА + ;"X4) + roS? (T, - Гь). 
Using again 
1 
(OV, A + 5ЫХА = гу. (тА) + O(r)A+T,-Ts, 


this yields 


3 try? 
Oy, + oue —2 = 


= O(ar~*)V(Va(rA)) + O(ar )VA + O(r S)V4(rA) +O A  r 202(Г, - Гь) 


1 
—9{ (Very, ud (9.4 E ;"X4) 
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and hence 


1 3 try? 
1 (% "V, gue —2 PX 
-O(ar^ урун + O(ar~*)VA + O(r *)Vaq + O(r?)a + O(r*)Va(r A) 


+ O(r“)V3A + O(r“)A + r АГ, - Ty). 


— 2i ux) (p&( (9D . A) 


Next, we use again the following commutation formula 

IVA, VIE = -SUXVF + O(ar ?)V4F + O(ar 3)F cr T, oS! p 
twice to obtain 
(Әу, ODADA) = OD&(GD. 9w,A) — гахе \D&(OD- A) 


-4 ODE (trxX ӨР. A) + Oar-?)VV4(rA) + Olar?) VA 


+O(ar~*)Va(rA) + Olar) A + 777057 (T, - T,) 
= “pDe(OD. OV,A) —{гХ 9D&((9D. A) + O(ar~)VVa4(rA) 
+O(ar~*)VA + O(ar ?)V4(rA) + O(ar“*)A +r °T, - Ty). 


We infer 


3 (a - m 
С Va + ЫХ —2— Ж. x" - 2i try) (DS(OD - A) 
TX 


1 (try? "E 
= Op@(OD. Өу,Ау- (зех -2 v - 2х) (-D&( OD - A) 


+0О(ат 3)V V4(rA) + O(ar *)VA + O(ar 3) V4(rA) + O(ar“)A +r 202(Гь - Ty) 


"T" 1 (try? 
= ODS (92 ; (9.4 + (sex Lg ag etx) а)) 
X 


tr 
O(ar 3)VV4(rA) + O(ar )V A + O(ar ?)V4(rA) + Olar) A +r 202(Гь - Ty). 


'This implies 


lia TA 1 a 
1 ODS (55 (94 E X —2 тх? = =) з) 


=O(ar~*)VVa(rA) + O(ar ?)VA + O(r 2. + O(r-?) (т 3)V4(rA) 
+ O(r*)VaA + O(r-*)A + r ?0** (Ts  T,). 


as stated. This concludes the proof of Lemma [12.3.8 
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12.3.4 Estimates for VA 


The following lemma provides the control of V A. 


Lemma 12.3.9. The following estimates hold true, for all p < 2 — ô, 
f rPUVAP x ВДАЈ(т, T) + ry ^ ee. (12.3.8) 
M (71,72) 
Also, we have, for all p € 2 — ô, 


| VA)? < E,[A](r) + | r*?IV3V (rA) + eor aee. (12.3.9) 
x(r) >т) 


Proof. According to the elliptic type estimates of Lemma]|11.4.12|we have for any S C М. 


f (А? ғар) 5 


We deduce, on M(7;,72), 


f r* 1 (IVAP +77 |Al?) sf p?-3|AP? «f r""[DS(D. A) 
мыз) Mn m) Mn m2) (12.3.10) 


а-та. A) + (e) f OVa OVAR. 
S 8 


8 
+ (à 4 e) f r= «у, ©Y,)A]?. 
M (1,72) 


Next, recall (12.3.7) 


1 ODS(GD. А) = ®у; (9.4 + x) + (Jeex + жх) (9.4 " заха) 
а= 1 з 

LH) Vales (0р .Н)А + O(ar ?)VA + O(r?)A 

T т tSt T,- T3), 


which together with 
1 
(OV, A + UXA = гу (тА) + O(r)A+T, : Гь, 


yields 


|9p&(9D-A)| 5 ar?|VA| - r | Vi(Va(rA))| + 777 |Va(rA)| + 77|VaA] + rA] 
tros (Tr, * ГЬ). 
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In view of the definition of the norms B,[A], see Definition |12.3.4| we infer 


|. r""ID8(D-. A) 
M (11,72) 


MAS 


f(a) аР) +] туд? 
M (71,72) M (1,72) 


fo (mea slap) + rmm nor 
M (11,72) M (71,72) 


B,[A] + а? | т-у AP + | т? oS (Ty D)? 
M M 


+ 


MAS 


where we recall 


Blan.) = f 


p" (vaa A)? + IvsVaC А)? + Var)? 
M (71,72) 


+f (PIVAR + VAP + LAP). 
М(т1,тә) 
Also 
f о Трен е (12.3.11) 

М(т1,тә) 

which holds true for p < 2-6. Hence, for all p € 2 — 0, 

| rH D@(D- A)|’ < ВА] + a | ту A|? + aa ee. 
M (71,72) M 


Back to (12.3.10), we deduce, after absorbing the term a? {,,r?~'|VA|? on the left for a 
small enough, for all p € 2 — ó, 


fe var rap) 5 Bld) + dritte 
M (11,72) 
which yields (12.3.8). In the same vein, we derive 


ү r?2(\VAP + тА) 5 EplAl(r) + А тузу а (7А) + дес 
X(r) У(т) 


which yields (12.3.9). This concludes the proof of Lemma 12.3.9 
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12.3.5 Estimates for VV4(rA) 


It remains to estimate the terms involving VV4(rA). This is achieved in the lemma below. 


Lemma 12.3.10. The following estimates hold true in М = M(1,72) for all p < 2 д 


| + UVV4(r A)? < Bold] (т, т») + В„[А|(т\, т) + 27 ? 20а, 
M(t1,72) 


f PIVVAGAJP 5 Ex) + BplAl(r) + | пуз u(r) |? + «фт 2 eee, 
Х(т) Е > 


т) 


Proof. Let us introduce the notation 


1 try? 
Y|A] = Ov,A- (sex ü——— 5i ery] A 


tr x әні 
According to the elliptic type estimates of Lemma |11.4.12| we have for any 5 С М. 


J (wrap - var) < | д-ра. уд) 
S S 
(a? + e) f r-2|( vs, OY )Y[A]}. 
S 
We deduce, on M (71, 72), 
/ [9 (У LAJE? + rY (AJP) 
М(т,т) 


5 / 7?" УТА] + / т |рӘ( YIA)? (12.3.12) 
M(r1,72) M(71,72) 


+ (a? +e) | п (OY, ©ту Y ТАЈ, 
М(т1,тә) 
Next, recall from Lemma [12.3.8] that we have, using also the above definition of Y [A], 
1 ер ЕНИ 
д D8 ( OD. (Y[AD) =O(ar~*)VVa(rA) + O(ar ^) VA + O(r *)Vag + O(r?)a 
+ O(r™°)V4(rA) + O(r“*)V3A + O(r“*)A + т 2022(Г, ы Га): 
which yields 


[v8 pa@- vial 
M (71,72) 


sf (mater + Ved + LAP) + f ет ear 
M (11,72) B E ME 


71,72) 


+a f үр-і (IVVa(rA)P + УА?) + | те огу): 
М(т1,тә) M( 


71,72) 
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In view of the definition of В. [А](т, тә) and В, [9] (71,7), we infer, for p < 2 — ô, 


f "*In&(D-.Y[Ap[ 
М(ті,т) | 
5 Bsla](t1, 72) + B,[Al (ri, 72) 


+? | suu УУД) + IvAP) + | ағарту roe. 
M (11,72 M 


(71,72) 


Together with the control of Г, and Гь, we infer, for p < 2-6, 


| траф уи) 
M (71,72) 


MAS 


Bis) + Élafensr) e | e (Ivana УАР) entre 
M (71,72) 


Pluggin in (12.3.12), we deduce, for p € 2 — ô, 
| r?*? (VY LA]? + т” УАТ?) 
M (11,72) 
Sf, тд" + ТЫРАТЫН 
M (11,72) 
+f т (тад) + var) 
M (11,72) 
+ (а? + ef pP (9V3, (9% JY [A]? + Еее ne, 
M (11,72) 


Noticing that 


ҮА] 


1 (a)gr ү? 

(Ov A (зех Мх о ex) A 
2 tr x 

= r'V4(rA)+ O(ar ?)A - T, Гь, 


we infer, together with the control of Г, and Гь and the definition of B,[A](r1, т), for 
p © a= б, 


f jPHIVVAGA)P € Ву (т, тә) + ВДА, т) 
M (m T2) 


ке | rr (INVIGAT + IAP) ere. 
M (1,72) 
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Absorbing the term VV,4(rA) on the RHS from a small enough, and using the control 
provided by (12.3.8) for the term VA, we infer 


/ + [уу (тА) x Bslaln, 72) + В.А], т) + ery? 29e 
М(т,т) 


as stated. 


In the same vein, we derive 


Ja "(УУ eI ur) S Bl) + А000) + | 72у зу (r А)? 


Х(т) 


+ e?r? dee, 


as stated. This ends the proof of Lemma [12.3.10 


12.3.6 End of the proof of Proposition |12.2.7 


We combine (12.3.8) and the first estimate of Lemma |12.3.10| i.e., for any p € 2 — ô, 
| P INAP S Blair, n) + фт "=, 
M (m тә) 


/ г уу, (74) S Bsla](t1, 72) + Bp[A](t1, 72) + єртү ^ es 
M(11,72) 


with those of Proposition |12.3.5| i.e. 


BkFE|A](m,m) € Bslv](m,) + Epl A] (T) 


Hte | пеар) + VAP) + dirt. 
M (71,72) 


This yields, recalling the definition of the norms BEF,|A] in Definition 12.2.1| and after 
absorbing the terms proportional to a on the left, for all p € 2 — 0, 


BEF,|A](n,72) 5 Bs|v](m, 72) + Epl A] (m1) + ery? ee 


which is (12.2.5) in the case s = 0. 
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Next, notice that 


Jr (Pare Ivan) 
У(т) 


MAS 


| prt (Iv. vC AJ + IVgV4(rA)P ge х2. узу а(РА)) 
У(т) 
5 L г-у МУ a(r A)|? + Е,[4)(7). 

У(т) 


Since we have, in view of the definition of V and q, 
VaValrA) = Va(r7' + O(ar )A - rre- Г) 
= r?Va(r¥) – 5% + O(ar~?)Va(rA) + O(ar ?)A + 051 (T, - Ty) 
= O(r*)q+ Or") Уа (тА) + O(ar ?)A + ә (Гь T), 


we infer, for p < 1 — ô, 
| r'IVV4(rA)J? < E,[q](7) fap 2 Pate 
Х(т) 2 


Together with (12.3.9) and the second estimate of Lemma |12.3.10| i.e., for any p < 2-6, 


І re VA? 5 ЕДА(т)- | г? [узу (тА)? + ал 
У(т) У(т) 


| пуч (64) x Eslal(r) + ВАР) + f P27 V(r A)|? + 72-28, 
X(T) Е Х(т) 


and together with (12.2.5) derived above, this yields, for any p < 1 — ô, 


sup | үРр-2 (тулу (4) + r7|VVa(rA)|? + IVa Va(rA)?? + VAI?) 
Х(т) 


те|т1,72) 


< EB Y(n, T) + ЕДА(т)- Ory? Me, 


which is (12.2.6) in the case s = 0. 


It remains to recover (12.2.5) and (12.2.6) for 1 € s € kr. To this end, we proceed as 
follows: 


1. We argue by iteration assuming that (12.2.5) and (12.2.6) hold for some 0 € s < 
ky — 1. It it true for s = 0 by the above, and our goal is to prove that (12.2.5) and 


(12.2.6) hold with s replaced by s + 1. 
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2. We commute the system of transport equations (12.3.5), i.e. 


4 
1 
(Oy САТ) = git roS (T, Й 155 GAVA (: а) = RU | cy “Ты 
ДЫ Lr, q. (OD. eu ы (OV. In view of the commutation formulas of Lemma 


9.2.1] and Lemma [4.2.2] we have, for U € ss, 


[9V,4£4]U = [Va £4]U — 4w, LeU = rE p, 9]U + r7 TVU 
pO (Tet), 


and 


(99,4 ODJU = 4|9У,,4 9210 + e40) OD -U 


1 2 
= т, ) OD-U+qGH- OVW +T,- 0007 


= Oar) ?V4U 4 T, - oS!U. 


This yields the commuted systems 


OV (#т(тФ)) = „614 АРКО С), 


1 
OV, (2 (£4) a Ark + ro? (T, - To), 


-(ғ%)) = Peat ro T T), 


D 
e dcm d - lg <р. 
Vi(GOD- (SA) ) = —p'W 47050, Гу), 


and 


< 
A 
ж 
ә 
5 
ы. 
< 
w 
жт-з 
3 
е 
Sasat 
NS 
| 


Xrea í aT (2s a) F OnXredea(? ) (9V (rY) 
+0 ((a+ ©) )Xrea OV (TW) + O(r™?)Xrea¥, 


4 4 
OV, ( 76 (£4)) =  Xred (9V, ( V + Or Nredeal?) OV, (£4) 


r37 
4 
+0 (a + е)” D)xvea (Oy (54) F O(r^?)x.«4A. 


зін 


3. Using the iteration assumption for these commuted systems, and using the original 
system to recover the V4 derivative, we infer that (12.2.5) and (12.2.6) hold for s 
derivatives with A replaced with (Ёт, q D-, V4, Xrea Әз) А. Together with: 
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(а) the link between Ёт and Ут of Lemma [9.2.1] 
(b) the Hodge elliptic estimates of Proposition [9.3.2] 
(c) the fact that (Ут, "Уд, ў, Xrea ? V3) span 9, 


and using the iteration assumption to absorb lower order terms in differentiability, 
we infer that (12.2.5) and (12.2.6) hold for s derivatives with A replaced with dS! A. 
In particular, (12.2.5) and hold with s replaced by s+1. Thus, by iteration, 
(12.2.5) and (12.2.6) hold for all s such that 0 < s < kz. This end the proof of 


Proposition |12.2.7 


12.4 Proof of Theorem M2 


In this section, we prove Theorem M2 of [53] by relying on Theorem |12.2.4 


12.4.1 Statement of Theorem M2 


In this section |12.4.1| we restate Theorem M2 on the decay of the flux of a on X,. Note 
that the global frame used for the proof of Theorem M2 is constructed in section 3.6 of 
and satisfies in particular the assumptions of section [12.1] 


Definition of the r-foliation of X, 


We consider the foliation on X, induced by the scalar function r. 


Definition 12.4.1 (r-foliation of X). The foliation on У, induced by the scalar function 
r is such that: 


1. The function т foliates У, by spheres Sy, (т). 


2. We have т = т(т) on X, i.e. the restriction to У, of T is a function ofr. 


3. We consider a null pair (et unt) and and orthonormal basis е)», a = 1,2, of the 


tangent space to Sy, (т) such that (eX" ,e1*,e1*,e5*) forms a null frame on Dz. 


12.4. 
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. We denote by v the unique vectorfield tangent to У, and normal to Sy, (т) such that 


и is given on У, by 
We p (12.4.1) 


for some scalar function b™*. 


У, У, 


. The Ricci coefficients associated with the null frame (ез, ех", er", ey") satisfy the 


following transversality condition] 


& = 0), we = 0, п" = С", on Жо (12.4.2) 


. We introduce the following linearized Ricci and curvature components associated to 


the null frame (ее, ех", ef", e): 

— 2 = 2 

tr x> = rx —-—, т = try + че 

r = = r 
~ = 2m 
we = Ш" P 1 р" + —. 
r r 
We also linearize the scalar function b** appearing in (12.4.1) and v(r) as follows 
2m тере 


be =D 4 1 + v(r) :- v(r) + 2. 


? 
r 


. We group the above linearized quantities as follows 


x 7-5. DX. 25. Da 2X. py, ole у X x У 5 У 
2724ж ж ж ж "esr Ж 1 Ix P2 ж.ж 
eg PU SU 56 SX Sy uc T pa tr rø йы 


» SX 25, £X. QE Xu elie, qd. 3 
үка oe hag ro, р vin. 


Remark 12.4.2. Definition 12.4.1| is compatible with the definition of the r-foliation on 
the last slice У, in [53], see for example section 5.1 in [53]. 


Assumptions on the r-foliation of X, 


We will need the following assumptions on the r-foliation of X: 


e The function r satisfies along X, the following lower bound 


minr > ут бае, (12.4.3) 


ж 


4Note that, in view of these transversality conditions, all Ricci coefficients associated to the null frame 


( > 


ж „Ук Q4M. QM. 
e3*, 64,61, 65") are defined on X,. 
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e Г апа p verify the following estimates оп X,, for 0 € k < kr, 


\ ане + guit) oT + rult9 [o^ DT | © e. (12.4.4) 
e The functions т and т satisfy the following estimate on У, 
1 
Ir-3|$-,  V^(r-8, Хы}, (12.4.5) 
T. 


where that last two identities follow from the fact that V> is tangent to 55, (7) and 
the fact that т is a function of r on У,. 


Remark 12.4.3. The assumptions above on the r-foliation are compatible with the ones 
on the last slice У, in [58], see (3.4.5) in [53] for (12.4.3) and section 5.1.4 in for 
(12.4.4) and (12.4.5). 


Comparison of the global frame of М with the r-foliation of У, 


We assume that the global frame of M and the null frame (езе, еу, ез, еу") adapted to 
the r-foliation of X, are related on У, by the following formulas 


1 
ЕА G + Рев" + ice | 
вте UE 1 ШЕ 52 
еа — бо + СІ е,” + SL + 274 + ail Í, еҙ”, a= 1, 2, (12.4.6) 
es ((v 25 £8 PVP) e (f th) pe 
ан de em ‚де AE туз 
for some scalar А and some 1-forms (f, f), see (3.2.4) in [53]. 


To compare the global from of М with the null frame (е), e1*, е" ey") adapted to the 
r-foliation of У,, we assume that (f, Í, A) appearing in (12.4.6) satisfies on X, 


mÓ 


1 


1 
[o^ f| 5 T3 [o^ f| S T 
r = T T 


see (3.2.5) and (3.2.6) in [53]. 
Statement of Theorem M2 


We are now ready to restate Theorem M2 of [53], see also Theorem in the Introduc- 


tion. 
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Theorem 12.4.4 (Theorem M2 in [53]). Assume that the global frame of M satisfies the 


assumptions of section Assume in addition that the assumptions (12.4.3) -(12.4.5) 
and (12.4.7) hold on У,. Finally, assume that the control of the flux of q provided by 


Theorem M1 holds, 1.e. 
| | Дер < are, (12.4.8) 
de (>т 


Then, a satisfies the following estimate on >,, for all 1 < T € т, and k € ky —7, 


f Da]? < eQr 2 dec, 
У, (>т) 


To prove Theorem M2, restated here as Theorem |12.4.4| one starts with Theorem [12.2.4 
from which, using the structure of the error term Ng, in (12.1.9), one can only derive 
estimates of the form (see (12.4.10) below) for ô < p € 1 — ô, 


БЕК), А(т,т) S Еш, Ат) + єртү enm. 


These estimates can be improved by replacing (v, A) with their 2 т derivatives. This fact 
is crucial in the proof of Theorem M2. We proceed as follows: 


1. In section |12.4.2| we obtain decay estimates for £4a on M by relying on Theorem 


2. In section |12.4.3| we deduce from the decay estimates of 2 2,0 on M of section|12.4.2 


a decay estimates for the flux of аа on X. 

З. In section |12.4.4| we derive an identity on У, involving д and a. 

4. Finally, in section |12.4.5| we rely on the control of £4a on X, and the control 
of q provided by Theorem M1, which together with the above mentioned identity 


involving о and д yields an elliptic equation for a along У,. We then rely on this 
elliptic equation for a along X, to prove Theorem M2. 


12.4.2 Decay estimate for 224 


The goal of this section is to prove the following improved decay estimate for 2.4. 


574 CHAPTER 12. DECAY ESTIMATES FOR A 


Proposition 12.4.5. The following decay estimate holds for £4,A, for s < ky, — 9, 


5 ЕТА) (1, nj < imo tue 


a) 


Furthermore, there exists a sequence of times T? such that, for s < ky, — 9, 


BERAG) 5 eO), т>. 


We will rely on the following lemma. 
Lemma 12.4.6. We have for all ó € p € 1— 6 and s € Ку, 


ó 
-1- 3 Saect РЕ 


М, Ўв т) 5 en (ВЕ (т, т)“. (249) 


Proof. Recall that Nev = т?д©°(Ть. (A, B)), see (12.1.9). In the particular case s = 0, 
we use as in the proof of Lemma |12.2.6| see section |12.2.4| for ó < p € 2— 6, 


Л, М(т,т) < (Вав, т)“ (/ IN |] с2а (т) + (/. зір) ) Я 


Tl 


In view of Np, = т?р®? (ГЬ - (A, B we immediately have, using (12.1.1), 


T2 
М||тә(у (у < etp 2 3 dee < Q2, 72-302... 
( trap( )) a] 1 ~ 6011 


Tl 


Also, we have, ford < p < 1 — ô, 


рР+1| |2 < 2 put e 2 
T IN] ~N € 2+25dec |o= (A, B)| 
M (71,72) M (11,72) T 
e 1 yes «2 2 
=. Se = A B). 
7it acc dax T ) 


Next, interpolating between (12.1.1) and (12.1.2) to control (А, В), we infer, for ô < p < 
1-6, 


joe — _Р+6__ 
f үр ||? g | үріз ( 1 ) 1+28dec ( 1 ) 1--25дес 
1--26 671426 7+26, 
М(ті 72) ТІ dec М(ті 72) T тет +20даес r +20dec 


e (/ ат ) (/ dr ) 
ПЕЕ pe Fhe Aare 
pm plt d +2ddec—(p+d) 


MAS 


MAS 
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and hence, for ô < p < 1— ô, 


ЕЖ ЛЕГІН. 
/ үр м)? z Өт аес-(р-- й 
М\(т\ тә) 


In view of the above, we deduce, for ô € p € 1 — ô, 


1 
pté 
-1-36 lect P3 


Nol, Neel (1 Тә) < 6071 ( BEF (ті, т) E 


which proves (12.4.9) in the particular case s = 0. The general case can be shown in the 
same manner which concludes the proof of Lemma [12.4.6 


Proof of Proposition We proceed in steps as follows. 
Step 1. We derive the estimate for s < kz, 

BEF? ih, А](т, 72) € Еф, А](т\) + Bry 9»,  б<р<1—6б. (124.10) 
This is an immediate consequence of Theorem |12.2.4 and Lemma |12.4.6 


Step 2. Next, applying the standard mean value procedure, see for instance the statement 
and proof of Theorem 5.21 in [50], we infer from (12.4.10), for s € kr — 1, 


BEF SW, A) (n, 7.) S єт. (12.4.11) 


a) 


MAS 


Step 3. Next, note that we һауФ| 
| (алас +173 5[gsetlg/?) 
MT T) 
Ве ті, 7.) 


/ r 1 rosg]? 
Mn T) 


which together with (12.4.11) implies, for s < kz — 2, 


MAS 


| | то°дј? < gm 
M (nm т») 


In view of the definition of Б rw], see section 6.1.5} we infer for s € kr, — 3 and for all 


ВИ ты) S gmt”. (12.4.12) 


a 


5Note that the Bs norms are stronger than the Morr norms, see definition of both in section 
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Step 4. Next, we commute the wave equation (12.1.5) for y and the system of transport 
equations (12.3.5) with £4 and obtain 
4a cos 0 


n — VoL ry = ETE *Ут ту + Мат 


апа 
q ТИ 
Va(r£ TV) = 79 + Isa Va (Sena) = ттр + Колу, 


where 


Nig = LN + (0, Lely, 
Figs = o [Va(r) £r] + тә (T, Гь), 


Fog. = ІДЕ г), fix] A Or ?y/T(r)V + ro*?(T, -T;). 


Now, in view of Corollary 4.3.4, Lemma and the above definition of Ng, and Ёш, 


we have 


Ng, = rN RO(T,-0U) +Гь: x 
LrN 4 oS (T, Ф) +r М 
rd? (T ГЬ), 

roS? (T; - Ty). 


ШУЛ 


Pigs 


The above system for (wv, £r A) has error terms of the same type as before, so that 
the estimates established for (v, A) hold for (£ rY, rA) as well. In particular, we have 
the following analog of (12.2.2) (12.2.2) for s < Е, — 1 and for all ô < p < 2 — ô, 


BEF Ery, ЁтА|(т\,т) & ЕҢЕту,ГтА(т)- МҮ rY, Em NE (nis T) 
pelr ee, (12.4.13) 


and the following analog of (12.2.5) for s < kz — 1 and for all 6 < p € 2 — ô, 
BETALT T) 5 Bryll, 72) + ESETA) + rp? ^". (12.4.14) 
Step 5. Next, we deduce from (12.4.12) and (12.4.14), for s < kr, — 3 and for all 


В| тА|(т.т) 5 EETA) + өфт 17%. 


12.4. PROOF OF THEOREM M2 577 


Now, in view of the Definition |12.2.1] of the norms ВА] and ЕЙ A], we have for all 
0<р<2—6 


| БМА) 5 Bruna n) 
and hence, for s < kr, — 3, 


| Beza) 5 Bil£zAl т) 5 EilecA n) + on™, 


Tl 


Together with (12.4.11), we infer, for s < kz — 3 and for alld € p € 1 4 6, 


Thus, since 


/ ? EEren) 5 BHT, n), 


TE 


we deduce, in view of (12.4.12), for s < kz — 4 and for alld < p < 1 — 6, 
T2 
] Berbera 5 dn 


We infer the existence of a sequence of times т?) such that, for s < kr — 4, 


Е? Ето, rAr”) < ed(r 126 rË) „„ 97. (12.4.15) 


Step 6. Next, arguing as in Step 1, using the structure of {тўр and Lemma |12.4.6|to 
deduce, for ô < p < 1— à and s € ky, — 1, 


T 


6 
ке З басс РЕ 


Мт, т етті) 5 em (BAR; [5)(r1,72)) °. 
Together with (12.4.13) and the estimate (12.4.10) for ВЕ 0 (т, 2), we deduce, for 


s < kz — 1 and for all д < p < 1 — 6, 
BEF: |£ тё, £y A]( 72) 5 Вто, Ёт.А|(т\) + еті eD, (12.4.16) 


We then apply again the standard mean value procedure starting with (12.4.16) and 
making use of (12.4.15). We thus infer, for s € kr, — 5, 


BEF; |£ rY, Lr A](7 т) 5 grt. (12.4.17) 


Step 7. We now run the procedure of Step З to Step 6 again, with (£ rY, тА) replaced 
by (Law, тА). More precisely: 
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1. Starting from (12.4.17), as analogous to (12.4.11), and proceeding as in Step 3, we 
obtain, for s < kr, — 7 and for all ó < p € 2 — ô, 


Вт) Sere. 


е 


2. Next, commuting the system for (£ rY, £ yo) with another £r, and proceeding as 


in Step 4, we obtain the analog of (12.4.13) and (12.4.14) for (Lay, та), i.e. for 


s < ky, — 2 and for all 6 € p € 2 — б, we have 


BEF; 3), £A). 79). 5 Ej Ub LTA) NS UE. EN (ns 72) 


2 —2—9óq 
“6071 m 


and 
BERANT T) S Вт ть) ЕД Ат) фт ^ 


3. Next, proceeding as in Step 5, we obtain the analog of (12.4.15), i.e. we infer the 
existence of a sequence of times то ) such that, for s < kr, — 8, 


Et Ei iA Xo qe) of ug. 


4. Next, proceeding as in Step 6, we obtain the analog of (12.4.17), for s € kr, — 9, 
BEF; ER, REAM ri, т.) S ri = + фт Ie a diet 
where: 


e the first term in the RHS comes from the contribution of all nonlinear terms 
except £4.Npry, ie. the terms of type dS* (T, - T), 


e the second term in the RHS comes from the contribution of Ll NER. 


e the last term comes from the mean value argument. 
Choosing б > 0 such that 20 < дисс, we infer, for s € kr, — 9 and дас small enough, 


BEF L V, LTAT, Te) Son. 


Step 8. Recall that we have obtained in Step 7, for all ó < p < 2 — 6, 
ВТА, T) 5 Вт тә) ЕД Ат) + фт A. 


Together with the final estimate of Step 7 for 4), this yields, for all д € p € 2 — д and 
5 < kr = 9, 


ВА АА (т,т) 5 ЕА] (т) + dn? m, (12.4.18) 
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As in Step 5, we use the fact that we have for alld < p < 2 — ô 
T2 
] sua 5 BLA. n. 


Together with the final estimate of Step 7 for ВЕР £2. А|(т\, Ta), we infer the existence 
of a sequence of times т such that, for s € kr, — 9, 


ЛЕТА) S єт) * =, nhu. 
Plugging in (12.4.18), we infer, for all s € kr, — 9, 
ta Ат 5 dn. (12.4.19) 
Running again the same argument, we deduce the existence of a sequence of times то ) 
such that, for s < kr, — 9, 
ЕА) 5 9097) ee, шыш. 
Plugging in (12.4.18), we finally obtain, for all s € kr, — 9, 


Be S T Aun) < aa hue 


as stated. This concludes the proof of Proposition |12.4.5 


12.4.3 Decay of the flux on X. of £2,A 


The goal of this section is to prove the following decay estimate for the flux on X, of £2.A. 
Proposition 12.4.7. The following decay estimate holds for £2.A, for s < kr — 10, 
FRUTA) 5 er, (12.4.20) 


where ЕЎ denotes the flux on Xx. 


To prove Proposition |12.4.7| we first derive the following extension of Lemma |12.3.1 


Lemma 12.4.8. Suppose Ф, Ф, € s;(C) with signature s < —1 satisfy the differential 
relation 


OV,9, = Ф, 
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Then, we have 


frere o cer 

У(тә) AU. (71,72) 

J ey « f ces f r ^e (12.4.21) 
M(n r2) ха) MG ra) 


n / rr lla]. 
M (11,72) 


Proof. Recall from the proof of Lemma |12.3.1|that we have 


Гіу(|4 Фед) = 249 PRP: Ф) + prA|g|" |1)? — 225 + 1) Ф: 
tla Taa. 


We choose p — 0 which yields 
Div(|g| ^|dil'e4) = 2|g| ?^R($5 - Фу) — 2(2s + 1)w|g| ?|&i1P  |g| TE]. 
Since —w = 3 +T; and s € —1, we deduce 


Div(|a| 7|9:|*e4) 2|g| ^R(92 - B1) + fal Tl]? 


< 
< |Ф2--411492-14177,Ф,|2. 


We now apply the divergence theorem as in the proof of Lemma |12.3.1|to obtain (12.4.21). 
This concludes the proof of Lemma (12.4.6 


We have the following higher derivatives version of Lemma [12.4.8 


Corollary 12.4.9. Suppose Фу, Ф» € $2(C) with signature s < —1 satisfy the differential 
relation 


(уф = Ф,, (12.4.22) 


Then, for any O < s < kz, we have 


fortes rep 

Х(то) AU. (71,72) 

sf roa / r *|o°@,/? (12.4.23) 
М(ті,т2) Х(ті) 


+f rosg]? +f т?|0®*°(Г„. 6,)|[o*o,]. 
M (1,72) M (71,72) 
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Proof. The case s = 0 holds true by Lemma |12.4.8| We then argue by iteration on s, and 
pass from s to s + 1 by following the procedure outlined at the end of section 12.3.6 


We are now ready to prove Proposition |12.4.7 


Proof of Proposition Recall the second equation of (12.3.5), i.e. 
4 
1 
OV, (54) = -Y +T, Гь, 
r r 


where W is given by 


4 XP? 
Eso (9v. + 20x - M) A. 


= p? TX 
We commute this equation with 2. A and obtain, as in the end of section |12.3.6| 


4 
1 
оу, un = LR + оГ, Г). 


E 
We apply Corollary |12.4.9| to this transport equation, i.e. we choose 
Ф. = ТИ 24 1 2 <2 
1- „з T4. Фә = Ark + тд (Г, . ГЬ). 


We infer, for 0 < s < kr — 2 


| rp £AAP + f о", 
X(r2) 


AUX. (1,72) 


sf, cene [ocean 
М(ті,2) Х(ті) 
t І r^p RAD + | (г, - Гь)||0°ГЬ]. 
M (1,72) M(11,72) 
Using the definition of V, we infer 


| rp 2A]? + | о", 
X(r2) 


AU. (71,72) 


< f ТИАН ОНЫН | ro ЗАР 
M (11,72) 


У(т) 


t faama РВА LL 
M (71,72) M (71,72) 
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In view of the control of Г, and Гь, as well as the definition of В 23.А|(т,т») and 
ЕЗЕЗ.А(т), we deduce 


[wears] өз АР 
У(тә) AUE, (71,72) 
< BEZAT, 72) + ESELA] (1) + er? e, 


Finally, recall from Proposition |12.4.5| that we have, for s € ky, — 9, 
Вз ИЗА) $ en ^. 
and that there exists a sequence of times т) such that, for s < kz — 9, 


ERAGO) X dO) A, r9 a, 


Plugging іп the above, we deduce, for s < ky — 9, 
| AA Sdn 
АШУ, (1,T«) 


In particular, we infer The following decay estimate holds for £2.A, for s < kr, — 10, 


FS, ГА 2 А] (7; ju) < er? dee 


as stated. This concludes the proof of Proposition |12.4.7 


12.4.4 Ап identity on X, involving q and a 


Recall from Definition that the quantity q is given by 


4-44 (Әм; (УзА + С (УзА + ОА), 


(a) x? 
Cy = 2tr x – 2 & 4% ry, 
1 3 @try4 (a)try3 
Co = -tr x? — 4 try? +> А i | —2tr x try +4 x А 
> = ^ (2 rx 2 = trx 


We first derive the following identities involving q which are the analog of the ones of 
section 2.3.4 in |50]. 
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Proposition 12.4.10. We have 


1 nS (OND Y 
gs 57 ODB ODP —6mX EDS T, + r?90* (T, - Г,), (12.4.24) 


1 ~ = 
V3(rq) = ep ODR 9p OD . B +бтгА + 09T, + r0? (D, - T,X12.4.25) 
and 


1 P E 
(V3(r?9V3(rq)) = ~ ODZ (9p (9p . OD. A+ 6mr? V&A + т?д©*Г„ 
Hr?o*9(T, - T,). (12.4.26) 


Proof. We start with the proof of (12.4.24). Note that C, and С» satisfy 


4 
Ci = a -+ O(r ?) -+ ls 
2 
Оо = = + O(r) +r T, 
r 
so that 


а = gf (OV; УзА + C, OV3A + CoA) 
г Ov, OVA — 473 (OV, A + 27A + O(r?) OV; Ov. A 
«(069 +т“г,) ®узА + (0t) + т°г,)А. 


Since А € r-1T,, and since (0V4A € r-?0S'T, and (9V2A є r?99?T, by Bianchi, we 
infer 


q = OV; OV,A — Ar? OVA + 2r? A + oT. 
Next, we have in view of the Bianchi identity for (УзА of Proposition [2.4.14 


" 1 E EM 
(vA = -ODB -— j;uXA + 2H@B — 3PX 


Nl =e мн 


AE " 
ODSB+—-A+O(r-*)(A, В) + 2x +r T, 
r r 
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and hence 


і бт c 
q = OV: (5 OD&B -- A O(r-?)(A B) + — X + ж) 
T T 


РИ. " 
—4r? (5 ©рёв + LA 0(772)(А, B) + ZR + x 212A + оГ, 
T 7 


1 P ons S a 
= А Әу; (D@B + т? OVA +r°A + 6mr OVX — 28 (DS B — 4r?A 


2r? A + оГ, + r?9* (Ty - T) 
1 =~ S ~ 

= gM OVs DGB +r? OV3A + 6mr OV3X — 2? ODB — WA E oT, 
+r (T, Tj). 


Using again the Bianchi identity for (2%, A, as well as the following consequence of the 
null structure equation for VX of Proposition |2.4.13} 


zc 12 
49 -- --Х + r^ 
T 
we infer 
m Ov Ones 3(1 (T5. 1 -2 бт s -4 
ыл. Уз YDB +r 7 РӘВ+-А+0(т ХА, В) += +r Г, 
1 ae ^ч 
+6mr (-% + rem, — 2r? OD B — тА + oT, + r?oS (T, - Ty) 
1 P 3 2 EN 
= 2 OV, ODB – ~ ODOB — 6mX + оГ, + r?oS (T -T,). 


Together with the following commutator identity, see Lemma |4.2.2) 


< 1 = < E 
[OVs, 928ІВ = -uX(?D8B-2HGB)-« H УВ + rT, : 07! B 


1 A 
- OO D&B + rT, 4 r 20S (Ty T,) 
F 
where we used in particular the fact that H € Г, and OV3B € r-?05!T,. We deduce 


а = 5т* 9D8OV,B- [OVa €DS]B – 27? OD@B — 6mX + оГ, 
tr? (T,  T,) 


1 = Ре a 
= SE ODE (IVB – т? OÓD&B — 6mX + оГ, + rS! (T,  T,). 
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In view of the following consequence of the Bianchi identity for V3B 


— 
Әу;В = ODpP-3PH--B-r T, +r T-T, 
T 


= 2 
= OpP.--B-rOW«ST, rV, 
T 


we infer 
1 ^ = 2 © X 
а = 928 (Ээр + zB) — 1* OD&B — 6mX + оГ, + r0“! (Py Г) 
T 
1 5 (9E 5 
= gr. ODS ODP — 6mX + оГ, + r?o* (Ts Tj) 


which concludes the proof of (12.4.24). 
Next, we prove (12.4.25). First, we multiply by т and differentiate (12.4.24) w.r.t. V3 


and obtain, using V3I', = rS, 


1 ps = 5 PS E72 p 
(w.(rq) = il OV, ODS ODP + әт ex(r) ODS ODP — 6mr 9 V4X + оГ, 


+r°o=?(Ty  T,) 
- и ODS ODOV3P + oP ln Ve ODS OD|P — 2 ODS ODP 
—6mr (v.X + OST, + г302° (T, da 


Now, we have, in view of the commutator identities for [ (V3, (9 DG] and [(9 V5, DI], 


see Lemma 4.2.2] 
[ ©з, ODS IB 
= [©V;, ODR] ODP + ODS OV; ODP 
1 4: E FS = FS E 2 
= = (D8 ODP + НӘ GB) + H& 9 v4 ODP +r T, -0S ODP 


E 1 AE P E EC 
+ OD® (- әшХ ODP + H& 9V4P + rT. sep) 


2 x Ba 
= ODE ODP +r oT, + r %5Г,-Г;) 
s 


where we used in particular the fact that (OV4P ев r-?0*!T, in view of Bianchi. We 
deduce 


1 ж = 53 A E Ж. 
(OW (rq) = i ODR OD (~: P — А ODS ODP — бт CX 49ST; 
+г?о2(Гь -T,). 
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Next, using the following consequence of Bianchi and the null structure equations 


> 1— D 
9V, P = = T TAr 
(у. 


—A +r ST, +r- Г, 


we infer 


OV3(rq) = ~ ODR en(-3 OD-B+ -P soy 8, +r. A» - ” ODS ODP 


—бтг( — A +r ST, +I- hj OST, + т505%(Г. Г) 


1 Ж = 
== 69 Б +бттА + 0 tro . 
1 5 OD OD OD B 6 A Sr, 3 520г, 1) 


which concludes the proof of (12.4.25). 
Finally, we prove (12.4.26). First, we multiply by т? and differentiate (12.4.25) w.r.t. 


(OW. and obtain 


1 Ра _ 
=" (Ow. ODS Өт 9p . B + 6mr? V3A + r?o^T, 


м шт) 


(0% 3 (12 (9% з (rq)) 


Е -iy ODS OD OD. OVB — IOV, OD ODODJB 
+6mr?V3A + r?oS^T, + rds? (T, Е D. 


Now, we have, in view of the commutator identities for [0 V4, 926), | 09 V5, ӨТ) and 
| € V3, (97), see Lemma 4.2.2) 

[ 9 v, ODS OD 9D.]B 

| Vs, ODS] ODOD.B+ ODS NI OD] OD.B+ ODR OD Ov, ODJB 
r-59S9T, + r9 (T, T). 


We deduce 


1 n — 
(Ov (т? (OW a(rq)) = E (Og Өт Өт. OV3B + 6mrV3A 
+т20&Гь + r'o? (T, - T,). 


Next, using the following consequence of Bianchi 


Ta 
OV3B = cops rT, E Ty Гү, 
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we infer 
1 2. = 
(Ov 3(r? (OV s(rq)) = ~ (O-pg OD 9p. OD. A 6mr*V4A 
+т20*Гь + 9S (T, - Г,) 


which concludes the proof of (12.4.26), and hence of Proposition |12.4.10 


Proposition |12.4.10| implies the following corollary. 
Corollary 12.4.11. We have 


1 
3mVsa t r* BPP, Pa = 3" R (OV (г? (OV s(rq))) qr 95 * Dy 


+г°0®З(Г„. T,). (12.4.27) 


Proof. Recall 
Hve Ory = ar" (әрә 9p O9 . OD. F+ 6mrV3A 
+r7o"T, + ro (T, -T,). 
Taking the real part, we infer 
R(OV3(r? OV 3(rq))) = arn ( DS ODOD. G.A) + бту за 
+г2оГь + r9059(T Tg). 


Now, we have 


© 
5 
ы 


= OD. (2diva — i2 *(diva)) 
= Adivdiva — 4icurl diva, 
and, for two scalar functions (f, *f), 
(Әр Df —i Р) = 2VGR(OD(f —i*f)) 
= 2VEVf+2V8 *V(*f) 
and hence, using the definition of the Hodge operators 7, P, Py and Т) see section 


2.1.3, we infer 
&( ODE ODOD. OD. A) = gV Vdova ШУО Verldeva 


= iG ?Д — Vdiv diva + *Veurl div a) 
= 16 Ds Di (div div a, curl div a) 


= 1672212 div a 
= 16722/?А Pra. 
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This yields 


R(OVa(r? OVa(rq))) 


2r" PPP Pra + 6mr?V3o + rd T, + r?059(T, - Г.) 


and finally 


1 
ЗтУза + 7* PPP, Pa = 3" *( (уз (т? OVs(rq))) +r OT, +r (T, - Ty) 


as stated. This concludes the proof of Corollary [12.4.11 


The following corollary of Corollary 12.4.1115 the goal of this section. 


Corollary 12.4.12. We have on У, 
ri ques pe e» D jo = oOV Lha + О(1)ә517;274 + т 1049г 
HSH (T, . Tg). (12.4.28) 
Proof. In view of Corollary [12.4.11 and since q € то©?Г„ and V3q € 959Г,, we have 


ri PPP Pra = —3mV3a | O(1)0?!V;q | r los T, | ro (Fs « T5). 


Differentiating this identity with respect to т, using the fact that T(r) € rl), and using 
the commutation formula [£-7,0|U = О(ГТЫС/), see Lemma 9.2.1| we infer 


т^ P PiP Toto = -ЗтУа Жа + О(1)ә517;274 + rosy, + r?9 S93 (Ty * lah 


Next, in view of the comparison provided by (12.4.6) and (12.4.7) between the global 


frame of М and the null frame (еу, е)", ез, е) adapted to the r-foliation of X,, we 


have 
ra DDD, Plia ri pes те» т» D> та + OL PVs та + O(r o то 
4 ps que Ty т» pa i O(1)09 V4£o + "ет, 


where P>, ФР», J4** and W> denote the Hodge operators tangent to the spheres 


S> (r) of the r-foliation of X,. In view of the above, we infer 


OD PD а = O0) vito О()о Уза + тог 
+r’ (T, - Ty) 


as stated. This concludes the proof of Corollary |12.4.12 
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12.4.5 End of the proof of Theorem M2 


We are now ready to prove Theorem M2. We proceed in several steps. 


Step 1. Recall from Corollary |12.4.12| that we have 


р BD Р” а = O0)? vitia O(1)0* Vita +r ST, 
+т°0®® 7 (T, - Ty). 


We take the L?(S**(r)) norm of this identity which yields 
r^ BP DP P™ Р" а | ове (в) 
5 |о5%У; allz2(92 ey + l VETA oy +r 95 Toll rs) 
+7202 (Ts - Ty) (арр 
Next, note the identity 
рг р: = Wa. 2к(8®) 
= p> p> +5 2 үгіт, 
which yields 
[^ p> те: р BU = r p> p> (r? ту» Ta 2) U+ ro (T.U) 


and hence 


жы “ж xs bem 
ТЕТЕ 
< |в5357 Lhal) + о ош. + пг, ||, (79) 
+17 ГЕЛІ (sse (ә): 


Thanks to Hodge estimates relying on Proposition 2.1.35| r? > ТУУ» is an elliptic co- 
ercive operator and we infer, for j < 2, 


(еу) а), өсі) 
5 |о5%У; pall 22 (ry) + |051У3634|1(ө5- oy +r 95 Toll rs) 
е |ә59 Ce- T) || rates y 
Now, in view of the comparison provided by and between the global 


frame of M and the null frame (еу, еу", е", еу) adapted to the r-foliation of X,, we 
have, for j < 2, 


| ф“ 2а). gE (p 5 | (та 2") z Tall zz S9«(r * |o $9 vs 43. о |206 (r)) 
(S= (r)) ) 


“ғә ^ Tub эв». (y. 
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We deduce, for j < 2, 


<4 pj 
ІШ та) rze 
S оз о], + |055У3 34 | аязы" [OAT | se) 
HB A (Ly - T) (өзе (еу), 


Step 2. Next, we square the final identity of Step 1 and integrate it in т which implies, 
for j < 2, 


f (ар sj lo Viol? + f oS v, а? 
X.(27T) X.(27T) X.(27T) 
[ssepe [o rpm Toe 
У, (>т) У, (>т) 


Together with the bootstrap assumptions оп Г, and Гь, the dominant condition (12.4.3) 
for r on X,, and the control (12.4.8) for q provided by Theorem M1, we infer, for j < 2, 


f ар < f lo Vial? + er 
У. (>т) У, (>т) 


«e gii на )+е(/ m) 
є | шахт є 

2+2ődec 3--2багс 
My T БЕРЕ 


< j —2— edes 9 
f lo Vti + ет 2-Waeo 4 e277! acc 2 2-Waec 
У, (27) 


MAS 


and hence, for j < 2, 


/ |та? 5 І OPV shige? + ы 
(>т) (>т) 


Step З. We consider the final identity of Step 2 with j = 2, i.e. 


f |9“ ла” 5 f lo v4£2o|[? + єт 727 Bee 
>«(>т) X.) 
= F$, 5A] (T, Ta) -+ egr? aee, 


Together with the control of F$ [£4.A](7,7.) provided by Proposition |12.4.7| we infer 


f вар | отада д Grete, 
Х«(>т) X.(2T) 
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Also, as a consequence of Bianchi, we have 
1 m E 
Via = —-A+r 0^ D, 
T. 


and hence, we infer, for k < kr, — 1, 


| r?" VA]? < f oap f p 9 p. 
Us (27) Xs (27) Us (27) 


dr’ 
k 2 2 —2 
Ln” A| € (maxr GU ua) 


which together with the dominant condition (12.4.3) for т on У, implies 


MAS 


f rev,A] S f [0^ A|? + Gr? Macc (12.4.29) 
У. (27) 


x. (27) 


In view of the above estimates, we easily infer 


І | ee eral S gre (12.4.30) 
«(>т 


Next, we consider the following iteration assumption, for 4 < | € kz — 10, that we have 


L. ш m uq (12.4.31) 


In view of (12.4.30), (12.4.31) holds for | = 4. We assume from now on that (12.4.31) 


holds for 4 € I € kr, — 10. 
Next, note that (12.4.29) and the iteration assumption (12.4.31) imply 
f таар 5 drm 

Us (>т) 
Also, Proposition |12.4.7| implies 

[Westphal 5 да 

У,(>2т) 

We deduce 


| „кР sf Whale iran 
Us (>т) 2a (27) 
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In view of the elliptic-Hodge estimates of Proposition (9.3.2) and using again the above 
control of V305 £2. and У,05 2а, as well as the and the iteration assumption (12.4.31), 
we have 


[ier s | PPPI EaP Vaha 
У, (>т) У, (>т) 


>. (>т) 


+ | (узд £20)? + | 0:424)? 
У. (>т) У, (>т) 


< | In! EDD, Po al? + BrP Pace 
X.(27T) 

< f i3 PPP Phal? + | oS 2.9]? 
X.(27T) X.(27T) 


+є2т 2 Pace 
and hence 
І Ja Lata?’ 5 f | 97? Pi PiP Phial + eer T ee 

У, (27) У, (>т) 
On е other hand, we have, in view Corollary |12.4.11| and the commutator formula for 
[£ r, d] of Lemma 9.2.1 

1 
грр Phra = —3mV3hza+ 3" REL V(r? OW3(rq))) + т 108, 
+т?о%(Гь - Г) 


which yields, in view of the above, 


| өзар < | oS £2.ap? + f |o vq 
X.(27T) X.(27T) X.(27T) 
«f гонаг f r*[oS?(T, . D)? 
X.(2T) >«(>т) 
-Fe2r 2 Macc 


Together with the iteration assumption (12.4.31), the bootstrap assumptions on I'; and 


Гь, the dominant condition (12.4.3) for т on Х,, and the control (12.4.8) for q provided 
by Theorem M1, we infer 


f өзі? а)? < egr? dec 
E.) mM 


which is (12.4.31) with l replaced by l + 1. This implies by iteration that (12.4.31) holds 


for any 4 < l € kr —9, i.e. 


Xkp-9592 2 2, —2—2ó4 
f 3*-£AoP < er? iee, 
X.(27T) 
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Step 4. According to the final identity of Step 2 with 7 = 1, we have 
І lI £rol 5 J |0534 тај? + egr?” e. 
X.(2T) X.(2T) 


In view of the definition of Т, as well as the comparison of Ёт and Ут provided by 


Lemma |9.2.1 we have on У, 
Уз та = Утбта--т 0D, = £0 r 07 T, 


which yields 


18 руа Vana < " petal + f г 2 [о<0—10г,|2 
У, 2т «(>т 


У,(>2т) 


and hence, in view of the final estimate of Step 3, the bootstrap assumptions on Гь and 
the dominant condition (12.4.3) for т on X,, we obtain 


< 2 2_—2—26 
f SY 2 тар € egre, 
xy (27) 
In particular, in view of the above, we infer 


[oe [fos аза 
У.(2т) 


У, (27) 


Together with (12.4.29), we easily infer 


ы PS nar < ана ы. (12.4.32) 
Ly (ST 


which is the analog of (12.4.30) for £a. 


We then proceed by iteration, exactly as in Step 3, with £4a replaced by ra, and we 
deduce the following analog of the final estimate of Step 3 


f |0628 0 ra]? < egr? dee, 
У, (>т) 


Step 5. According to the final identity of Step 2 with j = 0, we have 


[iter s [o omae qnte. 
X. (>т) X.(2T) 
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Proceeding as in Step 4, with та replaced by a, and relying on the final estimate of 
Step 4 for Ёто, we obtain 


< -92- 
f оо? < eT 2 dec | 
x4 (27) 


which is the analog of (12.4.32) for a. 


We then proceed by iteration, exactly as in Step 3, with 22,0 replaced by a, and we 
deduce the following analog of the final estimate of Step 3 


<kp- НЕ + 
/ [о ғар < ет 2 26dec 
У.(2т) 


as stated. This concludes the proof of Theorem M2. 


Part ІП 


Top curvature estimates for 
Theorem M8 
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Chapter 13 


Main results of Part III 


13.1 Properties of M 


Recall, see section [6.1] that the spacetime M consists of two regions 
M= (int) M U (єлї) M, (int) M = MNA {r < ro}, (ext) M = MNA {r > ro}, 


and comes together with: 


1. a pair of constants (a, m), 


2. scalar functions (r, 7, 0), where 7 is a time function] and with the complex scalar q 
defined by q = r + ia cos 0, 


З. a global regular null pair (e4, ез) and its associated horizontal structure, 


4. a complex horizontal 1-form J. 


13.1.1 Boundaries of М 


The boundaries of M are given by 
OM = AUX(n)UX,UX(l) 


where: 


ІТһе hypersurfaces X(T) are spacelike but not strictly spacelike. It is tied to the horizontal structure 
by properties which will be discussed below in section |13.1.5 
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1. the hypersurface A is spacelike and given by А = {r = r,(1 — 04,)) for some small 
constant буу > 0, 


2. the hypersurfaces У(1) and Х(т,) are spacelike level hypersurfaces of т, with 1 < 
T € 7, on М, 


З. X, is a uniformly spacelike hypersurface connecting У(т,) to (1). 
With respect to the horizontal structure of M, we have for the normal of A 


1 
g( NA, ез) = —1, g( NA, ел) < —10°* g( NA, ea) = O(n), 


and for the normal of X, 


g( Nx, , ез) m =, g( Ns, , ел) < =1, g( Nx, , ea) = OG). 


13.1.2 Linearized quantities 


We make use of the definitions and conventions of section in Chapter 4. In particular, 
recall that the following quantities in vanish in Kerr and are thus linear quantities on M. 


1. The quantities 
X; X, z Е, А, В, B, A, V(r), e4(0), ез(0), DJ. 


? 


2. The renormalization of 0-conformally invariant quantities 


Мм м 4 NE 2 
Н=н- 4, É- H5, P=P+—, 
lal lal q 
Dq = Dq + a3, Dq = Рӯ — aj, D(cos 0) = D(cos 0) — ij, 
= үйе 4i(r? 2 
D.3-D.3-— i(r өм кені 
4 


3. Тһе remaining renormalized quantitie] 


ЫХ = ах — т, trX = trX + -, 2-2-8, 22221673] 
q q q 


== m 9 =e A 
Vad = Vad — 29 Vas c Ета 


?With respect to the ingoing renormalization, see Definition 
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Finally we provide a definitio? for Гь, Гү, В, апа В,. 


Definition 13.1.1. We define the quantities Г,, Гь 


Г, = [5 5, 8X, R, Z, Н, ЕХ, rear), v V(r), res(cos0), r^ V3), 


Г, = ІҢ, x. v, Z, r7leg(r), D(cos 6), ex(cos0), r D - J, r DJ, AX 
We also define the following sets of curvature quantities. 
[m = B, А}, R= {rB, A}. 
For any of the sets re ap Гь p В, we denote by oT all derivatives up to order k with 
respect to © = (Va,rV4, # = rV). 


Remark 13.1.2. In the norms 9, for Ricci and metric coefficients introduced in section 
19.5 D, behaves preise as "71Г,. Also, in the norms 9, for curvature components 
introduced in section LR, behaves precisely as r7? S. Since in Part 3 we are only 
interested in deriving e natis for the top derivatives of curvature using the norms ©, 
and Ry, we will often identiff] r, with r-!Ty and Ё, with r2 Ry. 


13.1.3 The vectorfields T, Z and R 


We recall below the definition of T, Z in the global frame of M. 


1 А 
T = (ере 2а). 
n0y? 
Z = 5 (20+ RAe абе, - “Sc, 


lal? 


іп 0 A 
= (т? + а?)%(3)°еь — < (« + ait) . 


Remark 13.1.3. Recall, see (4.1.14), the formula 


4a cos 0 


GO tres + Ptrye, + 2(9 +1): СУ = "E — —T 4 T, - 0. (13.1.1) 


3The definition here differs from that in section in that we separate the linearized curvature 
quantities, denoted Вы В, from the Ricci and metric coefficients, denoted by Г,, Гь. 

4The sole properties for which one might have to distinguish are the low derivatives decay rates in T 
that are only needed when estimating quadratic error terms. But, even in that case, we in fact only need 
7 1~bdec decay іп Мар which is again consistent with these identifications. 
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In Part III, we will use the following definition of R. 
Definition 13.1.4. We define R in the global frame of M to be 


= 1 А 
R := 2 («- me) . 


Remark 13.1.5. Note that the above definition of R differs by a factor of a from the 
one used in Part Il. 


13.1.4 Conformally invariant operators 


Recall, see Lemma [2.2.18| that the conformal operators (Уз, (V4, (OV for an s- 
conformally invariant tensor f are defined by 

ө OVsf := Vaf — 280} has signature (s — 1). 

ө (OV,f := Vaf + 2swf has signature (s + 1). 

e. OVS :— Vaf +sCf has signature s. 


We also introduce the following operator 


2 
(yg :— Егін (tr x V3 + tr x Ov) (13.1.2) 


which preserves the signature. 


Remark 13.1.6. /n view of the definition of R, try and tX, and since try, try SIS 
have, for an s-conformally invariant tensor f, 


(OV sf = Vgf + suf +rly- (Уз, Va) f Tof. (13.1.3) 


We have the following commutator lemma for conformal derivatives. 
Lemma 13.1.7. For any tensor horizontal tensorfield U we have 
[ 9 Vs, Ки = O(ar~?) 9vS!u + O(r-3)U + rT, < 010, 
[V4, O piu = -irx e DU + O(ar AU += OVU  r 7T, 9À'U, (13.1.4) 


1 
[OVs, ODU = —trX ODU + O(ar ?)9*'U + Ty -051U. 
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Proof. This is an immediate consequence of Lemma [4.2.2] 


As a consequence of Lemma |13.1.7| the definition of R and w = 40, (4) + Гу, we 


derive the following lemma. 
Lemma 13.1.8. The following commutation relations hold 
©з, OV IU = —w VU + Olar”) #0 + O(r FU +r Ty ә: 
| Ё ; 
OV, Oy = Ao 9 vU + O(ar-?) Г. + r7 Ty SU 
| В ; 


VE (13.1.5) 


A 
| "p. "wg = ~ age ODU + O(ar ?)0S!U + Гь: oS!U. 
q 


13.1.5 Properties of the function 7 


We recall below Definition (6.1.5 


Definition 13.1.9 (Choice of т). Let бу > 0 small enough. We choose the smooth scalar 
function T on r > r,(1— бу) such that we have опт > r,(1 — dx) 


1. We have for айт 2 r,(1— ôy) 


e4(T) > 0, e3(T) > 0, ||? < sea(r)es(7). 


In addition, we have the following asymptotic behavior for r large 


m 
Ps < e4(T) < qu 1 < ез(т) < 1 
2. The unit normal Ny to У = X(T), normalized by the condition g(Ny,e3) = —1, 
verifies 
m 
Ns, Ny) < —— . 


3. Finally, we assume on M 


Toren V(r) = a (3) + I». 
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13.2 Some structure equations 


We recall the following null structure equations with complex notations and conformally 
invariant operators that will be useful later, see Proposition |2.4.13 


- = ee eee, Ж" 
OwviX--R(trX)X = 5 (DG + 35H + Н) - A, 
OVX + R(trX)X = 5 ODRE + 5=8( H+ H) - А, 

oy, g Өсті = lux l$ (HH 

3H = 45 = -3uX(H- H)-5X-(H - H) +В, 
== == 

(©ү Н – Ov, = -3uX(H- Н) - ;X-(H— Н) - B. 


OVX + R(trX)X = - ОРЕ + O(ar?)E - А+Гь: Г, 


OVX + RtrX)X = = ODE + O(ar ?)8 — A +T, Tg, 


(13.2.1) 
Owv.H- Ov,g-B-a O(r- Ts + Гь. Гь, 
OV,H — OVE = -B + О(т^ї)Гь+ Гь. T,. 


For the convenience of the the reader we recall below the Bianchi identities in complex 


notation, see Proposition |2.4.11 


Remark 13.2.1. For simplicity we make the simplifying convention below T, = r 1T, 
and Ё, = rR, see Remark [13.1.2 This is convenient for the interior estimates in 
chapter 4. We note however that in Chapter |16| we will need to rely on the more precise 
structure of the equations as stated in Proposition [2.4.11] 
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1 PPS ds " 
(OV. A + QUXA = 5 DSB + O(ar?)B + O(r3)X + rT, + Be, 
ж. 1 - 
OV,B+2rxB = 5 9D. A + O(ar ?)A + O(r-?)E 4 r?Ty - Rs, 
OVv,B+tXB = ODP+3PH+rT,-B,, 
1 B - 
(ФУР + ЗХР Е. 29D. B+ O(ar ?)B 4 r7?T, - Rp, 
(©) Зу lcm -3 ЕЕ 
УзР + z tAP к” OD-B+O(ar*)B+r "Ty: Ro, 
OvV,B+tXB = —ODP-3PH+r—T,- Ё, 
— 1--- = 
OVsB + 2X B = = ODAFO A= O(r )) EE Ts №, 
1 1 ағы >< м 
Әу. + ХА = —; DOB rO(ar ?)B + О(т%)Х + Гь. А 


13.3 Useful commutation formulas 


We state some of the commutation formulas which will be used later. 


Lemma 13.3.1. Let U4 = U,,..4, be a general k-horizontal tensorfield. 


1. We have 
1 
|Уә,”УЫ А = (О(а?т?)+тГь„)УьША— 2! (try VUA +r( — G)VaUA 


k 
a * 1 С. 
TrE, V4UA T TX, V cUA +r ` (- Caic В, + 2 Вв») Uzi "Lr ak: 


i=1 
2. Also, we have 


1 
[Va "УСА = (O(@?r-?) + тГ,) VUA — 27 etry *ViUatr(n, + G)VaUA 
а 1 
+r&,V3U A + rXbeV Ua FT ` ( Cajc * В + Вос) UG. Ы ғар" 


4-1 
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Proof. According to Lemma we have 


[Va,rVi]UA. = "Ма, VolUa + ез(т) У, 
1 1 
= = xVUa + es(r)V&UA — 27 try *V,UA + r(m — G)VsUA + 
: 1 
T6, V 4UA = rX,, V UA +r Уу, (- бас “b, F ЯТ) Сав ° ‚ак 
i=l 
Since e3(r) = —1 + rT, and tr x = —2 + O(a@?r~3) + Ty, we deduce 


1 
тауа ХУЫУА + €3(7)ViU a = (О(ат”?) + TTo) VUA 


which implies the first commutator identity of the lemma. 


Similarly, since e4(r) = ia +T, and tr x = + O(a?r-?) + Ty, we have 


TE 
1 
= х\Мъ© a + ea(r) УСА = (O(a?r~*) + r3) ViUA 


which together with the formula for [V4, УСА in Lemma implies the second com- 
mutator identity of the lemma. 


We infer the following corollary. 
Corollary 13.3.2. Given U a general k horizontal tensor, we have 
[Уз, r Vi]U A (O(ar-!) + rT;) VU + O(ar "Уф + T, - 0*!U 4 Nos 
Мату = O(ar-?)oS!U - TE, VgU T, 95!U +r R- U. 


Proof. Recall, see Proposition |2.2.4) that we have 


Ваз = —trx (Scat — бәт) — try ( бат- Ecb Na) + 2( — X Ilo X „Па — Хаё, + xut 
= O(r™)(O(ar~*) * Ty) - T» Ts, 

Baa = -іғх(бал,-бал,)- Otrx( Eca n,— €» n) + 2( — Rean,  Xan, — x, Eb + x £s) 
= O(r )(O(ar 7) +Г,) € y T,. 


Hence 


1 
[Va,rVi]UA. = (O(ar-?) + TTo) УСА = 27 try *VUa + r(y = G)VaUA 
: 1 
АЛЛАҒА +r У, (- Eus f] 2) Шы. an 


i=1 
= (O(ar-?) - T) BU + rnV3U + Гю + Ry-U + (O(ar-*) - To) -U 
rnV3U + O(ar?) #10 + Гь: 0007 + ДО 
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and hence 
[Vs rVi]UA. = (Olar) + Гь) Уз + O(ar-?) S'U +1, -05'U + Ša- U 


as stated. 


Similarly 


1 
[Мт ША = (O(a?r-?) + rT,) УА — с try *VUa + r(n, + G)V4UA 
k 
^ * 1 c 
+r&,V3U 4 + TXbcVcUA +r У; ( Єа;с Bo + ә Воо) Usi TR. ак 


ї=1 
= (О(а2т-3) +Г,) pU + O(ar-?)oU +r R-U + (O(ar-?)  T,)-U 
= O(ar?JoS!U + rT, VaU 4 T, -09U +r R- U 


as stated. 


13.3.1 Commutation formulas with £r 


We recall below some the following commutation Lemma with Ст. The definition of £ x 
for an arbitrary vectorfield X was given in section [2.2.8] 


Lemma 13.3.3. For a horizontal covariant k-tensor U we have 


Vi pUA) — Ёт(МьША) =r,- U, 
Va(£1Ua) — £a(V4UA) = т 9(To - U), 
Мз( тл) — £4(V3UA) = (Гь + U). 


Proof. The proof, based on Lemma [2.2.13|and the fact that ‘Tz є Гь, see Lemma [4.3.2] 
appears in the proof of Lemma |9.2.1| 
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13.3.2 Commutation formulas with qV4 and qV4 


Lemma 13.3.4. The following commutation formulas hold true for an arbitrary horizon- 
tal tensor U 


Әу 9 V3JU = —-trX O Vg, U + O(ar ) VSU + O(r?)U + Гь. 010, 
Va, OV4U = -ZEX Әу +r Dy 00, 


ду, OV3]U = —ztrX 9 VU + O(ar )) V StU + O(r-?)U + Гь: 010, 


OV db OV 4 U = —-trX EIS us fS 4 r-T, 2257, 


1 
U= Xa ODU + Olar 550 + та 9 V4U +r, oS, 


9 9 


1 
U = —-trXq ODU + O(ar?yoU + r£ Ó V4U +r UT, 010, 
2 (13.3.2) 


| 
e 
< 
£ 
©; 
Ә 


1—— —— = 
U = —9#Х9 ODU + О(ат 2) 550 + rE 9 V4U +r UD, - 010, 


Q 
СЭ 
< 
E 
©; 
У 


je 21. E 
U = -gtrX q ODU  O(ar 9547 + rEOVSU + r7Ty O51. 


Proof. We have 
[а Әз] = g[9v4 OvyU — e30) OV4U. 
Making use of V3q¢ = ltrXg +T, and Lemma |13.1.7| we deduce 
1 
(Vae; РУЗ] = | ^ztrXg + "Гь | - 9V4U + Olar) VS'U + O(r ?)U + Гь. 0007 
дел 2 
1 
=- u (VU + O(ar 1) V8U + O(r-2)U - Ty -oS!U 
as stated. Similarly, using Vag = ltrXq + Гь, we deduce 
(©) (©) = a Gv.r o lipyo ЗЕРЕ 
| Views УО = —VA(q) V4U = gu Уеа +r D, -05 U. 


The other results in (13.3.1) follow by conjugation. 
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To check (13.3.2) we make use of the formula for [WV 4, (9 V]U in Lemma |13.1.7|and the 
fact that Dq = —aj +T, + rT, = O(ar 1) + Гь we derive 
(4 (2%, (Diu = q| 9 V4, (Du =Р(0) - y 
1 
= -güuXq ODU + Olar?) tU + r£ ӘУ; + r71T, - 010. 


The second identity in (13.3.2) is derived in the same way, and the last two identities in 


(13.3.2) follow by conjugation. This concludes the proof of Lemma |13.3.4 


13.4 Non-integrable Hodge estimates 


The following is an immediate corollary of Proposition [9.3.2] 


Corollary 13.4.1. Given f € 5, p = 0,1,2, and D any of the Hodge operators acting 
on f. Then, for any q, 


(тур | тїр? кезде оқа, е) [ir азал) 
S S S S 
Also, for higher derivatives, 


| wer | (рер error) жоё, e) | its gp. (13.4.2) 
S S S 


13.5 Main norms 


We recall here the main norms appearing in section 9.4.1 of [53] in connection with the 
higher order curvatures estimates of Theorem 9.4.10 in [53]. 


13.5.1 Norms of (“0 М 


Definition 13.5.1. We define the following norms for the Ricci coefficients in (80 M 
with respect to the global frame of M 


ep = шр/ (rj, {HDF + [Ms Gp) 


А>то 


2 


+r?’ [oS |2 3 жарасы) (13.5.1) 
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For convenience we introduce the notation 
Deed [ho ost, ex (13.5.2) 


Definition 13.5.2. We define the following norms for the curvature coefficients in (80 M, 
with respect to the global frame of M. 


(ext) g2 x r?*?5 |oS*( A, В)? 
(ext) M (13.5.3) 


а p3-98 (о PP ES r^? [o** Bp? ES го" д|?). 


13.5.2 Norms of "М 


Definition 13.5.3. We define the following norms for the Ricci coefficients in 9M 
with respect to the global frame of .M 


(int) 2 = f jor]? 
(int) M | 


where Ù denotes the set of all linearized Ricci and metric coefficients with respect to the 
global frame of M, i.e. 


r = la W, trX, x ез(т), ез(сов 0), V33, Z, H, ij. Dr, D cos6, D.-J, D&I, 
trX, X. Q, ex), e4(cos 0), Vj. B 


For the curvature norms in “ЛМ, we rely in particular on the scalar function т of 


Definition |13.1.9] We also recall the definition, see Definition 9.1.2, of the non trapped 
region of "М given by 


м = "Мп n > 2 (13.5.4) 
where 7 is the polynomial in r defined in (3.8.5), i.e. 


T =r? — Зтт? + а?т + та?, 


and where we choose бер = i as in Lemma [6.1.12 
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Definition 13.5.4. We define the following norms for the null curvature components in 


(int) M 


(int) gg _ f (Iva AP oie) f lost RP 
(int) A4 (int) M 


їтїр 
esp f охе 2|2, 
TJ (nt) MNX(r) 


where, see Definition |13.1.4| R= I e4 — зе , and where R denotes the set of all 


linearized curvature components with respect to the global frame of M, i.e. 


Ё з= fa, B, P, B, A}. 


Global norms 


We define the global norms of M as follows 


6, == (ет), (ш) PN 9 = (entra (int) |. (13.5.5) 


The following lemma will be used frequently in this chapter. 
Lemma 13.5.5. The following estimates hold true: 
1. We have, in (0 МА, for p > 1+ бр. 


f ae (rior? + Нр) < ry Pres (ет) (82 (13.5.6) 


2. We also have the stronger estimate for the notations Г, and Г, introduced in (13.5.2), 
forp>1, 


[rettet ы, Ж; 
ext) M 


3. We have 


sup | r3-ÓB (lo P + ЖЫЛЫ 
Х(т) 


теП,т| 


+f өзе (SAR)? + rto RP) < Фк 1%, (13.5.8) 
AUD» 
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and, for р > 1, 


ар f. (ret mier 
+ n (ер р + т [оху P 
АШУ, 


+ sup / аан los*zp ES re-ie +2 ое ny 2) 
тє] J (т) 


+ | деше, + трёх |2) < 6,46, (13.5.9) 
AUX» 


Proof. We write for p > 1 + бв, in view of the definition of (96 norms. 


oo 
f r^? [oS*r,[? < f \ Ptos (/ rer) dà < fa THe (езі) @2, 
(ext) M ro т-А 


and similarly for D';. Also, we have, for p > 1, 


f re*n x || (| STS) уал Sry? Bz, 
(ext) M =) 


TO T: 


and similarly for I’). Finally, the last estimates of the lemma follow from the standard 
trace theorem, using the definition of 9}, for curvature and the two first estimates for 
Ts 


Initial data norms 


The initial data is set on the spacelike hypersurface X as follows. 


Definition 13.5.6. We define the following initial data norms on Уі 


Jy := sup гїї» (ок Aag 4 ШІ?) 
КЕ 2 k5 k k (13.5.10) 
+ sup (I Pll coca) +r Bll coca + l All) 
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13.6 Тор curvature estimates for Theorem M8 


13.6.1 Main assumptions 


The goal of this part, і.е. Part ІП, is to provide the control of high order curvature 
estimates needed to complete the proof of Theorem М8 of [53]. In this section, we recall 
the assumptions on which this proof rests. 


Control of the initial data 


We have the following control of the initial data norm of Definition |13.5.6 
S єр. (13.6.1) 


This results has been proved in Theorem 9.4.12 of [53]. 


Bootstrap assumptions 


Relative to the global norms (13.5.5), we make the following bootstrap assumption 
Gr +1, < e Е< К, (13.6.2) 


see the bootstrap assumption (9.4.32) in [53]. 


In addition, we make a bootstrap assumption on decay for low derivatives, weaker that the 
corresponding опе in [53], to deal with trapping. Recall the scalar function Tirap defined 
by 


1+7 on Miran, 
Ttrap ‘= 1 on Me 


Then, we assume that (Г, Гь) and (A, B, P, Ry) satisfy the following estimates on M 


- < € Кі, 
a Bye es PE тте", + r[o5 (5, ГЬ) < NET k < 2n (13.6.3) 


T Z +ôdec 
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Iteration assumption 


We make the iteration assumption for J in the range KL <J<k,-1, 
6; 4-901; S еу (13.6.4) 


see the iteration assumption (9.4.33) in [53]. 


Remark 13.6.1. We refer to (9.4.34) in for the specific choice of ej. We do not 
recall it here since it 1s irrelevant for the statements and proofs of Part III. 


Identities satisfied by the global frame of M 


We assume that the following identities hold for the global frame of M 
E-0, H=0, fo т>то+1. (13.6.5) 


Remark 13.6.2. The global frame used in Part III 1s constructed in section 9.4 of 
and indeed satisfies (13.6.5). The identity H = 0 is only used for the control of q in 
Theorem [14.1.6 while the identity = = 0 is used for the control of q in Theorem 
and implies in particular = € r 1T, which is used to control the error terms of some 
commutators appearing in Part ПІ. 


13.6.2 Control of high order curvature estimates 


The following is our main result of this Part on the control of high order curvature estimate 
for the proof of Theorem М8 of [53]. 


Theorem 13.6.3 (Control of Curvature). Let J such that ы. <J<k,—1. Assume 


e the control of initial data in (13.6.1), 
e the bootstrap assumptions (13.6.2) and (13.6.3), 
e the iteration assumption (13.6.4). 


Then the following estimates hold in .M 
MU шщ 2 n СОЯ + уы) + е + 4) + |70621 


27 з 5 
mI c paler) Opa + Ян) А (13.6.6) 


(eget a < 7 (med d + гу?” a T + e + єў, (13.6.7) 
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where the constant in < is independent of ro. 


Remark 13.6.4. (13.6.6) and (13.6.7) imply 
2146 Z2. 3+°B 
Jung L ro eatro ? (v 6741/6; + в) + Varo 2 Фу 
_ $B 39, 5B з i 
Py PC ыр i 67 (в угу 8,4) : 


Try 654€ (13.6.8) 


where the constant in < is independent of ro. proves Theorem 9.4.15 of [53]. 
The control of 9& 41 provided by (13.6.8), together with the control for © ууу provided by 
Proposition 9.4.17-9.4.20 in [53], allows to obtain the iteration assumption with 
J replaced by J+1 for e; given by (9.4.34) in [53]. This iteration procedure then concludes 
the proof of Theorem M8 of [53], see section 9.4.7 in for the iteration procedure, and 
section 9.4.3 in for the proof of Theorem М8. 


Remark 13.6.5. The estimate (13.6.6) results in fact from global energy-Morawetz esti- 
mates on M which are then restricted to "9 M. 


13.6.3 Structure of the proof of Theorem |13.6.3 


Theorem |13.6.3|15 proved as follows: 


1. Energy-Morawetz estimates. Recall from Remark |13.6.5| that the interior esti- 
mates (13.6.6) follow in fact from global energy-Morawetz estimates on M which are 
then restricted to ^? М. These energy-Morawetz estimates are given in Chapters 


and as follows: 


(a) We start by deriving the following energy-Morawetz estimates for P in M 
stated in Theorem [14.1.3 


BEF} [2 P] Sia (63118; + RyRy + 6 + 4). (13.6.9) 


where the BEF norms are defined in section The proof requires a 
linearized version of the wave equation verified by P, see section the gen- 
eral Morawetz- Energy estimates for scalar wave equations derived in Part II 
and recalled here in Proposition as well as the main energy-Morawetz 
estimates for q, derived also in Part II. 
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(b) Next, we derive the following energy-Morawetz estimates for B and B in M 
stated in Proposition |15.1.1 


BEF} [r?B) + BEF7[B] € ВЕР [12Р] +2 + + |а|®2 ,. (13.6.10) 


These estimates are based on integral estimates for Bianchi pairs stated in 
Proposition |15.3.12 


(c) Finally, we derive the following energy-Morawetz estimates for A and A in M 
stated in Proposition |15.1.2 


BEF} |А| < BEF} [? B], +e? + & + |a| 62 |, 


13.6.11 
ВЕЕ;[А| < ВЕН [B] ++ + |а|®5 |. ) 


These estimates are again based on integral estimates for Bianchi pairs stated 


in Proposition |15.3.12 
The combination of the estimates (13.6.9), (13.6.10) and (13.6.11) then yields (13.6.6), 


see section [15.1.3 


2. Exterior estimates. The exterior estimates (13.6.7) are proved in Chapter 
based on r? weighted estimates for Bianchi pairs. 


Chapter 14 


жы? 


Energy-Morawetz estimates for P 


14.1 Control of P 


14.1.1 Morawetz-Energy norms 


For the convenience of the reader we recall the following norms, see section [6.1.5] 


Вт) = f (у яо + ovr) + f rose. 


Merap(71,72) M " (71,72) 
їтїр 


BEC) = / (Iva eroe) + [voti travo), 


Fn) = | (әр Vou? + poy?) + Гузор) 


(71,72) 


E | oS"! 2 
A(71,72) 


Throughout the chapter we set 7, = 1 and т» = 7, and we simplify our expressions by 
writing M = M(1, T4), A = A(1, Ta), XXn BE = BE(1, Ta), FE = FE(1, T4). We 
introduce the short hand notation 


ВЕРУ]: = Ве] + sup B (т) + FSW, 
ЕРУ] : = sup E$[v](T)-- ЕД) 


тєл] 
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We also recall the M norm 


Ар, N] = CON рр, N] + CAN o, N] + ON" Eh, N] 


where 
N N] = [o (aS go +r op on 
M (1,72) 
mn = fos очырам 
(red) A4 (ту ,72) 
M (71,72) 


Неге, CM is the region of M where r < r,(1-- 26req) with ó,,; a universal constant 
verifying бу < бл K m — |а|, and T; is given in Definition |6.1.13} Also, the Ms norm is 
given by 


MEN] = NH e f (Isto er psv p. 


These norms will be used in this chapter to estimate P. With these goal in mind we need 
to compare the norms BEF with the standard curvature norms Ry, see section [13.5] 


Lemma 14.1.1. We have 


Ве p? RJ] + BE? [E] < 982, ЕЕ" 2, + EFF UR] < 9А. (141.1) 


Proof. In view of the definition of BEF’ norms, we have 


Bir? RJ = (IV goS* B, P? + [oS* |?) «f (ros P aer оку RI), 
Merap “ы 
тр 


EF? RJ = sup (/ т“ (т (у лое й, | r=? [o5 Rp) + |Vos* Ё |2 + жа) ; 
Х(т) 


т 


Fr? Ry] = f 


>» 
EN I ose RP. 


Hence, in view of the definition of the 9. norms in section and (13.5.8), and the fact 
that Ry = (A, B, P), we have B? ![r? R;] < 92 and EF*-![r? R] < 94,1 as stated. 
The estimate for R, can be proved similarly. 


r* (i (IVao 5 RP + [VO IP + r7? [o5 RP) + [vao |?) 
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We will also need to compare the norms BEF for Ricci coefficients with those given by 
Gy. 
Lemma 14.1.2. The following estimates hold true 

Вг гу + В ег 56 АРГЫ + BFF Ty S „фы. 


Proof. The proof follows easily from Lemma |13.5.5 


14.1.2 Statement of main results on the control of P 


We assume that all the bootstrap, initial data assumptions and the induction hypothesis 
made in section [13.6.1] hold true. The goal of this chapter is to derive the following 
Morawetz energy estimates for P in М = M(1,7,). 


Theorem 14.1.3 (Morawetz-Energy for Р). The following estimates hold true in M = 
М(14,т,), for sufficiently small a, 


БЕРУ ЗВ) 5 ту (8.16. + RyRy +6 + е). (14.1.2) 


ы 


The proof is based оп the conditional weighted estimates for scalar wave equations of 
Proposition [10.5.1 which we recall below. 


Proposition 14.1.4. Let w be a solution to the following scalar wave equation 


evytVy = М, (14.1.3) 


where V is real and satisfies У = O(r-?) for т large, in a spacetime М = M(1, 7.) 
verifying the assumptions of section|13.6.1| Then: 


1. The following conditional Morawetz estimates hold true in M 


Веи] 5 EFF[v] + BE] + / Sw? + (en ty, N] + Ы, N] 
и: (14.1.4) 
Оно er pofi рое. 
(ext) M 


2. The following conditional Energy-Morawetz estimates hold true 


Вг + de Eso) + Еф] S ES[U)(0) + BEF; [v] 


(14.1.5) 
«f ш + МУ, N]. 
Merap 
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Remark 14.1.5. Note that both estimates are conditional on the control of the lower 
order term of Мот) in Map, i.e. the term (ТО. e 
їтар 


We will also make use of the following control of q which follows from a variant of Theorem 


[12.2.4] 
Theorem 14.1.6. We have, fork € kz — 3, 


sup Eg] (т) + Bi [a] + Е} [а] < е2. (14.1.6) 


тЄ[1,т] 


Proof. Recall from (13.6.5) that the global frame of M satisfies in Part III the identities 


— 


== Н =0 forr > ro 4- 1. In particular, Y = R(q) satisfies the generalized RW equation 


(12.1.4). One can then easily adapt the proof of Theorem [12.2.4] to obtain that the 
following holds true, for s < kr, — 3, 


БЕР; |9, A] (1, Ta) S Евр, А](1) + Л, Nepyl (1, Ta), 
where Np,, is defined in (12.1.9), i.e. 
Мен = r’ pa. 0 (a, B) + e** (T - Pg). 


Using the control of the initial data provided by (13.6.1) and the definition of ВЕР |), A] (1, 7.) 
and of vj, we infer, for s < kz — 3, 


ВЕР |a] S єр + МФ, Мр ](1 7.) 
Also, as established in the proof of Lemma |12.2.6| see section |12.2.4| we have 
Л, Мт, тә) 


1 T2 i 
< (ВЕБ Ш, т) (| [OS N|] уыр) + A nep) | 
T1,T2 


Ті 


Now, in view of the above form of Мр. and the control provided by the bootstrap 


assumptions (13.6.2) (13.6.3), we have, for s € kr, — 3, 


1 
f [0S Мы ro nus) + (| трлр) 
ті М(т1,тә) 
T3 ы» 2.2 
(6, + 91.) | |022 (Г, Е) || £2(Srap(7)) + “/ (іс 8)|? 


ті M (11,72) 
+r 2—2ődec+ lass | la|? E r sr? ER pn) 


MAS 


MAS 


o [° ат "ET 
£ Ж т1+баес * «(6.5 T 91,43) we о 60, 
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where we used the fact that s +3 € kr, and б < бае, < др. We infer 


М, М(т,т) 5 ө(ВЕЕ ШК, T): 
and hence, for s € kr, — 3, 


BEF; |а) < € 


as stated. This concludes the proof of Theorem |14.1.6 


These results will be used together with the following lemma relating OD ODP to 4, 
to prove Theorem |14.1.3 


Lemma 14.1.7. The following relation between q and P holds true. 
qq? 9D& ODP + ог, + O(ayo*! By + О(ағу В + roS (Dy- Ey), (14.1.7) 


where we recall that Г, = Гь \ {=}. 


уте This follows immediately from Proposition and the fact that rB € Ry, Г, = 


D. {trX} and the fact that we identity Ё, with r D Г, with r-T, and Г, with r^ 1T; 
in Part III. 


The main part in the proof of Theorem |14.1.3|is to derive the following result for the pair 
of scalars w = q?(T(P), Z(P)) stated below. 


Proposition 14.1.8. The pair of scalars 
Y := q'(T(P), Z(P)) 


verify the following estimates 


BEFIT IY] S ri! (65.16; + лу 63-4). 1254 


14.2 Proof of the Morawetz-Energy estimates for P 


The goal of this section is to prove Theorem [14.1.3] on Morawetz-Energy estimates for 
P. We start by proving Proposition |14.1.8| оп Morawetz-Energy estimates for the pair of 
scalars Y = q?(T(P), Z(P)). 
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14.2.1 Proof of Proposition |14.1.8 


The proof of Proposition |14.1.8| proceeds in several steps. 


Step 0. We start with the equation of Lemma for P 


ЕР = trXV3P+trXViP —-H-DP-— H-DP+VP 
+r 951(P,- А) — А.А, (14.2.1) 


see also Remark 5.5.2] and recall that we identify Ё, with r-2 E, and Г, with r ГЬ. 


Remark 14.2.1. We will need to linearize (14.2.1). A possibility consists in deriving a 
wave equation for P, where we recall that P = P + “т. In view of (14.2.1), this leads to 


«Р = trXV3P + "ХУАР-Н.ФР-Н.ТФР--УР--т-Ә51Т, 


a pM (14.2.2) 
+r "0 (ГЬ Rs) A A. 


This linearization leads however to terms of the form 0771 in estimates for o7 P, 80 
that the iteration assumption (13.6.4) on ® у cannot be used. 


To avoid the linearization issue outlined in Remark|14.2.1| we proceed by the linearization 
procedure discussed in Step 1 below which consists in deriving Morawetz-Energy estimates 
for the linearized quantity 


Y := фФ(ТР, 2Р). (14.2.3) 
To apply the induction hypothesis we need to compare ће Morawetz-Energy norms 
BERS |y] with 9X2, [P| 


Lemma 14.2.2. The induction hypothesis (13.6.4) implies 


BW 56, Е? е +. (14.2.4) 
Proof. Note that 
2 2 5 2m 2m D у „—1 
ТР = gl ea) =i Im 
2m 


Ф?Р = PZ (Р E A) = qZP 4 rT. 
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We deduce, in view of Lemmas |14.1.1| and {14.1.2} and the induction hypothesis. 


Bi?w| < Bl?[?(TP,ZP)| + ВЕЕР [rT] 
< Bl r?P) + BEF??? [rT] 
S RŽ + BEF}? [rT] S$ + 6767-1 
Sá 
and similarly 
ЕРУ] < EF??|r? (TĒ, ZĎ)] + BEF} [rT] 

< EF} [rP] + ВЕЕУ rT] 

S RIR + ВЕЕР ?|r Ty] S RRs + 6361 

S GHR NR 


as stated. 


Step 1. Next, we derive a wave equation for the pair of scalars v = q?(TP, ZP). 


Lemma 14.2.3. The pair of scalars v = q?(TP, ZP) satisfies a wave equation of the 
schematic )отп 


QU = Wr 51, + п 1052(ГЬ - Re) – г2050(А. А) (14.2.5) 


where W is a complex potential оў the form 


(И) = O(mr-*), S(W) = O(mar~*). (14.2.6) 


Proof. This is done by making use of the commutation formulas (4.3.1) 


[Т, gl = o(T, ` dw) T gV, 
V gl = о(Г, ` ow) + тГь: gU, 


as well as the renormalization Lemma See section [14.3.1 


Step 2. We apply the first conditional estimate of Proposition|14.1.4|to equation (14.2.5) 
to derive a conditional Morawetz estimate for 4) of the form. 


BIY] € 88-00] + f оте е, (14.3.7) 


1 Recall that В, is a curvature term which behaves like Гь in terms of powers of т. 
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Remark 14.2.4. Note that we cannot estimate the energy flux EF at this step because of 
the presence of the complex potential W in (14.2.5). 


The proof of (14.2.7) is a straightforward application of the estimate (14.1.4) of Proposi- 
tion [14.1.4 which yields, for k = J — 1, 


BIW] 5 ЕРУ] + BE? W] + i, 7-12 
ES (mor) N р N] a (red) JP? Y, N] 


+ f таны ере шеу) 
(ext) AA 


where we have, in view of (14.2.5), V = —R(W) and 
N :=iS(W)p +7707, + r71903?(T, - Ry) — r?03!(A - А). 
We have 
(mor) P^ ^y, N] + CAN lp, N] 


+] (Ivo || ern poe ty)) fost ty 
(ext) M 


Z (вч) (/ перете). 


and, using the definition of N, the fact that S(W) = O(mar~*), the induction hypothesis 
for the linear term involving Гь and the bootstrap assumptions for the nonlinear one, and 


Тетта |13.5.5| we estimate 
/ т%1(097—1 N]? < la| ВУ [] «f r3 |07г, |> «ef 3+ |0<7+1 5, |2 
м м M 


+e | reser + f г3+5|р057+1 Al? 
м м 


jal Bs" [/] + 65 + (61 +R)’ 
jal BJ ^ [v] + e$ + e$. 


ОЛ ол 


We deduce 


BI] 5 BFP] + B] + f 2? 


+(в1ш])° (аве  4)*. 
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and hence, using also the fact that B7 ?[v] < е in view of Lemma [14.2.2] we obtain 


Bs 5 В le] + ғу + f. [o^ VP + e + 60. 


For a small enough, this yields (14.2.7) as stated. 


Step 3. To control the energy-flux term ЕЕ) [0] in (14.2.7), we take a circuitous route 
by commuting the wave equation for i with V$. We rely on on the following commutation 
lemma. 


Lemma 14.2.5. Assume [lg = N. Then, we have 


VRY = O(r  )VgAw + О(ат "Уә Y + O(r ?) Av + O(r ?)Vgv 


14.2.8 
+ O(ar ?)0*?^v +. pls (ГЬ . Фф) + VaN + ту № + т? М. ( ) 


Proof. See section [14.3.2 


Remark 14.2.6. The reason for commuting the wave equation for i» with V2 is to ensure 
that all linear terms involving top order curvature components on the RHS of the wave 
equation of Lemma contain at least on Vg derivative. 


We rewrite the wave equation for w in (14.2.5) as 


ЕШ = N, 
N = Wir STD, +r ET. Ry) -roS A. A), 


and compute, using W = O(r^?), 
VÈN туа +r N = ИУ O(r3)asty +r ST, 
4r—194(D, - Hy) — т°0®З5(А. A). 


Commuting Llgi = № with Vi and relying on Lemma |14.2.5| we obtain the following 
wave equation for VRY 


«(УФ Ы) = WV -O(r?)Av + О(г) БАр + O(ar?) (Удо + o<) 
+ O(r °S + NS, (14.2.9) 


NS = 9ST, rrt (n Ña) — fo (A D. 


Step 4. We apply the second conditional estimate of Proposition |14.1.4| to derive the 
following lemma. 
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Lemma 14.2.7. For any 0 < бу € 1, we have 


ВЕР; [Vj] 5 (61 + lal) Bj" t9] + 5 Bj AY] A! (£j) + ® (4.2.10) 


Proof. See section |14.3.3 


Remark 14.2.8. In the proof of Lemma in section |14.3.3, when applying the 
second conditional estimate of Proposition |14.1.4| we will have to take into account the 


additional term daas [VRV]? on the right hand side. Fortunately, thanks to the Vg 
derivative, this term is bounded by Bz i| and thus can be controlled by the induction 
hypothesis. 


Step 5. Recall the following commutator formula, see Lemma H.5.4] 


[la A, |420] = la [O(«?r-3)o*v + ә? (Г, ои) + Da0 (a£ - Dav). 


In view of (13.6.5), we have in particular E € r~'T,, and hence 


1922, 203 = Jal? [Ohr yov + ә? (Г, ov). 


We infer 


1 
ЕЕ (PAPO) — (lal? а?а) 


= A(|gl Dg) + O(a^r %ө5%) e" (T, 9). 


«(la Ay) 


Plugging the wave equation for 4), see (14.2.5), in the RHS, and using W = O(r^?), we 


infer 


ela Av) = W(la Aw) + O(ar *)o*?y + O(r ?)o* + NS, (14.2.11) 


where NS? is as in (14.2.9). We can then proceed as in Step 2, using the first conditional 
estimate of Proposition |14.1.4| to derive the estimate 


Bj ?[r Av] 5 la| Bi ^ [v] + EF? [rAd] «f | AP + е2 + е. (14.2.12) 
Merap 


Next, using the Hodge type estimate of Corollary |13.4.1| integrated on M, we derive 


Bi?[p?v?^y] 5 Bj [r?Ay] + O(a, €) B; |v]. 
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Combining with (14.2.12) we thus infer 


Bi ?p?^V?y| < EF? p? Aw] + O(a, e) B]! |y] + А prr (14.2.13) 


2 2 
+ є7 + 60. 


Step 6. Combining (14.2.10) with (14.2.13) we derive, for any 0 < 6 < 1, 
вЕЕ Vi] 5 (61+ la BI] + r BI рде + r (8 +8) + л, 
(61 + lal) Bs y] + бу EF? ? (r^ ^w] + 6T O(a, €) Bj [v] 


+6," f |o Av? + бү (65 + е0) + RRs. 
Merap 


5 
A 


Hence, for any 0 < 6; € 1, 
BEF; (УФ, ту?) S (5 + O(a, бг!) BZ W] + бр EF? r^ Ay] 


T - ә ек s (14.2.14) 
+ бі |0 Аф + б\ G + е) + RP jpa. 
Merap 


Step 7. We make use of the following consequence of Lemma [4.7.6] 


-Vay + V = O(1)Dw + O(1)Av + O(r )Vav + O(ar~*) Vw TI, 09 
to derive the estimates 


Ep? [V2] 
Bj > [Viy] 


5 ЕР NRY] + ЕР; [Ad] + G+ е, 
S В; [У] + Bj [Av] + єў + є. 


Combining this with (14.2.14), we infer that, for any 0 < ô < 1, 
BEF (V, V5, V?)v] S (0, + Ola, 5; ) B [v] + ôr ЕЕ} p? ^u] 


+5 f p SAP ar (e +) TV. 
Merap 


kp 


2 and kz is large, we may assume that J > 5. In particular, we 


Moreover, since J — 
have 


ВЕРУ (У, Varv) v] € BEFjO[(VÀ, VÀi,r?V?)v]-- BEF? [a] 
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and hence, for any 0 < ді < 1, 
BEF/ (Vs, Vg, rV) 0) (0, + O(a, ёт!) BE [0] + бү ERY fr? Ay] 
+ бү! /. |o Ap? + бү! С + 8) + RyRy 
F ВБЕЎ-? Н. 
Together with (14.2.4), we infer, for any 0 < 6, < 1, 


ВЕБ) (Уз, Vg rV) ^v] (0, + Ola, 57!) BI [9] + 67 EF? rA] 
(14.2.15) 

+57 f jo’ *AvP east (6 +) +3941. 

Merap 


Step 8. Next, we UE an estimate for BEF? лут lea]. To this end, we commute the 
wave equation for v in (14.2.5) with rV4. We obtain 


g (rev) = гел( " — [rea, Og] 
= Ory +r ST, +r 108 (FP; - R,) —т°0®°(А. A) – (гел, ele 


where we used the fact that W = O(r-?). Together with the commutator formula of 
Lemma 4.7.11 we infer 
1 
(теу) =~ ValrVav) + Мел, 
М, 007) р + О(т7)о + Or) 
+т^%®?#Г,-„т-10®%(Г,. Ry) — 1?09(A - А). 


Applying ће т? weighted estimates of Ргоровїйїоп (10.1.2| and noticing that the first term 
on the RHS of the above wave equation for (телу) has the right sign in the estimate, 
we infer 


BEF} 4 [rev] 2 0 + 35 ie sro /2<r<ro [reay] 


«f r ê (red reay] + [0*7 resp) [0*7 Ne |. 
M(r>ro/2) 


In view of the form of N,e,, we infer 


BEF; [ге] 5 дее TOP 5 Ire] + (6 + € 4) BEF 2. [reat] 


- BEF ZS. rV rw] V BEFZ.,| [rea] + To б BEF} Sr [v]. 
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For rg large enough, we may absorb the part of the last term on the RHS that has e, 
derivatives and obtain 


BEF} 4 [rev] 5 0 F е us гову? то /2<r<ro [еду 
| BEF YS. [rv] ВЕЕ; 2 [rea] + ВЕЕУ (Уу, rV) ^]. 


Also, integrating by parts, one easily obtains 


BEF7.3 (ту) € у. EF}. [rea] 


+y ВЕЕ (у, у) ^y] BEFZZ, [rea] 


and hence 
J-2 7—5 <4 
BEF’. ;r>ro [reay] 2 0 + е) + roB; a ro /2<r<ro [rev] + BEF; (Ve, rV) v]. 
Also, since e4 is spanned by T and R, 


= = <4 
BEF rev] eg Peg  TaBE ise es [resp] BEP? (Уту) v) 


« 
< єў + Ej + тӘ BEF! (Va, Va rV) S^]. 


Since 
BEF (Va, rV rV) v] < rS BEF7- (Vs, У вту) v] + BEF? [reat 
we infer 
BERI IVar Vary) ^] 5 G+) rBEFI (Vg Vg. rV) 9]. 


ы 


Together with (14.2.15), we deduce, for any 0 < б < 1, 
ВЕРУ (Уз, ra, rV) ^4] Sr (8 + Ola, 987") BI (0] + гб ЕРУ Av] 
et [o bene (44) (04210 
Merap 


5 
+ rR Ry. 


Step 9. Next, we derive an estimate for ВЕЕР? ber oud (1+5rea) Уез). То this end, we commute 


the wave equation for v» in (14.2.5) with Уз. In the region r < 4m, we obtain 


(ез0) m ез( gV) = les, PU 
= O(l)oSy +r 02T, + г 108(Гь - By) — r?03?(A - A) — [es, Dl]. 
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Together with the commutator formula of Lemma which states that we have, for 
r<4m, 


ЫШ = -à (=) VÀ + O(L)VV eth + О(1)У17) 


| 


+0(1)0,0 + O(1)0* y + Гоу, 


we infer 


g (ез?) —Na, 


Neg :—Ó, (а) Viv + O(1)VVav + O()V4VavV + O(1)0*!y 


>ре, (Гь D) eS LA A E TOS 
Making use of the favorable sign of д, (2) in the red shift region r < т (1 + 6,44), and 
proceeding as in the redshift estimates of section (9.5) we easily infer 


2-2 2 2 =] 2-2 
BEF rsr} (trea) [V34] ы; 60 is ©] + д, „ВЕРО. ууд, а) ет (1425 pea) [Vay]. 
This yields 
ДЕ = = <4 
BEF 2 қамы) [V34] S 0 E е T Orca ВЕК) (Va, rVa, rV) i v]. 


Since 


ВЕЕР y] € 62 


еч теа 


ВЕБ) (Vpr Va rV) ^] + BEF2-2. ais, Уз 


бутт 
we infer, fixing the value of д, „а > 0 small enough for the redshift estimate used above to 
hold, 


BEF; Y] 5 6+6 + BEF}~*[(Vg,rV4,rV) e^. 


Together with (14.2.16), this yields, for any 0 < у < 1, 
ВЕРУ iY] Sr3(61 + O(a, 95; ) ву IY] + гб EF? f^] 


(14.2.17) 
+ 736," | lo Ay]? + 73677 c + 8) +гу АЖ jy. 
Merap 


Step 10. In view of (14.2.17), we need to estimate ЕР) ?[r2 Av] + Sirap 197 RAY. To 
this end, we rely on the following identity, see Lemma |14.1.7| 


1 =~ bd м м м 
4 = 244 ODS ODP + оГ; + O(a)o$! R, + О(ағуә Р + roS! (Ty - Ry). 
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Commuting with (2 т, £z), and using, as in the proof of Lemma [14.2.2] 
Y = (TP, TZ) = (TP, ZP) +т-1Гь, 
we easily derive the following identity for Y = q? (Cx P, CzP) 
OD& рр = Or *)Lazq + О(т?)о®?Г + O(ar?)£ r zo Rs + О(а” Erz’ 
4p ToS (Ty, « Re). 
Making use of our bootstrap assumptions, we deduce 
ЕРУ? ©D@ODy) 5 EFF Era, 2] + EF; DET] + EF? ro (Ty - Ro] 
+O(a) EF? ЗІ v z0 I] + O(a) EF? ? [ro^ £ mz P) 
5 ЕР la] + EF; [T] + EF? АЫ € BRP P| + є. 


la] 


Together with Lemmas |14.1.1| and |14.1.2, and the control of q in Theorem |14.1.6| we 


obtain 


Еу "зу? ODS D] S 674167 -9Rc; Ky + е ЕЗ 6. 


~N 


Using the Hodge type estimates of Corollary |13.4.1|over spheres of fixed r in X(7r)U.AUX,, 
integrating then over these regions, and making use of (14.2.4), we deduce 
ЕЕ; PV] 5 ЕР? ODS Dy] + EF! y] + O(a + e) EF? ^ [y] 


la] 


S 6767+ RyRy + єз + єй + Ola + e) EF? j]. 


The term | "m [07-3 Л]? is estimated by the same procedure, and is even easier to 
control. We obtain 


| видо 
Merap 


MAS 


Bj-*| OD& ODY] + O(a + ) BI7[U] + BFW) 


MAS 


/ 207-302 + O(a  ) BI? o] + BEW] 
Merap 


B}? la] + BL rU + BYR] + Ву P| + O(a + 9 7^] 


+e + е 
674167 + e + е? +O(a+ ӨҢ ҢІ), 


MAS 


MAS 


Therefore, 


EF? [Ay] + f |o Ay? 65 - 927,491; +2 + е0 
Merap (14.2.18) 


+ O(a + e) BEF7 р]. 
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Step 11. Combining (14.2.17) with (14.2.18), we infer, for any 0 < 6, € 1, 
BEF] |i] r$ (ô, + O(a + 967") ВЕРУ Y] + тб (854105 + RyRy + G +B). 


We may now fix бу such that 706, is small, and then a and e, such that both 726) and 
гббү (a+e) are small enough to absorb the first term on the RHS from the LHS. We infer 


ВЕЕ; [V] то (8.6. + Ris + G+ 8) 


which ends the proof of Proposition |14.1.8 


14.2.2 Proof of Theorem |14.1.3 


The proof of Theorem [14.1.3] proceeds along the following steps. 
Step 1. Recalling the definition of i, we write as in the proof of Lemma [14.2.2] 
Y = g (TP, TZ) = @(TP,ZP) +r Ty. 
According to Proposition and Lemma we deduce 
BEF P (TĚ, ZÝ] 5 n" (6,56, + Rus +) +). 


Recalling that T=T+ Z, we infer 


аб 
r2+a2 


БЕРУ PPP) 5 n (65456; RRs +) +). (14.2.19) 


Step 2. Next, renormalizing the wave equation (14.2.2) for P using Lemma 5.5.3, we 
obtain 


«(q^ P) = WP + rT, + D, * oR, 


which we rewrite as 


є(Ф) = WW4r%D,4+T,-09R, V= ФР. 


Therefore, using the formula of Lemma |4.7.6| we infer 


VU = VAY + О(1)0,9 + O(1)AV + O(r ) VgV + O(ar ?) VV - T, -0V 
УАФ + O(1)AV + O(r УУ 2 + O(ar ?) VV + O(r ^) 
+т 201г, + Г, * ә<1 В. 
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Arguing as in (14.2.4), we have 


ВЕЕР; U] < @ + 991. 
А]во, yields for V = ФР 
BEF/-(T(wj < (6746; iq + 2). 
Consequently 


BEF;C[V2V| 5 ВЕРУ Чу»Ф] + BEF]? [AY] + ВЕБ) М) 
+BEF} 2201г, + BEF7 ?[T, - 0S! Kj] 
ВЕБ) [AY] + то (8.16. Жылуы ci). 


MAS 


We thus deduce 
ВЕБ) |VaW, V2W] 5 ВЕРУ [2 AV] + ry С 14167 + RyRy + єз + 4). 
Step 3. We can then proceed exactly as in Step 10 of section |14.2.1| with the help of the 


identity (14.1.7) and the Hodge estimate of Corollary |13.4.1| over spheres of fixed r either 
in M or Х(т) U AU X,, to derive 


ВЕР [rV V] < 6,16) +R Ry ++ ++ + Ola + e) ВЕ [V]. 


Together with Step 2, we infer 
ВЕБ) ?|V2w, V2, i? V^v] zi? (8.16. Буне + 8) + O(a + e) BEF? [Ф]. 


Since V = g?P, we have, using Lemma/14.1.1| 


BEF?~*(r?(V2, VÀ,rv?)P| 5 BEF? (VAY, V2, V T] ВЕР?-1у2Б) 
5 ВЕЕР (VAY, VRY, rV U] + RIR, 


and hence 


BEF}? r? (V2, Va i? V^) P] Sri? (8.16. nE O не an 8) + O(a + e) BEF} |r? E]. 


Moreover, since J > ы. and kz is large, we may assume that J > 4. In particular, we 
have 


BEI (Уы Vg rV)" P] < BEF)~?[r?(V3, V4, °V?) P] + BEF7 [P] 
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which yields 


BEF pr? (Vo, Vg, ту) P| Sri (Gs418y 9 + +e) 


` (14.2.20) 
+ O(a + e) BEF} [r? P). 


Step 4. (14.2.20) degenerates in the redshift region. To improve on it, we next derive 
estimates for V3P in that region. These can be obtained, as in Step 9 in the proof of 
Proposition |14.1.8| according to the following step] 


1. First, commute the wave equation (14.2.1) for P with V3 using Lemma and 


linearize it to derive a wave equation for the linearized quantity ез(Р) = ез(Р) + p 
This yields, for r < 4m, 


КАФ) = (a (52) «o (3) valet) ошу) 


+0(1)ег(ез(Р)) + O(1)0 P + о<1гь + O(c)o€? P. 


2. Then, we commute further with J — 1 non degenerate derivatives and apply the 
redshift estimate to the resulting commuted equation. Making use of the favorable 
sign of д, (E) in the red shift region r < r,(1 + ба), and proceeding as in the 
redshift estimates of section [9.5] we easily infer 


— — 


BEF; : 145, 63 (P)] S 0 F е T бщ ВЕРУ = РИТЕ Ae ез(Р)]. 


Ôr Ir} бұға 


This yields 


— 


6; mn ~N 


S BEF 4 (Vp, туа, rV) Р). 


red 


3. Using the fact that 
ee 6 м 2 6 
eps aia ae: (5- іт) ‚бт 


e3(P) sr rpg, 


we infer 
7—1 D 
BEF; s ӨР) S g++ 
Note that we avoid using the direct linearization (14.2.2) of the wave equation for P for the same 
reason as before, i.e. it leads to 07 *!T'; on the right hand side. We thus first commute the wave equation 
for P with V3 and then linearize. 


5 BEF2—*[(Va,rVa,rV)~ P]. 


red 
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Together with (14.2.20), we obtain, fixing the value of ó,4,4 > 0 small enough for the 
redshift estimate used above to hold, 

BEF} р? (Уз, V4, гу)“ В ara (8.16. + RyRy + 6 + 9) (14.2.21) 
+ O(a + e) BEF} |r? P]. 


Step 5. In view of (14.2.21), it remains to recover rV, derivatives of Pinr > rg. We 
only sketch this step: 


1. As in Step 4, we do not use the direct linearization (14.2.2) of the wave equation for 


P. Instead, we commute the wave equation for P with re4, and linearize it using 


re4(P) = re4(P)— E e. Finally, we then renormalize the wave equation for re4(P) 


using Lemma 5.5.3] thus yielding a wave equation for g?rea(P). 


2. We then use an т? weighted estimate in the region r > rg with p = ô for the wave 
equation satisfied by q?re4(P) as in Step 8 of section [14.2.1 


м 


3. As in Step 4, we relate re4(P) and rea(P) and deduce an r? weighted estimate in 
the region r > rg with p = ô for d?re4( P. 
This r? weighted procedure yields 
BEF} l fre(P)] < ёе + т ВЕУ (Vs Var V) re (P)] 


which together with (14.2.21) yields 
BEF} r^ P] Sr)? (63118; + RyRy + + 8) + r$O(a + є) BEF} |? P]. 


5 we infer 


For a and є small enough compared to rj 
BEF} |? P| Srq° (8.16. + RyRy + 6 + 9) 


as stated. This ends the proof of Theorem [14.1.3 


14.3 Proof of Lemmas 14.2.3, 14.2.5| and 14.2.7 


In this section, we provide the proof of Lemmas |14.2.3| |14.2.5| and |14.2.7| which are used 
in the proof of Proposition |14.1.8| in section |14.2.1 
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14.3.1 Proof of Lemma 14.2.3 


The proof of Lemma|14.2.3|follows from checking that the linearized quantities q?T P, q?ZP 
satisfy the following wave equations 


(GTP) = ИТР + т <T, +r 103? - Ry) — ?09 (A 
«(Ф2Р) = Wq'ZP + r7?99T, r7 99? (D, - Ry) – 7209 (A - A), 


where the complex potential W verifies 


R(W) = O(mr^?), S(W) = O(amr~*). 


Recall the wave equation for P, see (14.2.1), 
eP = trXV3P+@XViP —-H-DP-— H-DP VP r?909Y(T,. Ё) — А.А. 


Using the commutator formula (4.3.1) for [T, Os], i.e. 
[T, D]P =0(T,- oP) +T: OP, 


and, [T, ез| = [T, e4] = [T, ea] = Гь. D, we deduce 


(ТР) = ТО,Р+2(Г,:әР) +T: OP 
- T(wXvsP + &XV,P — H-DP - H-DP+VP4 r9 (D. А) - А-А) 


(г OP) aT, ер 4 79951 (T, - В) — A- A) 
= trXV3(TP) +trXV.4(TP) - H-. D(TP) - H-D(TP)+VTP 
+r 9D, + 1305? (T, . Ry) — 051(A- A) 
T(trX)V3P + T(trX)V4P — T(H)-DP — T( H)- DP + T(V)P 
trX[T, V4|]P + trX[T, V]P — H -[T, D]P — H - [T, D]P 
trX V4(TP) + trXVa(TP) - H-D(TP) — H-D(TP)--V(TP) 
+r 97, + 77399? (P, . Rs) — 05! (A- А). 


+ + 


We are now in a position to apply Lemma and deduce 


GTP) = [V+ OP] РТР + ry (TP) e itv, 
tro (Ty Ry) = "205ҚҢ(А : A). 


Thus, since TP — T(P = ӛт) =oP + r-T, and Г, = rT, in view of Remark |13.1.2| 


lP TP) =W TP + r72031T, + 771082(T, - Ej) — 72031 (A A) 
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which is the first identity in (14.3.1). Also, we have W = V + q ?Llg(g?) which satisfies 
indeed R(W) = O(mr-?) and S(W) = O(amr~*). Finally, the second identity in (14.3.1) 
can be derived in the same manner. This concludes the proof of (14.3.1), and hence of 
Lemma [14.2.3 


14.3.2 Proof of Lemma [14.2.5 


Starting with the equation О = N, and using the following commutation formula, see 


Lemma [4.7.12] 
[Va РО = O(r)Ogh + O(r) Ad + Olar) Py + О()У дф + О(ат 1) 
+ro (ГЬ : ow), 
we obtain 
1 1 
«Ф(УрУ) = i Val N) + МУ lal Clg] 
and hence 
eV gU - [N], 
where 
1 1 Т 
[IN] := ig? У ael Ny jgg ® 1912] 


= О(г ӘП, + O(r )Aw + О(ат joy  O(r 7) Vg + O(ar Зуу 
tro (Ts 04) - VaN -r ! N 

= O(r)Av + O(ar ?)o*y + O(r?) Vg + O(ar ^) V 
+r (Ts 0) VgN +r 1N. 


Repeating the process, we find 


where 
1 1 
[EN]]. = ja ata IND ш "as lal Clg] V gj 
= O(r)ARy + Olar? EV gY + O(r?)V5v + O(ar-*) VV au 
tr 10° (T, - V) + Va[N] +r (N] 
= O(r")VzAw + O(r ?)Aq + O(ar~*)V go ^^v + O(r?)VgvV + O(ar %)05%) 
tr 19 (T, - V) + Vg[N] + А] 
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where we used in particular the commutation formula for [У р, A] in Lemma 4.7.124 i.e. 


[Ve Aly = O(r")Aw + Olar”) ўр + r 10 (Г, . dw). 


Now 
Val] = Va(Or)Aw + O(ar)o*4 + O?) V gw + Olar) vi) 
Tre (Гь v) + VEN тУт? 
= O(r")VgAW + O(ar ?)Vgo*?y + O(ar~“) VgVw 
+О(т?)А + O(r ?)VgvV + O(ar ^o^ + ro (Ty . v) 
+VEN RrÜVRN-rN. 
Therefore, 


«Уф = O(r )VgAw + О(г?) Ар + O(ar ?)Vgo^^ + O(r ?)Vgv + O(ar 952) 
-HO(r Vg + O(ar~*)V go ^v + O(ar )VgVw 
4O(r ?)Awv + O(r?)VgvV + O(ar ^o^ + т 195? (ГЬ . v) 
-O(r 2) Ар + O(ar %)о52) + O(r 3)Vgv + О(ат”9)Уф 
+7103 (Гь Y) + VEN +r 1VgN +r ON 


and hence 


«Уй? = OV 0 O(ar?) V ро)  O(r?) Aj 
*O(r уу RY + О(ат%)д®%ф + r 7195? (Г, е v) + VAN + r !VgN ig ?N 


as desired. This concludes the proof of Lemma |14.2.5 


14.3.3 Proof of Lemma [14.2.7 


According to Lemma |14.2.2| we have 
ВЕБ)” 5 € + 994. (14.3.2) 


We apply the second estimate of Proposition 14.1.4|to equation (14.2.9) with V = —R(W), 
k = J — 3, and an inhomogeneous term N given by 


N = iS(W)Viy + О(г?) Ар + O(r ')VgA + O(ar ?) (Удо + o<) 
TOP S qs 
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where NS? is defined in (14.2.9). We obtain 


ВЕЕ vg] 5 de nervo] + | |o? V2 + N? У, №] 


(IV gos y + oS?) 


5 {+ нигу | 
Merap 
t Л Уу, N] 

5 eo + ВЕРУ [0] + Л Ур, N] 


which together with (14.3.2) implies 


ВЕРУ [ур] 5 ++ RR + ЛУ ЭМ, М. (14.3.3) 


a) 


It remains to estimate JV, à Vy, N]. We have 
Ni VEN, №] 
тот 1—3 9 ет J-3 72 red J-3 72 


+ f (|907 850] + roov) oN] 
(ezt) M 


MAS 


(BI? Ivi) (f en |, ES (е) P^ AI. N] 


CHOW, А ES МАРАТ 


Since Va, V£9*7 3) = Vg037- + O(r 1057 I, we infer 


MAS 


1 3 
мум») 5 (sw) (f irme). 
Now, using the definition of N, the fact that S(W) = O(mar ^), and (14.3.2), we have 


| тр зм? S labs e Beau] + B7] + | poire 
M M 


MAS 


(|В) 0) + В) [rAy] +ё+] ыер, 
м 


Together with the definition of NS? in (14.2.9), i.e. 


NS =r 9ST, + п71054(Гь - Ry) — г20<3(А - А), 
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the induction hypothesis for the linear term involving Гь and the bootstrap assumptions 
for the nonlinear one, and Lemma |13.5.5| we infer 


MAS 


f т%1[07-3 NP? eB lo] + BE [rau] +4 / r 3S7? 
M M 
+e f rper p+ e f roS HT? 
M M 
ка | т3+|07+1 12 
M 


jal BJ Чу] + В; [rAy] + & + 65 + (65, + 95) 
la|BZ! [y] + B7 ? [rA] + е + e. 


UN dU 


This yields 


1 


м умы (в) (f tms) 
M 
5 (BI) (lB lo] + By rau] + +)’. 


Together with (14.3.3), we deduce 


ВЕР) NRU] S REA + RR + ЛУ VR, N] 


сы 
1 
2 


5 G++ RM + (BI Wl)’ (ll BIW] + ВА] +4). 


Hence, we have for any 0 < бі € 1 
ВЕЕР УЗ] S (61 + lal) B [9] + бг Bj А б (о) + RM 


as stated in (14.2.10). This concludes the proof of Lemma |14.2.7 


Chapter 15 


Energy-Morawetz for A, B, B, A 


The goal of this chapter is to derive estimates Energy-Morawetz for the curvature com- 
ponents A, B, B, A using the Bianchi identities as well as the estimates for P derived in 


Chapter This will complete the proof of the estimate (13.6.6) in Theorem |13.6.3) see 


section [15.1.3 


15.1 Statement of the main results of Chapter 


In order to derive Energy-Morawetz for the curvature components А, В, В, A, we first 
control (B, B), and then (A, A). 


15.1.1 Energy-Morawetz for В, В 

The following proposition provides energy-Morawetz estimates for (В, В). 

Proposition 15.1.1. The following estimates hold true in М = М(1, т,) 
BEF} (r?B\ + BEF7|B] < [Р] ++ + laha 


Алы + (v à; ВІ + €o ко) Фу, (15.1.1) 


where 
3:112] := BEF} [r? P]. 
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Proposition |15.1.1| will be proved in section [15.5] 


15.1.2 Energy-Morawetz for A, A 
The following proposition provides energy-Morawetz estimates for (A, A). 
Proposition 15.1.2. The following estimates hold true in М = М(1, т,) 
REF! W^ A] <В] + e8 + e2 + л; ] + €o + 2 6,1 + al^ 67, 
ВЕЕ А] < |В] + єр + є + + (у |+) бла + lal? Boon 


where 


6741[B] := BEF? [r^ B], 6741[B] := ВЕЕ В). 


Proposition |15.1.2| will be proved in section 


15.1.3 Proof of (13.6.6) in Theorem 


We are now ready to prove the estimate (13.6.6) in Theorem |13.6.3| on the control of the 


curvature norm PPR. 


Proof of (13.6.6) of Theorem First, in view of Theorem |14.1.3| and the definition 


of 6; 4 |P], we have 
буніР Р] = ВЕРУ |r ЭР) So (63116; + RyRy + 2 + 8). 
Also, in view of Proposition we have 
BEF? |12 В] + BEF7[B] € 674[P]+2+e + |a’?63,, 


гы 


Fej aa + ( 074 4| P P Ау е) Ou: 


Together with the definition of бу, [B] and à;.1[B], and the above control of 0.,4[P], we 
infer 


82112] + 5741[B] + lB] € n "(9692 Яда) Беу 4) + [a 67, 


mr m c + Vez 6744 + 954). 


15.2. LINEARIZATION OF SECOND AND THIRD BIANCHI PAIRS 641 


Next, in view of Proposition |15.1.2) we have 
BEF} (^ A] S ds4:[B] + єр +6 + (v бін [B] + €o + cs) 674 Fla 65, 


BEF А] < 18] + ef + + + (у LET) Фл + lal? 6f. 
We infer 


бу [P] + 5.118] + 544 [B] + BEF; [r^ А] + ВЕР [A] 
5 (6 (9л +R) +з +4) + lale, 
15 3 3 
“то 67, С + ej 6544 + 954) É 
Together with the definition of бі ВІ, блА|В| and 6/41|В|, this yields 


BEF} |А, B, PB, A] S ro СОЯ + Rgt) + ез + 4) + [a|67 , 


i5 38 i 
tré 8341 (co + Ver + Mya) 


Also, in view of the definition of "998, in section 13.5] and the one of В? in section 
14.1.1 we have 


(int) gn? | г BEF? |A, В, Р, BA. 


la) 


We deduce 
uh ©ту COS + Ryt) + є + 4) + |а|го® +1 


27 3 3 
Trg 65, c + ej v 67544 + Яла) 5 
which concludes the proof of (13.6.6) of Theorem |13.6.3 


The rest of the chapter is devoted to the proof of Proposition [15.1.1 and Proposition 


15.1.2} We first exhibit useful properties of Bianchi pairs in sections |15.2| and 


Proposition |15.1.1|and Proposition |15.1.2|are then proved respectively in section and 
15.6 


15.2  Linearization of second and third Bianchi pairs 


Observe that the first and fourth Bianchi pair, see section 13.2 involve А, В, В, А, x 
and &, as well as quadratic terms, and are therefore already in linearized form. On the 
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other hand, in addition to P and B, the second and third Bianchi pairs contain also P, 
trX, trX, H and H which are not linearized quantities. In this section, we linearize the 
second and third Bianchi pairs based on commutatio] with £r. The result is stated in 
the following? 


Lemma 15.2.1. The quantities 
B :— £4B, Р:-ЙтР-Т(Р)  B:—£4B, 


verify the following equations: 


1. Тһе linearization by Lr of the second Bianchi pair can be written in the form 
(у: В + trX B =DP + Olar) È + Orr, + O(r 3)£ 4H 
t roS (T, - №), (15.2.1) 


. 3 a f — = = 
OW P+ ге DH O(ar-?)B + O(r 3yoS!T, + roS (T, - Ry). 


2. The linearization by Ёт of the third Bianchi pair can be written in the form 
i EE j| = : м 
OV3P + ХР реВ O(ar~?)B + O(r-3yoS!T, + r-!9S(T, - Ry), 
Ov,B + trXB = — DP + O(ar-?)P + О(г, + O(r-3)£4 Я (15.2.2) 
+ г loS!(T, : ДЬ]. 
Remark 15.2.2. Note that ше can replace the operators D,D by the corresponding con- 
formal ones (OD, ӨТ without changing the structure of the equations. Indeed, since P 
has signature 0, we have DP = ODÈ and DP = ODP, while for A, B, В and A, we 


use the fact that OD = D + sZ = D + O(ar-?) + Г, so that the extra terms do indeed 
not change the structure of the equations. 


Proof. We apply first £r to the Bianchi identity involving (? VB, i.e., see section [13.2] 
OV,B+tXB = DP+3PH +r Ty Ry 
where we have used the fact that ODP = DP by definition since P has signature 0. 


Using the commutator estimates, see Lemma 2.2.13| we have |£ r, D|P = 0 since P is a 
ТЕК 


scalar. Also, [£ y, V3] B = r ?oS! (T, - R,) in view of Lemma Therefore 
OV,B+uXB = DP+3PH+3P£rH roS (T, - Ej) 
= РР + О(ат?)Р + O(r?)£ 4H + 77205 (T, - Ё). 
‘Recall the definition of £ x in section [2.2.8] 


2See also Remark 13.2.1 
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We write Lr H = £4H + Ёт( ЕЗ) = ДаН + O(r-3)T, and hence 


OV,B+tXB = DP+O(ar)P+O(r ?)£ B + O(r- 9T, + r (г, - Ej) 
as stated. 


Next, we apply Ёт to the Bianchi identity involving “V4B, i.e., see section 13.2) and 
we deduce as above 


©уВ+ҥХВ = -DP-3PH-—3P£yH +r ST,- Kj) 
= -DP -O(ar?)P + O(r) Lr Н + Or SI, +r, - By). 


The two remaining equations can be obtained in the same manner and are in fact easier. 


This concludes the proof of Lemma |15.2.1 


15.3 Hyperbolic estimates for Bianchi pairs 


15.3.1 Complex Hodge operators 


Consider the following complex Hodge operators 


Remark 15.3.1. Observe that these operators are the complexified version of the real 


Hodge operators P, and P, see section More precisely, for V = 0 +1 *0 a 
complex s,-tensor with p = 1,2, or for a complex scalar Y = (Y + iv,), we have 


қора) = 2904) = 2PH, 
RPV) = PRY) = Bu, 
RPV) = Priv, yx), 

P, V div ар + icurl y. 


In particular, above and in the rest of Part ПІ, the same notation Py and Pë is used for 
two different operators, i.e. if V is complex, then PY and Ty should be interpreted as 


in (15.3.1), while if v» is real, TX and Тұ should be interpreted as in section |2.1.3 


The following lemma gives a sense to the fact that 757 is a formal adjoint to 7). 
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Lemma 15.3.2. Given Ya) € Sp, Хо) € Sp_1, or Via) € Sp, V) € Sp_1, we have, in both 
cases, for p — 1,2, 


ШЕЛІ | Фо) i ІІ i DS) = V. я(Фа) V). (15.3.2) 


Proof. We give below the proof for both cases р = 1,2. 
Case р = 2: We have for Ya) = v) +2 *v(ij € 82 and V = Ya) +i “Wa € $1, 
R( PV): m = des PV) 
= „(® . Way): То To) + EIC -DQ Фо ) 
| күп 1 A Қаға 
- R( (div Va) t i "(div vq): To) F 5R( Yay (Уо) — i (V&))) 
= 2(div Ya): Фо) + Фа): (Уә). 


Using that we have, for f € s, and u € 62, 
(V&f) “и = (Vals E Vola m dapdiv Dus = 2(Vafo)Uab F 2V al aids) = 2(div u) 2 f. 


we obtain 


— 1 
(а: 7аә)-2%(%а ға) = 2V- (Wade) = У (а): Vo) 


as stated. 


Case р = 1: we have for Ya) = Ya) +7 "vay € s; and Vi) = a + ib € бо, 


a 1 aa; 
R( PAVo: Ta) E 5x(Va Ve) 
1 <= 
= 5k((D Уау): Ta) + 
= R( (div Vy t icurl ya): а) та 
= а divya) +6 curl vay + Фа) ( 
Using that we have, for f Є s, 


f: Va = f,V,a = V.(af.) — a(div f), 
f: *Vb = —“*f.V-b=—-V-(b * f.) + b(curl f), 


r(Y% (Va — *Vb— i( *Va + v) 


we obtain 


TENE: 1 E n 
я(?2%): Va) = 2 ға) | Diva) = У: (aba +b da) = V Xo - Yo), 
as stated. This concludes the proof of Lemma (15.3.2 
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We also derive the following complex, non-integrable version of the identities (2.1.16). 


Lemma 15.3.3. The following formulas hold true 


1 * а а 
P PY = -Aot — | хуз + P try Vi), 


1 
T jV = -AY + =i( MtryV3 + Qtr ví) + ORY, 
2 АЧ 
1 (15.3.3) 
Pr Pr = – Ду — zi Ptrxvs + Уа) – ORY, 


TV = Лр + sil tryV3 + (9 туу а) +2™KY, 
with the scalar (ӘК given by the formuld?] (2.1.30). 
Proof. We start with the identities 
JA Pry = -Aot — si E” [Va, Vol, 
Di DY = AS + <i Eas [Vs VW, 


2 


1 
T y = —A4V — 9! еш [Vas МЫЗ, 


1 
PPY = -AY + 5i Ear (Уа, Vi] V. 


The last three identities are immediate consequences of Lemma|2.1.36|and Remark 15.3.1 
It thus remains to check the first one. For V € so, we have 


les 1 
Т, TV = -а? Тт = eS -4 Oy Vg +1 *V a) 


1 1 1 

= SA жур E е“ (V,V,V — Va Vo) 
1 

= -АФШ- 9! Cab IV as у], 


as stated. 


We rewrite the formulas above by making use of the Gauss type formula of Proposition 
2.1.43] according to which we have, for V € s,(C) with p = 0, 1,2, 


E” [Va V;]V = (try V3 + (Уд) —2ip ? Kv. 


?Recall that (УК coincides with the Gauss curvature К in the integrable case. 
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We deduce 
1 1 
P pro = -Aw - i; E% [v,, У] = -^Y — sit (try V3 + try V4), 


1 1 
Pi DY = -AY + ji eS v s Vil = -AY ++ ail (ууз + (у д) + KY, 


1 1 
Pe PIV = -AV - zi Ean [Va У = -AY - zi( MtryV3+ try V4)U — ORY, 


1 1 
PLP = —A + zi Eas [Vas УО = Дор  zi( PtrxVs + ix Va) + 20 Kv, 


as stated. This concludes the proof of Lemma [15.3.3 


15.3.2 Bianchi pairs using the Hodge operators 75, 7); 


We rewrite below the Bianchi equations, see section |13.2| using the complex Hodge oper- 
ators introduced in section |15.3.1| We split them in pairs as follows. 


Definition 15.3.4. We define the following pairs of Bianchi identities: 


1. The first pair, involving A and B: 


1 Ж " 
(OW. A + jXA = PIB + O(ar~?)B + O(r-9)X 4 r?Ty- Ry, 


В (15.3.4) 
ӘуВ--2иХВ- PA + O(ar ?)A + O(r 3)E - r?Ty - Rp. 


2. The second pair, involving B and P: 


(OV.B + ХВ = — PtP + 3PH 4 r7T, - Ё, 
VEL M = т (15.3.5) 
(Ow P + ; XP - AB O(ar?)B + r?Ty - Rp. 


3. The third pair, involving P and B: 


MG т 
(9V P + ХР =—-DB+O(ar-?)B+r— Ty, - Rs, 
dE n РВ + Oar )В ы (15.3.6) 


OV,B+trXB = 1 Р—-3РН-+т-!Г„. Ry. 
4. The fourth pair, involving B and A: 
©у:В + 2irx В = —PA+ O(ar)A— O(r?) E Ts - №, 


1 bs т (15.3.7) 
OV,A+ ;7XA- PIB + O(ar~?)B + O(r-3)X +r,- Ry. 
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15.3.3 Main lemma for Bianchi pairs 


We start with the following definition exhibiting the general form of Bianchi pairs. 


Definition 15.3.5. We consider the following general Bianchi pairs in M, which gener- 
alize the Bianchi pairs written as in Definition |15.3.4| 


e For Way € 5p, Чо) € 8-1, and Fa) € Sp, Foo) € 5p—1; 


O V3(V 5) + соу ХФ) = — 97V + Fo, 
(15.3.8) 
(OV (Фо) =F соу ХФ о) = pv 
e For Vy € Sp-1; То) Є Sy, and Fay Є Sp-1, Foo) Є Sp, 
(Oa (V, 1)) + catrX Yo) =- }, Y 
(15.3.9) 


OV (Фо) + CaytrX Va) = TW + Fo. 


Remark 15.3.6. Note that the third and fourth Bianchi pairs, according to Definition 


15.3.) are of the type (15.3.9). Also, the first and second Bianch pairs are of the type 
(15.3.8) provided we write Yaj = B, Хоу = P for the second Bianchi pair. 


Remark 15.3.7. We can also define the general Bianchi pairs in a conformally invariant 
way. Recall the conformal operators defined for tensors f of signature s by OV,f = 
Vaf + С.ў and OD = OV, + * OV. By introducing the conformal operators 


1=== 
03; = = — ODR, © Т, = n (c) Ті- лот © D =- 


we can define the above pairs with © Pë and (9 D,, i.e. 


OVT) + со) ХФ) = — ©) Jj Vo + Ей), 
(15.3.10) 
OW (Фо) C(2 a) trX V (ә) (© Р, АЛ + Fo, 
and 
OV (Va) + caytrXVa = — © Ф, V 
(15.3.11) 
(OV (Фо) + caytrX Yo) E (1) + Ға). 


Note that the use of these conformally invariant horizontal Hodge operators does not 
modify the structure of the terms Fa) and Fi), see Remark 
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Lemma 15.3.8. Let Vaj, “оу verifying either one of the equations (15.3.8), (15.3.9) for 


positive real numbers ca) and cig), with V) of signature k and Vig) of signature k — 1. 
Then denoting 


b b 
Ла) == —2c(1) +1+ z Ло) = —2c(2) +1+ z 


the following pointwise identity holds true for any real b: 


1. If Va), Vo verify equation (15.3.8), then 


‚ [1 aee 
s EU + Jal" [Pea — 210% (а) im) 
1 
= sla A«trxIWol + la Aer о]? + lal Gk — 1)(ш|Ф [Р — 2» ТС 
*O(ar^7?) Фау rg) + la R(Fi To) + 21a (Fio о) 


e(t + ШӘМШІ + rwo). (15.3.12) 


2. If Vaj, Yo verify equation (15.3.9), then 


| 1 __ 
СОЕ + 21419 е] еа + 21g] RE - m) 
1 
= аЛа аз? + zla Aer x Io + lal Gk — 1) Qul — оор) 
+O(ar*) (Фа) Фо) + 2lalR( Fay: Wa) + lal (Fi а) 


ЕТТЕ + |а)! (| + "тау. (15.3.13) 


Remark 15.3.9. Note that the two identities differ by a factor of i when interchanging 
Vaj and Хо), and by the sign of the third term in the first line. 


Proof. We note first 


Y 
Dye; 


1 1 
— 58 (Dues, €3) — 58(Dsea, ел) + 4" g(D.e, ey) = tr x — 20, 


y 
"ез 


1 1 
-38(Daes, ез) — 5 8(Dses, еч) T Y" g(D,es, ey) = try — 20. 
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We now calculate, 
р (1з) 
~ 2а (Уз | To) T al’? (aes(a) + аез(@)) IV iP? lal" Wy ,еҙ 
ЕСА | To) F al’? (aes(a) + ge3(@)) Voy? + 141" (tr x — 24) | Way? 


sa (vita) + lal (1+ 5) tex onl? — 224g Ia 
+5 lal? (gesla) + асоба) — еа) 
Similarly, 

Div(lal"]Wo Pe.) = 24|98( 74%) To) + |4? (1 jk 2) tr xV g|? — 2w|gl*| V P? 

+a (geala) + аел) — tr xla) Bey? 
Note that] 
ges(q) + чез(@) — tr xla? = "Гь, — gea(q) + gea(G) — tr xlal? = r?T,. 

Hence 

Div (aM Pee) = zi (vitis Fo) + lal (1+ 2) tex? – 22k Ia 
Tr |W”, 


= b 
ТЕМПТЕ + la? (14+ 3) texto? —2 Wo? 


БАТЫЛЫ 
+r? ITs 92,7. 


We now consider the two cases: 


Case 1. Consider the case when Ya), Хә) verify equations (15.3.8), with Ya) of signature 
k and V (5) of signature k — 1. Then 


(ON aq = Мз 1) = 2kwW (1), 
OV фә, = V 4V (2) + 2(k m 1)wW a). 


^In particular, we use the fact that —(q +q) — R( 271412 --(4--4)--2%(а) = 0. 
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Hence, using the equation for Ya), 


(уз ' To) 


R(( — ара + kuta — Фа) Fo) To) 


= -egtx|Woy + 2hw|V ay? — ы To) +R(Fo To), 
and using the equation for Фә), 


(уай). Фо) 


R( (= са Ху — Ak — wta + 2,00) To + Fo) Фо) 


= —ca)tr xIV o = 2(k = 1)w|V 2) |? + an То )) + (Fo yj: V), 


we deduce, 
Рі (1891 les) 
Е 24 ( — суб x| Way + 2kw|Vay|? — RPV - V) 


b T 
Hab (145) rato — 22 Ico 2a RR a) r^r 


= |44 xta]? TI 2) + 2(2k — 1)|gw|V aj]? — 2a (7 Wo Ф) 
+24 P R(FG Фа) + Pol Wey!’ 
and 
б (lgl Wes) 
= 24 — ctr xto- 206 — olta (0а) Фо)) 


— b 
a R(Fe Way) + ТЕТІГІ 


b UN 
= xpo (оаа +1+ 5) - 2 – ulvo + За Фо о) 


-F2|g| 3? (Fia) . V (5) RE ro Typ. 
We deduce, making use of the relation (15.3.2), 


NM А = 
5р (аа ез) + О (а ауел) — 2I v (а) To) 
1 
= 5 dl Aotr ха + lal Aqytr xl]? + (2k — Dla (aIv = 2| V?) 


+aR( Fo Фаз) + 21g (Fi Vay) im (I P т). 
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Finally, using Lemma 2.1.40| i.e. D^ f, = V* f, + (п +) f, 


у. (ра): о) — Уй) Rr; а) 


lal v (а о) 


: b 
Div (Rey a) — (145) lo RO a) 


+r°Ty (Фа). Va) 


where we used that V(|g|^) = $(7 + n)|q|’ + т°Г„. Combining with the above, we obtain 
(15.3.12). 


Case 2. Consider the case when Ya), V» verify equation (15.3.9), with Ya) of signature 
k and V (5) of signature k — 1. Then 


%(У:%):%0)) 
= R(( — су ХФ(уу + 2kwYa) — D, V» + Ға)) Wo) 


= оту + 2kw| Val? -R( P, Yo To) +R(Fo To), 


(ул). V) 
= W((- авт – 206 — Iw We) + BW) Ve + Ға) Va) 
= —caytr х|® (ә)? — 2(k — 1)w|W |? + R( Pa) - To) + (К . V). 


Using again relation (15.3.2) апа Lemma 2.1.40 we obtain (15.3.13), which concludes the 
proof of Lemma [15.3.8 


Remark 15.3.10. Recall that in Kerr, we have 


a? cos? 0(r — m) + mr? — а?г 2r 2rA 
= al c^ "x= ge 


The dominant terms on the right hand side of (15.3.12) and (15.3.13) are given by, modulo 


a factor of 2, 


w = 0, "X= TGF 


1 
lJ = Лаута) + 5 ^or [Фо + Qk — 1) (ulto? — wta’). 


Then: 


1. The first two Bianchi pairs are applied in situations where (оу is already under 
control and 2k — 1 is strictly positive, see part 1 in Proposition |15.3.12| below. To 
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derive estimates for Ф т), we need the coefficient Aytr x + 2(2k — 1)w to be strictly 
negative. Thus, since м = Гь and trx < 0, we need to choose b such that 


b 
Лау = —2c) +1+ 2 > 0. 


2. By contrast, the last two Bianchi pairs are applied in situations where Ya) is under 
control and 2k — 1 is strictly negative, see part 2 in Proposition below. To 
derive estimates for © о), we need the coefficient Лоу x — 2(2k — 1)w to be strictly 
negative. Since ш « 0 and is non degenerate near т = тү, and since tr x > 0 for 
т> ту, it thus suffices to choose b such that 


b 
Na) = —2e( +1+ 5 < 0. 


15.3.4 Main integrated estimates for the Bianchi pairs 


Lemma 15.3.11 (Divergence lemma). Consider a vectorfield X in M(71, то). We have 


-f sax) - f sx) - f sx)» f sa, N) = | Di(X), 
A(n1,72) У(тә) У, (71,72) X(n) M (m T2) 


where № is the normal to the boundary such that g(N,e3) = —1. 


We rewrite it in the form 


-f (X, N) + f sax) = | рищ(Х), 
0+ M(ri,T2) 0— M(71,72) M (71,72) 


where 


0* Mri, T3) = A(m, T2) U У(т) U hi (n, T2), 9 Mín, T2) = (ту). 


Proof. Immediate consequence of the standard divergence lemma. 


We use the divergence lemma to obtain integrated estimates for the Bianchi pairs in the 
following proposition. 


Proposition 15.3.12. The following estimates| hold true in М = М№М(т, T2). 


5Note that the roles of Ya) and Хз) are inverted in the two estimates. This is due to the fact that, in 
applications, Ф) is already under control for the first Bianchi pair, while Ф) is already under control 
for the second Bianchi pair. 
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1. Let Vaj, Via) verifying 2. (15.3.8) for POPE real numbers ca) and с(ә) with 
2k —1 > 0. ы b such that Ag) = —2cq) +1 +8 > 0. Then, the following 22. 
estimate holds: 


ҚАТЫН! "мау? 
М OTM 


sf iver [f meen T+ f Falto 05.40 
M M M 


т / (ray ror). 


2. Let ау, Vo verifying e. e 15.3.9) for ке real numbers соту and со), with 
2k—1 <0. Let b such that Ло) = E +1 +8 <0. Then the following integrated 
estimate holds: 


RPM {+ к ШЕТТЕ 
OTM 


Sf rof |f AREE: ә) f Rollo! 05325) 
M 
+ I. (rji ay? Lr? ). 


Proof. We proceed as follows. 


Case 1. We first consider Vi), Чоу verifying equation (15.3.8) with 2k — 1 > 0, and we 
apply Lemma |15.3.11|to the vectorfield 


1 = 
X = z lal" Way Pes + lal’ We es — 21g R (Wr Fo). 
Using (15.3.12), we obtain 
| 1 
DivX = 5 dl Aot xto] + lal оуб x V? + lal (2k — 1) (| V qj? — 240 jp?) 
+ O(ar*?) - Ray - Way) + lal (50: To) + 21g (Fi Wo) (15.3.16) 


+ rs (Wal? tiia P). 


Let b such that Aq) = —2cq) + 1 + 3 > 0. Since try = mr + Г, and w € Гь, we can 
bound the above by 


Div(X) < -r|q|^? (Aw - т) IVa? + o(r* 1) о) 


+ la (Foy oy) + 2lal’R( Fa a). 
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We deduce, since r < |q| € V2r, 
A m ЕЕЕ 
Div(X) < Shay? + O(r*- P)? + la (Fr . um + 249% (Fe) G Ta). 


In view of Lemma |15.3.11| integrated in the region M (T1, тә), we obtain 


-/ s x) f g(X,N) 5 -f Я! "wp 
OTM д-м M M 
а МР) f r'IFollVojl. 
M M 


Hence 


"ео вм) 5-/ es fiver 
M Әм 8-M M 
* lal RF) ЕШ) «f ЖЕРІНЕ 
м м 
For the boundary terms, we compute 
1 ИЕ 
g(X, N) = № (Зове, м) + [Y| gles, №) — 2g(N, ea) R(V ay - Vo), 


and recall that д" М(т, т) = А(т,т) U X(72) ОУ, (т, т) and O7M(1,72) = X (m). 
Based on the assumptions made in sections |13.1.1| and |13.1.5| we have the following 


lemma. 
Lemma 15.3.13. The following inequalities hold on A, У, and X(T): 
e On .A we have 
1 
g( NA, ез) == —1, g( NA, ел) < —199' g( NA, ea) = O(n). 
Therefore 
1 _ 
-g(X,N) = -і4) ЕШКІ + |V| gles, Л) — 2g(N, e, )R(Wq - Vo), 


|W ay]? — O(63,) Way”. 


a 


e On the boundary У, we have, with №, = Ny,, 
g(N., es) = =, g(N., ед) E =l; g(N,, ea) = OW): 
Therefore 


1 T 
– 14° (hoftes N.) + IV oy? gles, N) = 2g (Nx, ea) RK(V a | Ta).) 


r (Wa? + [Woy|?). 


M 
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e On the boundary У = Х(т) 


1 m? 1 m? 99 
Nu uec - UM LUE ET мл | 
Тһете/от« | 
1 EN 
—g(X, N) = —|ч|? ЕШІГІ М) 3 Ме ТЕ g(e4, N) m 2g(N, ea) R (V : um 
> ray? +r? 2 oy? 


Using Lemma |15.3.13|to control the boundary terms, we finally obtain 


[mors [. tmo s f rier e| f tmi T+ f fall) 
M 8*M M M M 
И І (raj + rer). 
8-M 
Case 2. To obtain the second part of the proposition, we consider Ya), V2) verifying 
equation (15.3.9) with 2k — 1 < 0 and apply Lemma |15.3.11 to the vectorfield 
X= ll Woes + zal" oes + 2R Y To). 
According to identity (15.3.13), we have 
; 1 
DivX — lal Aotr x|Way|? + 5 dl Aot xIV o + |g|’(2k — 1) (20|)? Ж ШІЛДЕ) 
+ Olar”) „(Фаз - Ve») + 2lal’R (Fay - Voy) + la (Fi о) 


2 
+ rs (Wal? + |e B 


Since Ло) « 0, try = 2а T D, 2k —1 < 0 andw = —:5 +Г,, the coefficient С of 
lal? |W)? is given by] 


1 rA 
С = эЛ x — (2k — lw = Г gte + |2k — Цо + Г, 


А m 
> Ao) " lo — 1j 
r r 
6Note that 
99/1, 4 , 
2|g(N, еа) R(Vay - Vay) |< У1Ут ||) =ч aol ез(т) + |Ф(о)|“ел(т) |. 


"In particular, we use the fact that A > 0 on r > r,, that A = O(ó4) on M(r < ғұ), and that 
w Z — on М. 
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The desired estimate follows, as in the first case, by integration on М(ту, тә), with the 
boundary terms being treated in the same manner as before. This concludes the proof of 


Proposition [15.3.12 


15.4 Bianchi pairs for higher derivatives 


The goal of a 22. is to commute the equations 05.38 15.3.9) with higher deriva- 
tives in © V3, ( Әу, \ IVa, see section 4| for the БЕЛІҢ ТЕЛ oe ae conformally in- 
variant operators, and prove the following 9o propositions. 


Proposition 15.4.1. The following higher order Bianchi identities hold true: 


e If V, Әә) verify the equations (15.3.8), then the quantities 
Ta = (gj 9 v4)* (ON, Ton = (9  V4)* ША 


verify the equations 


~ k 
(OW i + [cay — = | trXVaay = — Фор + Faw, 
2 


в (15.4.1) 
(2 V I (a k) + (cw = 5) trX Uik) = P V (14 + Fok), 
where 
Fam = (G9) OVER pes 9v) Ov, OV gil, 
+ O(r-1)o5**! OV so + О(ат jo ВЕ іі) 
+ O(r o5" (Way, Vay) +058? (Te (v apy V у 
- (15.4.2) 


=F k (e) A 
For = (GOVa) OVER аза p^ 


J O(r-!yoS* ( c Vg 4 O(ar~?)o<* ў OV Фо) 
+ O(r Do (Yay, a) +98" (r: Qo Yo) 


“(9 OV” "nu © у, OV aU a) 


e If V, То) verify the equations (15.3.9), then the quantities 


Фан) = (OVa) ©У Фа, Ҹем = (q OVa)" ӘУ 
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verify the equations 
k 


OTT + (- 5 


Эр Lk) =—Т,ф (2,k) + Fay); 
(15.4.3) 


де k 
OV Vo.) + C 5) trX V (2,k) E Фа, к) + Fo, k); 


with Ғам, Fon) as in (15.4.2). 


Proposition 15.4.2. The following higher order Bianchi identities hold true: 


e If Yaj Vo verify the equations (15.3.8), then the quantities 
Va j = (Уз) (OW? V, Vo) = (V5) (OV? о), 
verify the equations 
©з aay + ca) frX Va) = P Vois + Қам) йай 
OV We) + соу X Von) = Dv (1,k) + Fo), 


where 
т Є k £t k E c 
Fag (PVs) Се (OV, (OV афо) 
+ O(r los"! (Ow aV (2) + Olar? oE 3 OV aW a 
+ O(r T yo**" (Way, Vay) 4- 05^? (гь (Фо), Ф), 
(15.4.5) 


~ A 
Бор = (Vs)" OVE Fe Orga” w(OVs)" Vs OV AV) 


+ O(r- Pos" OV ара) + О(ат?)д®* д OV sio 
+ O(P (Way, Vay) +08"? (г, - (Vo, Voy). 


e If Yaj, Vo verify the equations (15.3.9), then the quantities 
Tar) = ( 8 v,)* © VVO, Tor = (©у;)* \ OV, 
verify the equations 
OVV L,k) + сх i= -PY ож + Fae), 
OVD, 2,k) + cy trX V (2k) = Tv (1,k) + Fon), 


with Fux), Fan) as in (15.4.5). 


Propositions |15.4.1| and |15.4.2| will be proved in section |15.4.3| by relying on the commu- 
tation lemmas of sections [15.4.1] and [15.4.2 


(15.4.6) 
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15.4.1 Commutation of Bianchi pairs with (OV a 


In the following lemma, we commute the Bianchi identities with (9% в» see (13.1.2) for 
the definition of (9 V 5 


Lemma 15.4.3. The following identities hold true: 


e If Yaj, Y verify the equations (15.3.8), then Va = (Vg Ya Фо) = OV к) 
verify the following 
Уза + 2. = -Pt Fay, 


| (15.4.7) 
(OV Nl gj T C(2) irX = PŪ, 1) + 2 


where 


Fay = OvgFa; — ш 9 V3 + O(r ?jo* oy + O(ar ?) f + O(r ?) Vay 
| ГЬ Е Q^ V | rT, i 01001), 


A 15.4.8 
Fi = ӨУ Ез) OVW + O(r ?)o* Vj + Olar”) IW ay an 


* jag? 


 O(r ?)W + Гь: 0* V +r T Vo. 


e If Yaj, Yo verify the equations (15.3.9), then Va = OVa Va Фо) = OV 7) 
verify the following 


O Vs(V) + eaytrX a) = -P Voy + Fay, 
| (15.4.9) 
Әу (Фа) coytrX V = Фуфа) + Ёо), 
with Fay, Fe) as in (15.4.8). 
Proof. We start with the equation (OV) + сау (у = — Dy Wo + Fa) and write 


(Oa = (9V, ШАУ Vay) = OV ( IV 3V (1) + [OVs, OV Wy 
= Ovs( - са Done — BV t Fa ) + [9 vs, 971%) 
—cytrX V + О(772) Way — vu - [Vas P] + [9 Vs, Ova 
+ (9% аа). 


Henceforth 


Фу; + сун Ха) = -Pte + Fa 
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where 
Fa) = Vafo - [Vg Pee) + [9 Vs, ОУ Фа + О(772) Фа). 


In view of the commutation Lemma 13.1.8 


[9vs, Әу За) = —w (Уза) + О(ағ ?) PW) + OFF) Vay +r Ty 05 V, 
A 
[Va Bie = 2i; gp PY (2) + Olar?) V + Гь: 05 Vs. 
Hence 
Fay = OV pF – ш 9VsWqy + O(r ?)0* V + O(ar ?) (s + O(r 2) 
+T, - Q^ V + rT, . 0 V. 

Similarly, starting with the second equation OV Way + ctr X Vo) = BV, , we 

write 

(OV (y = GAVA OVW BW (o; = 2. 2) + Қа OV 2] (a; 
= Gvs( — C(2 att X V (sj + P, V Fo) + [ 9 V4, OVW aU a) 
= -catiX a + O(r 7)W + p Way + [Vg, 2) Ма) + [6 V4, 9 Vg]Wo 


Hence (OV фә, + C2 ХФ) = As, (1) + Fr) with 


Fay = OVaFe) + (Va, Р] Фа) + OV, ӘУ Чо) О(г79%о) 


A Е 
= (OW Еу + DET ye DV. 1) F O(ar 2ST) + Гь: 0^ V 


A «| Е _ _ 
к Уз%а) + O(ar 7) ^ оу + O(r Фа) + r Ty 07 V; 


A 
= OV» (2) › vs (957,0 ay + O(r ?)oS wy + O(ar 3) f We + O(r ?)W о 


lag 


HD, Q^ yy +r mas . Чо). 


This concludes the proof of Lemma [15.4.3 


In the next lemma we commute the Bianchi pairs (15.3.8), (15.3.9) once more with OV s. 


Lemma 15.4.4. The following identities hold true: 


660 CHAPTER 15. ENERGY-MORAWETZ FOR A, B, B, A 


e If Yaj, Yo verify the equations (15.3.8), then Wa) = ©? 0), Фо) = (OV Фо) 
verify the following 


оз Н Mr _ е + Fy A (15.4.10) 
p V (2) 
with 
Fay = OV} Fa) — 20 (Уза) + O(r?)jo* Фо) + O(ar ?) ўа) 
нор 9 (Фу, Фа) +2 (tg) 79 (n 9). 
Foy = ӘУЕ "TE (OV dio + O(r-?)oS Y + Olar) fry а 


lal? 
+ see (Ya, V) +O (Ty - Vay) £r 9^ (Ty - Vo). 


e. If V, V (5 verify the equations (15.3.9), then Vay = OV2W у, Фоо) = (OV (oy 
verify the following 
OV (Ü, n) +с СФ --?,0 


(15.4.12) 
(v (Ф 2) + со Хо = JW п) + Ft, 


with Еа) Fy) as in (15.4.11). 


Proof. Starting with the first Bianchi pair of Lemma |15.4.3| we commute once more with 
Oy в and deduce 


Уз (Фа) са) ХФа) --2) Ve) + Ей), 
OV (Фо) + ea tXVe, = Ф, Фа) + Fo 
where 
Fa) = (Ура) -w Vs ay + O(r ?)o* Wa) + O(ar ?) Pay) + O(r?) Way 


HD, oS i + rT, . oS ja 
= Ovs( ©К) — w (Уза) + O(r ?)0* V + O(ar ?) PU) + O(r*)Vay) 
8 (ГЬ . 0*5) + тт (ГЬ . Q^ Va )) 
—w O Vara + O(r ?yoS o + O(ar 3) PWa) + O(r) Vay 
--Г, . oS io + rr,- d . Td 
= (УХЕ) – 20 Vs а) O(r ?)o* Vy + O(ar ?) Фа) 
*O(r ?)0* (Way, Way) +997 (Ty - Фу) + r 99 (Ts - Và). 
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Similarly 

А (ou. A NEG 35 an] 
Fo + 2— w ^ V3V (5 + O(r ^)0^ Vay + O(ar ^) PV 2) 


lal? 
*O(r >S (Фа), Voy) +°? (To Yay) € "7 (Гь. Фо). 


: m 
Py = Чу, 


The proof of (15.4.12) is similar and left to the reader. 


15.4.2 Commutation of Bianchi pairs with V3; апа “V, 


The following two lemmas concern commutation of the Bianchi pairs respectively with 
q 9 V4, q Ó V4, and V3. 
Lemma 15.4.5. The following identities hold true: 


e If Vay, Va) verify the equations (15.3.8), then Фа) = q 9 V4V, Фо = q OV Фо, 
verify the equations 


- 1 2 z = 
(OW jay у (cw i 5) trX Vay = — Pp Va) + Ға), 
(15.4.13) 


Ре 1\ ~ зә РЕР 
(V (aj + С = 5) trX Ч(ә) == P Yao) + Fy, 


where 
Кау = VaF ay + Oar?) PW ay +O) Ya) + O(r 1/05 ws 


Ty 08! (V5, Vey), Е 
Fra) = g Ó V4F(j + О(г!) + О(г 1)о Way  r7!T, 05 (Vay, V5). 


e If Yaj, Yo verify (15.3.9), then Фа) = q 9 V4U, Фо) = q OVW әу verify the 
equations 


E 1\— " - 
(ON Ar) + (cw = 5) trX VW = — P, V + Fo), 
(15.4.15) 


Ы 1 z EC " 
(OV Wa) + (cw H >) trXW (2) = DV + Fo, 


with Ға, Fo defined from Fa), Fo as in (15.4.14). 
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Proof. We start with the first equation in (15.4.13). Using Lemma |13.3.4| we have 
AAT pii. (OW pay SIS “ыа; 
=4®у,( - 4 ptrX V — TV (2) + Fa ) 


APPS _ _ 
+ ЫХ OV, Фа + Olar?) VEY) + Or?) Way + ГЬ. оа) 


= СЕ 5) аХФау- 978, + Olar?) B + O(r-) Way + О(т—1)0<Ф,, 
+7 9 V.F +To- Pus Фо), 
апа hence 
Fay = qg 9 V4Faj + Olar?) Фа) О(г) + О(г Ta ++ T, - 0S (Va, Wy) 
as stated. 
Also, using again Lemma [13.3.4] we have 
(OW o) = OV (OW Ge) ә? (у (ә) 
= Vee, ( — cet X Vo, + By Yay + ^ 4 gm КОК Жаы С 
= — «ош а) O(r T) Ui + ЕК + [Vs Po] Va) + Vs, (Ез) 
+ sax © O Va, V2) tr To. bd 


and hence 
Е = GO VaF a) + O(r7") We + Olr St Ф) + r-T, 2251 (V, Фо) 


as stated. 


(15.4.15) is derived in the same manner. This concludes the proof of Lemma |15.4.5 
Lemma 15.4.6. The following identities hold true: 


e If V, V (5) verify the equations (15.3.8) then Фа) = (9571), Фо) = SAVANTE 


verify the equations 
OV Way + caytrX Vay = — 97V + Fay, 


ЕЗ (15.4.16) 
(2 V Np (gj + Xb, = A jF P 
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where 

Fay = OV3Fay  O(r 105 Vy + Or?) Voy + Гь. 05 (V0), Vo), 

Fa) = OV 3 Fr) + O(r-Do* Way + O(ar ?) 85 Wo + Ora (15.4.17) 
Ty 0 (Фа), Ve). 


+ 


e. If Vay, Чо) verify (15.3.9) then To = (OVV), Фо) = OV sU a) verify the equa- 


tions 
OV3W + сай Фа = -PY V + Fay, 
OV Wy) + С(2 aytrX V (2) = Ту ir Foy, 


with Fay, Fe) defined from Fa), Fo as in (15.4.17). 


(15.4.18) 


Proof. The proof relies on the commutators in Lemma |13.1.7) It is similar to that of 
Lemma |15.4.5| and is in fact simpler. 


15.4.3 Proof of Propositions |15.4.1| and |15.4.2 


The proof of Propositions |15.4.1| and |15.4.2| are similar, so we focus on the one of Propo- 
sition [15.4.1] and consider first the case k — 1. 


To check k — 1 in the case of the Bianchi pair (15.3.8), we apply the result of Lemma 
15.4.5| to the Bianchi pair derived in Lemma |15.4.4 More precisely we start with the 
equation (15.4.10) 

OVW a) + ca ptrX V а = = i (2) + Еа), 

(OV Wa) + C(2 9 trX Vo = = Dv 1) F Fo 2); 


with Ft, Fe) given by (15.4.11) and apply to it the result of the first part of Lemma 
15.4.51%о deduce 


ss 1 = m E 
©з аа) С = 5) trX V, = -P Yen + Fan, 
15.4.19 
"— 1 К ( ) 
Vaton + (со) — 2 tr X V (2,1) = Pp% (1,1) + Fo (2,1); 


where 
Fa) q 9 V,Fuy + Olar?) ўа) + Olrta + O(r !)0* Voy + Гь 05! (V, Ya), 
Fag = qOWV4Fg + O(r )V + O(r 1)о by +r T, 05! (V, Чоу). 
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Thus, in view of formulas (15.4.11) for Fu, Fo) and the definition of V, Ve) we deduce 


Pag = g 9v (OV Ға) — 20 (ON aia +F Olr? Wy F O(ar~*) 2T 


+9 9v. OS (аз, Vo) ә (D; Ve) ыт (гу. %))) 
+O(ar~?) Pay + O(r Фа) + O(r !)o* Vy + Ty 95 (V5, Le) 
= GOV, OVEF а)- 24 OV 4 OV; OV BU ay + O(r?)o*? OV BW (a) 
+O(ar~*)ap OV RV ay + O(r ?)0? (Vay, Фо) + (Dy - Voy) 
+710 (Гь: Vay) + Olar?) g OVV a + O(r ) OVEU ay 
tO(r7!)o*! OV o + T, 051( OVE), ӨУ2%о)). 


Thus, in simplified form, 


Қа) = q0V,OVZF-2wq Vs OV3 vata, + O(r o? Ovawo 
-О(ағ Зәр OV Aa) + OP (Y, Wa) +99 (Ti - (Vay, 9) 

which corresponds to the first equation of in the case k = 1. 

In the same fashion we find 

Кол) = gOv,OVLFS + 2 (у, Ow. OV pW + O(r yo? OV aU a) 

+0(ат72)оф OV AV ea) + O(r (Y, Ya) +99 (T, - (Vay, V) 


which corresponds to the second equation of (15.4.2) in the case k = 1. The general case, 
for all k, can be easily derived in the same manner by induction on k, hence concluding 


the proof of Proposition |15.4.1 The proof of Proposition |15.4.2|is similar. 


15.5 Estimates for B and B 


The goal of this section is to prove Proposition|15.1.1|providing energy-Morawetz estimates 
for (B, B) assuming corresponding energy-Morawetz estimates for P. 


15.5.1 Estimates for V3B, VB, У.В, VB 


In this section, we obtain the following lemma. 
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Lemma 15.5.1. Recall the notation 534;[P] = BEFg[r?P]. The following hold true in 


M: 
1. We have 
ВЕК) (r(V4B, rV В)] Vn т 2. Ton 
2. We have 
ВЕК)” (VB, VB)] Sss [P] + 6767 + RR +e (15.5.2) 
; Po 


+ O(a”, ё) BEF;[V3 B]. 


Proof. We rely on the standard linearization of the second Bianchi pair which will be 


stated in (16.2.1), i.e. 


OYB +trXB = DP + O(r?)P + O(r-*)T, +r °T,- Ry, 
sod c d ou б (15.5.3) 
(Ow, P + ea O(r?)B + O(r-5)  4- r?T, - Ro. 


From the first equation we deduce 


BEF} [r Ov,B| 5 BEF]-[?DP|-- BEF7-'[rB] + ВЕЕР; ^ [r? T) + е 
BEF! |r P| + BEF? (1) + 6 6341+ Q 
Sal] + 676741 + уу + єў, 


where we used Lemmas |14.1.1| and |14.1.2| to control BEFJ-[r-1 E] апа BEF7 ![r—?T;]. 


Similarly, from the second equation, 


Q^ ОЛ 2A 


БЕРУ [r?D - В| S Og P| + OO 74 Opa + e. 
Thus, 
BEF“ |r? уз В| + BEF? Ur? D - B] < [Ё] + 676541 + 9898544 +. (15.5.4) 


Remark 15.5.2. Note that the terms 6;6 ууу and 9393 on the RHS of (15.5.4) 
are only needed to estimate the energy flux terms ЕБ) [r-Ty] and ЕБ)” ЧА thanks to 
Lemmas|14.1.1| and|14.1.2) In particular, in view of ie control of the norms Bj [rA Ty] 
and Bj "EI Е 7 Lemmas and [4.1.3 we infer the following stronger 
analog “of (15.5.4) for the flux 


Bsr? OVsB) + Btr D.B] < ó;[P P +2 + е2, (15.5.5) 
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Next, we apply Corollary |13.4.11%о derive 
ВЕР гу В] BEF} *k?D. В| + ВЕБ) ! (^ В| + О(а?, °) BEF7 [r?(V3B, V4B)] 


ВЕ ![r?D . В| + 9941 + O(a’, 2) BEF7 [r?(V3B, V4B)]. 


а 
3 


We deduce 
BEF }~"|r?V3B] + ВЕБ) |? VB] Só; [P] + 6576741 + RR te 
+ O(a’, є) BEF7 ! [r?(V3B, V4B)]. 
Thus, for small a and e, 


BEF} "|?VsB]-- BEF] "|? VB] 5 &[P]-- 6765 + RIMs + єў 
--О(а?, 2) BEF7 !?V,B]. 


Since 


ВЕК) ?^v,B| 5 BEFs[r?(rV4)’"'V4B] + BEF}—'[r(V3B, VB)| + ВЕЕ ?rB| 


< 
< BEFs[r7+1V]B) + ВЕК; r(V43B, УВ)| + е, 
we infer, for small a and e, 


BEF- | (V3B,r VB)] £ dy41[P] + 656541 9/955 + е + О(а?, ?) BEFs[r7+'V В] 


as stated in (15.5.1). Also, in view of Remark |15.5.2) we have the following stronger 
(15.5.1 


analog of (15.5.1) for the flux 


Bi [r?(VsB,rVB)] < 5.112] +++ O(a, 2) Br" VI B], 


a 


and hence, since &?B;[r^ " V] B] S & B7[rB]| S «92, < @ in view of Lemma 14.1.1. we 
obtain 


Bj^[?(VsB,'VB) < &au[P]-&-d-co(d)B(r "viB| (15.5.6) 


The estimate (15.5.2) follows in the same fashion from the standard linearization of the 
third Bianchi pair which will be stated in (16.2.2), i.e. 


T ЕЕРЕЕ 1-- Е 
(vA P + “тх us O(ar-?)B + O(r-9)T, +r Ty: Ro, 


OV,B+trxB= -DĚ + O(ar?)P + O(r 9r, +r T- В. 


This concludes the proof of Lemma [15.5.1 
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Remark 15.5.3. Note that we have the following analog of (15.5.6) 
В [r(V4B,VB)] < OulP]+6+¢ + O(@)B[VZB]. (15.5.7) 


a 


Remark 15.5.4. П only remains to provide estimates for the top V4 derivatives of B 
and top V3 derivatives of B. To this end, we need to include derivatives with respect to 
R which leads us to introduce the following quantities?) 


B= (GOV) 0viB, Б, = (gv) 9v? P, 


<J-2 2r 5 <J-2 27 D 
P es (V3) — OP, В = (V3) me VB 


15.5.2 Bianchi equations for the quantities B, P., P, B 


The following lemma provides Bianchi equations for the quantities B : P Р.В , 


Lemma 15.5.5. The following equations hold true for the quantities B, Б;, Р.В intro- 
duced іп Remark |15.5.4t 


1. The quantities B, P, verify the Bianchi pair 


~ J—2 
OV3B + (1 = =) trX B = – PiP, + Fou o, 


Ae (15.5.9) 
OV P, + (5 - 2) ХР, = DB + Еол), 


Елә) = O(r ә” ?Vg( OV3B, 8B) + O(r o"! VgP 

r 3)(Vs, У)ә59Г,-- O(r- 087 1 P + O(r- o8" B 

r-3yoS7 T, + 77295 H (T, - Ry) + 772037 (T, Гь), (15.5.10) 
Fos- = O(r71)07  Vg(P, B) + Oros "T, + O(r-1yo87-* (P, B) 

-r 9 H(T, - Ry). 


о 
F Of 


2. The quantities B, Р. verify the Bianchi pair 


"RE qM. S 
OVP. 4 -trXP = -PB +F- 
dil" з PB+ Bus (15.5.11) 


(Ov,B + trXB = DiP_ F Елу, 


8Note that the signatures of B p E are, respectively, J — 1, J — 2, —J +2, and —J +1. Also, 
recall that B = £ B, P = T(P) and В = £T B. 
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with 
Қала) = O(r- Do" * Vg(P, B) + O(r yo? T, + O(r-1y057 (P, B) 
RE те” (Ty . R,), 
Козы) = —4uB + O(r *)0* (V4, VT + O(r 1057 vgP (15.5.12) 
+ Olar? joS? JVB + O(r “toSt P + О(г !)о7 B 
+ O(r 3yoS7T, + 08774 (т, . №). 
Remark 15.5.6. Note that the error terms for the equations which contain B or B on 
the left hand side are more structured than those corresponding to the equations for Ру 


and P_. The reason, as it will become apparent in the next section, is that we already 
control the quantities Ру and P... 


Proof. 'To prove the first statement, we apply Proposition |15.4.1| with k — J — 2 to the 
Bianchi pair (15.2.1) 


OV,B+tXB = -Pt P + Olar?) È + O(r 34 B + О(г + 7295 (T, - А), 
EXE © ИНН эс . . “м 
OVP + JUX P= BB+ O(ar-?)B + O(r-3yoS!T, + r-?95* (T, - Ry). 


We deduce, with Ya) = B, Vea) = P, 
(ov. B /-2 5 «B Lg 
VB + a trX B = — Pi P, + Fo,s-2), 
~ 3 J—2\——~ = x 
OVP, + (5 = 2) ХР, = PB + Fo,s-2), 


with, see (15.4.2), 


Fay = (q! A үп Fy 1) — 20(9 (©) V4 
+ О(ғ” 9 oce (Әу. aV o + Olar 2 2. " 


)' ev 
)o 
+ OTHO (Vc, V) +0% (Ts ee) 


Way) 


т — (с k (с А 
Far) = q A (OW Бо) pre p^ 


w(g OV” ^u (©) ху, с у еф (2) 
+ O(r HH OV фу + O(ar?)oS* d ©, 


+ OTHO (аз, Hay) 4 o5 (Ti (Va) %))). 
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where 
Fa) = O(ar?)P + O(r?)£ 4H + Olr), 4 r7?0* (T, №), 
Fg; = O(ar?)B + O(r So T, + r7?0*! (T, - Ё). 

Setting k = J — 2 and since we have chosen Ya) = B, V = P, we deduce 


Fa 2) = —2w (7 (Oy) — (97, OVB + О(т—1)7-1 (Әу Р + Olr £ 4.H 
--О(ғ Әә Т, + O(ar ?)037 ? 3 OV 5B + О(7—1)057-1(Р, В) 
+r? HT, * R,). 


We rewrite in the simplified form, using in particular 22. pH = У.Н + O(1)(V3, У)ГЬ + 
Ors, 


Бала) = O(r s"? vg(v;B, $B) + O(r-)o VgP + O(r3)o* V.H 
+O S (Vs, У)Г, + O(r*)05"Ty + O(r !)o*" (P, B) 
+r oS +T, ; Ray: 


We next rewrite the dangerous term O(r-?)o*7 Vill using the equation, see (13.2.1), 
yH – OV3E ——B-O(r-DT, 4 T, T,, 

Thus 

Or? VĂ = Ofr’) OVSE + О(г) B + O(r-5yoS7 Ts + 77057 (Ts ГУ). 

Therefore, 


Қола) = Or) ?Va(OVsB, 8B) + О(771)07 vgP + O(r ?)(Vs, V) T 
4O(r7D0S73P + O(r 024 B + O(r3)0S7T, + 772057 (Ts - А) 
Er 77977 (T, -Ts) 


as stated in the first equation of (15.5.10). The second equation of (15.5.10) is derived in 


the same manner and is in fact simpler. 


To prove the second statement we apply the second part of Proposition |15.4.2| to the 
Bianchi pair (15.2.2) 


ee : : 2 
(Ov, P + АР = B O(ar-?) B + O(r-?)o ST, + r7 195 (T, - Ry), 


(Ov ,B--trXB = PrP + O(ar?)P + O(r £4 H+ O(r- MT, 4 roS (T - Es). 
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We deduce, for P_ = (V3)S7~? OVP, B-(0v,s (v2 B, 


(Әу, р. + БХР. = -ТВ- Fy ya, 
(0w,B--trXB = PiP + Ры 
with, see (15.4.5), 
Fay = (OVs)* Ov Ж — 2w( V3)" O V3 OV pV a) 
+O(r HH OV ар + O(ar ?)o5* 3 OV Фл 
*O(r es" (Gay, a Se = 


Кэ) = (vs)" OV EF, (2) E -w( © уз)“ (OVV ava 
$O(r YO OV Way + Olar? E FOV фо) 
-O(r- уы ‘(a 1); i Wr (r»- (v к i 


where Ya) = P, Фо) = Band 


Fay = О(ат”2)В + O(r)o='T; + r 19S (T, E R,), 
O(ar~2)P + O(r) Lp Н + O(r~4)Ty +r, - А). 


E 
С 
| 


We deduce 


Бала) = O(r3yw-vg(P, B) + Olr oS, + O(r oS (P, B) 
tr SJL, Ry) 


as stated in (15.5.12). Also 
Fog. = (9%) ^ 9vi(O(ar?)P + O( ex Н + Ory e ro? (n, А) 


Ey qd А . ; 
+2w( Әу)? (55 OV: Ova) + Ofr!) V gP 


+O(ar oS- V RB + Oros Ez B) 
+057 (гь E (P, В). 


^ 


Recalling that R = $(e4 — тез), we write 


A г А А 
(с) ҹу, (©)ху. B = Өл, (9%. р о (92 
PE Уз“ VRB = Vet eB o VRB 


15.5. ESTIMATES FOR B AND B 671 


We deduce 


E A ; ~ . . 
( Oy)" (а GAVA ovak) = —2B +057? (Va OVB + O(r-3)oS7-B 


and hence, using also 284 H A VH + O(1)(V4, У)Г, + О(1)Г,, we obtain 


~ [42 

Балау = O(r?)o* Ov, H + O(r-5)09 (V4, V)Ts + O(r-5)o*7 T, — 4wB 
tO(r jo"! VgP + O(ar ?yo*^ ? PV pB + O(r )o*" ' (P, B) 
фо (т, №). 

In view of the equation (13.2.1) for (у, Н, we have 

Ov, H = GAVAS = B + Orr; + D, s Гь. 
Therefore, 
Қола) = —4wB + О(г) (V4, VT, + O(r 057 1 VgP + Olar?) yV AB 
+O(r 10S P + O(r OB + O(r 3) Т, +057 (Ty Ñ+) 


as stated in (15.5.12). This concludes the proof of Lemma 15.5.5 


15.5.3 Estimates for В 


We provide estimates for B using (15.5.9) and Proposition |15.3.12 


Proposition 15.5.7. The following estimate holds true for B, with b — 2 + ô and for a 
sufficiently small, 


| В? + | PBP < бее eral P ZEB] + 62,1) 
M OTM 


+ O(a?) Bs[r^ V1 B] + (в; ?В]) І (15.5.13) 


оњ 


= ли СТ + є + е? + O(a?) Bar" v1B]) ? 


Proof. Note that the system (15.5.9) is of the form (15.3.8) with 
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Recall also that the signatures of P, and B are respectively J — 2 and J — 1. We are thus 
in the case corresponding to 2k — 1 > 0. Observe that the condition —2c(1 + 1 + : >0 
is verified for b = 2+ 6 and therefore we сап apply (15.3.14) in М = M(1,7), т < Ta, to 


derive 
f does f rEg] 
M ðtM 


sf roy? + f ПЕЕ To) «f ШЕЛ I| 
M M & 


У / (Wa t шш), 


with Қамат, eaga given by formula (15.5.10). We decompose 


Fuj—2) = O(r~*) (Vs, Yo); + ee 


Thus 
f ue f PBe < [ees | "(#0181 [Fes] P.) 
M ә+ м M M 
+|I] + є 
where 


r= | 0679) RVs, or B) / ota io? B. В). 05514) 
M M 
Recall that 


бл РІ = BEF? |r? P] > | |ә P] + [o* РЈ? «f r9 oS р, 
Merap M 7, 


Therefore, with b = 2 + ô, 
Aes E Ludus кр, —1 (c E м 
/ r? up ii ritig OVS 2 (N72 P| </ rit? [o7 109% 22| S 31Р]. 
м м м 
By Cauchy-Schwartz and absorbing the term in B to the left we easily deduce 
сү x x a 2 
[Bref В абы / Өзің, 
м ә+ м M 


F ТІЛІНІН (/ ШЫ + М + ©]. 
м 


(15.5.15) 
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In view of (15.5.10) and the definition of J, we have 


Fa s-a = O(r o" ? Vg( OVB, pB) +O VRP  O(r o7! P 
O(r 7*yo =/ +r Q(T, - Ry) + 77799? (T, Гу), 
Fog 3 = О(т- ig IJs g( P. B) + O(r- 3)9 go "Tp. + О(г lo 252- КР, В) 
+ r 2957 (Ty 2 ДЕ]. 


We deduce, using the bootstrap assumptions, as well as the choice b = 2 + 0, 
f reli Xl 5 B [r(VsB, VB) + Be P+ , Ы ГЕН ҰЛ ШЫ 
м м 
and 
a 3 _ “© _ 
| rt [FG ; < Bj ! f? (B, P)| ds / r? 5o SHT]? E E 

M M 
According to Lemma |13.5.5| we have, since b = 2 + 6, 

| нире 2р6, 

м м 


where we have used the induction hypothesis. Also, in view of the proof of Lemma|14.2.2} 
we have P= TP + r?T, so that 


BPP] 5 By PLP] + ВЈ гЬ бл?) + 95 S Sr P] + 6. 


Therefore, 


та + V él] (f. "йы ы) | 

Bi ЖОЛ VB)| - j4|P] - à + Q 

tinal (BPE + Бө + «4 + 2) 

BI? [r?(V3B, VB)] + 6j4[P] + + d + V 9a [P P (By [r^ B] + 62,1) 
5 BI p (VsB,rVB| + &su[P] + % +3 + V ess (ВВ+ 6341) 

Using (15.5.6), і.е. 


Bi[r(ViB,rVB) 5 ó;4[P P|- + + О(а2) В| " V7 В], 


HG 


MAS 


[vL 


MAS 


tie 
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we infer 
2 
f аа + y a[P] (/ Faso] 
M M 


1 
S буы|Р Р) +65 + eo + V 974 [P P (B3 [r^ B] + 6341)” + О(а?) В" tV B]. 
Back to (15.5.15) we infer that 


f BR |. вр 5 M+ âmil] + i ++ y i” P (B/[ B] + 63,1)? 
M OTM 


+O(a?)Bs[r7*' V1 B]. (15.5.16) 


It remains to estimate the term /. We decompose it as 


I = "n + Р, 
/ O(r?)|g|R((Vs, V)o*" Ty . B), 
M 


h = | Оз у?®@/В. В), 
M 
and estimate J, and I> separately starting with J4. Integrating by parts, we have 


һ = f OPRY V) T, B) 

M 
_ p 9 gl? <J ois Dn po-3) [ys 3 Dn 
ІК а” (OTs - (V VB) +f о )/2®°ГЫ|В\| 


«f O(r*-5o*"T4||B| + е2. 
M 


1, 


Since B = (¢V4)S7-? v2 B, we may integrate the first term on the RHS by parts 
again and obtain 


ПІ = -/ А vas, Va B] f O(r*3)|o*"Ty||o$7*! В| 
M Әм 
+f Olr [оГ go*" В| +, 
M 


Hence, using Lemma |13.5.5| Lemma |14.1.1| a the fact that b = 2 + б, we infer 


. (7, di a ) (Bir *(VaB,rVB))) 


«(f 5-5 [oT Di (ву, 'B) +e 


Фу (Бу! (VB, "SB ds (B; Ві) 2 е. 


MAS 
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Together with (15.5.6), we deduce 


| S Gas (saalP] + ++ озы УВ)" «e(Bil?B) +e 


Next, we estimate I5. Using the fact that В = (а 0 Vv4)37? v2 B, we have 
В = М дА -O(1)Vg07^ !B + O(1)0*^ ! B 


and hence, introducing the notation 
hı := | О(т—7)|4?%(0<7В.у®ю<7=—1В), 
И м R 
we have, using Lemma |14.1.1| and the fact that b = 2 + ô, 


ІЙ < La «f Pas BIvgo 1B] + | r*-1[o57 B|[o*7! B| 
M M 


1 1 
5 al + (Bilr?B))* (Bi) 


5 11+ (в), 
Also, integrating by parts, we have 
ba = | OUROS B- VERB) 


= -f o O(r7')|q|/R(V 07 B - Vgo*7-1 B) 

M 

+f O(r-)|q//ROS!B - VÀo7-1B) 
ot 


< 


+f ot O(r-?)|g|R(0*" B . VgoS7-! B) + e 


M 
and hence 
ap $ (Bib?B]) (BPB) +e 
< Жу (BBI)? +. 
We deduce 


| 


MAS 


1 
ал+ (ВВ), 


€J (в/і!) Tu e. 


MAS 
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Together with the above estimate for J4, this yields 
HI s a) ate Ы 


< 8, (бә |Р |+ + & + O(a "B jp" viBl) +e (BPB) +. 


Finally, plugging the above estimate for J in (15.5.16), we infer 


/ "Bp f r'|Bp S бла Р] + е +65 + V à 7 44 [P Р] (Bir B] + 65,1) 
M 8*M 


+O(a7) B;[r^  V1B]-- e; (врв): 


мін 


1 


+541 (bz + &) + + O(a?) Bp" vi) 


as stated. This concludes the proof of Proposition |15.5.7 


15.5.4 Estimates for B 


We provide estimates for B using (15.5.11) and Proposition [15.3.12 


Proposition 15.5.8. The following estimates hold true for B, with b = —ó and a suffi- 
ciently small, 


/ "уар f r^ BP < &j a[P] +++ V ra [P] (В 8) + 95,1) 
M Ot. M 


+ O(a?) BS[V3 B] + є C (15.5.17) 


юн 


1 


+ 65a (5l P] + ё + {+ O(c?) ву В)“. 


Proof. The proof is similar to the one of Proposition (15.5.7 We start with the Bianchi 
pair (15.5.11) 


E F "C 
GRIP. + QuUXP. = -PB +s 
OW,B+trXB = ТР +2, 
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with 

Қола = O(r- 0" Vg(P, В) + Orr, + O(r-)037 (P, B) 
+ py m қ I), 

Fi-3) = —4wB  O(r ?o* (Va, VT + Др a; 

Ез = O(r |o?! VgP + O(ar ?)o* ? IV AB + O(r o7! + О(г) B 
LOG уо туар (т, №). 

which can be written in the form (15.3.9) with 


3 
Va =P, Уо) = В, Ca) = 5: 
where the signature of P 1% equal to —J + 2 and that of B is equal to —J + 1. This 
corresponds to the case when 2k — 1 = 2(-J + 2) – 1 = —2J +3 < 0. To apply the 
integral estimate (15.3.15), we need Ло) = -2с()--1-- 2 « 0 to be satisfied which holds 
true for the choice b = —ó. Therefore 


J^ (1+2 з) ве f нар 
M P ә+ м 


ca) = 1, 


M _ _ (15.5.18) 
sf PP + lol enl f (poca IP Feal B) +A 
M M 
where 

n = f ums) E) = f aan BI 
M M 

In = ІШКЕ СЫ АРАЛ РУ 
M 


Since w = О(тт” 2), we may absorb the term J; from the LHS for a sufficiently large] 
choice of J. We deduce 


1 1 
= 25 = d 2 2 
1 Be + f т |В)? < / pel P + (/ "3 (/ TE) 
M ом M M M 
+f PIE al [i| d 
M 


and hence 


" = P - К 
f oops | PIB? 5 |Ы 6p] + y ru] (/ ML) 
M OTM M 
«f rH [FO p ap + e 
M 


?Recall that the iteration assumption (13.6.4) holds for J > ы. and that kr, is chosen large enough. 
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We then estimate the integrals fy rt |Ft 5 |? and furt | FO 22. Taking advantage 
of the structure of Ртл) and А (2, J-3)» proceeding as for the corresponding estimate in the 
proof of Proposition [15.5.7 and using in particular (15.5.7) to control Б (УВ, V B)], 


we obtain 
i 
бу [P] (/ ML а) «f rH FS л] 
M M 


S ба Ева уб) (В ВІ 62,,)* + O(?) B[V2B]. 
We deduce 


/ pps f езін [15| + ӧл [P Р] +++ V 924 [P Р (Bj [B] + 67,1) 
M 8*M 


--O(a?) Bs[V3 В). 


кін 


Then, the term 12 can be integrated by parts twice, as the corresponding estimate in the 
proof of Proposition [15.5.7| to obtain 


ШІ 5 буз (ol? |же +6 + O(a °) Bs[V3B])* +,(ВД[В]) +. 


We infer 


/ PU BP + f PB x Sal 2 +4 + Vau BIB] +6341) 
M OTM 


ЕРТЕСІ 


мін 


1 


+641 (ба P] 66 O(a?) BIB]: 


as stated in (15.5.17). This concludes the proof of Proposition |15.5.8 


15.5.5 Proof of the estimates for В in Proposition [15.1.1 


First, we have in view of Lemma |14.1.1 
BEF7 *?B] < 8&8; 
and from (15.5.1) 


BEF?—'[r?(V3B,rVB)| <бу[Ё| + 676745 + RR + єў 
+ O(a’, ё) BEF;[r^ V1 B]. 
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Also, since 
2R = ел + О(1)ез + О(1)У, 2T = e4 + О(1)ез + О(1)У, 


and since B = (¢V,)S7 Өлу В, we have 


BEFjr^ViB| 5 nom r^t? B|? + BEF7-![r (Vs, r V)B] 
M т<т» ЈӘ+М(1,т) 


-HBEF? г? B]. 


Together with the above bounds for ВЕЕ ![r? B] and ВЕЕР [r^ (V4 B, rV B)], and using 


the control of B in (15.5.13), i.e. 
[Bees] тар ае уб) (BiB) + 64,1) 
M Ot M(1,7) 


NI 


TXT« 


+ O(a?) Bsp v1 B] e (Bj? B]) 


+ Sra (Srl) + ++ O(*) Bir" VIBI), 


we infer 


BEF; "|r ?(V3B,rVB)| + BEF;|r^ !V1B]-- ВЕЕР; |[r^B| 
S ója[P] + 6765,41 + RM + єй + О(а?,є °) BEF; [^v В] 


+1 (Врв) + 6341)? (вав). 


+6741 CI не + е + O(a ув; ViB]) 2 (15.5.19) 


Note that BEF;[r^-! V1 B] appearing on the LHS of is not consistent in terms 
of powers of r compared to the other terms of the LHS. We thus need to upgrade this 
estimate. To this end, we introduce a smooth function x 4,(r) such that Xfar(r) = 0 on 
Merap and X far(r) = 1 for r > 5m, and we derive the following bound 


/ т ра (У 4) * В|? + sup D eaa В 
M OTM 


TET 1,7) 


S; |Р P| + 6G у + RyRy + єр + O(a’, e&)BEF;[r^* V1B] 


+ в ZB] 63,4)! (вав), 


+ Gs (Gul P + + e + О(а?ув;г 7+! В]. 


(15.5.20) 
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Assuming (15.5.20), and since xo, (r) = 1 for т > 5m, we have 
BEF; |r?B] 5 BEF? P?(Vs,rV)B| + ВЕР г” ?V1B]-- ВЕЕР ![r? B] 
< BEF? [rP(V3B,rVB)] + BEF;[r^ V1B] + BEF?“ [r^ B] 


+ | rt? ly үө (У 4) * В|? + sup | у) BP 
M + M(1,7) 


т<т» 


which together with (15.5. 19) and (15.5.20) ) yields 


BEF! [28] € zul”) + 6565, + RyRy + 2 + O(a, є °) BEF; РУ В] 


+В GB] 83,1)! + е (B7B) 
жел (dal +8 ++ 0B OB). 


For a and е small enough, we infer 
BEFj|?B| 5 Ssl] + +6 ou ( 5; i [P] + eo + e) лы + [a|67,, 
which is the stated estimate for BEF; г? В] in (15.1.1). 


It thus only remains to derive the estimate (15.5.20) relying in particular on (15.5.19). 
We sketch below the main steps. 


Step 1. We commute the second Bianchi pair, see (15.3.5), 
(QViB +trXB = — TY P -3PH +rT,- Ё, 
AMI VENTE E чи 
OVP + ХР = PB + O(ar-?)B + r?T, · By. 


with g ? V, and then linearize the quantity V4P by subtracting its Kerr valud!| ie. 
A 6m 


VIP = ViP — PE ur Z> УР = V4P + О(т-%Г,. 


We then commute with Хуа € V4,)7 where we recall that Xfar(r) = 0 on Мар and 


Xfar(r) = 1 for r > 5m. Setting Va) = Ху (q Va. VY = Xfar(G V4)" (qV4P), 
we deduce, in view of Lemma|15.4.5| 


J+1 
(ON Va + (1 — zx) ХО = — PPV) + Fu, 
15.5.21 
Vio + (5 9 | &X Vo = Фа) + Fo, 


1016 is crucial to first commute with 9 ? V4 and then linearize the quantity V4P. Indeed, linearizing 
first P and then commuting with 9 ‘V4 would lead to a dangerous term 0S7+!Ty in Ей). 
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with Fa), Fo of the form 
Fay =Xfar(r) ЭЛ OV3B, PB) + O(r-*)0$7 P + O(r-) (V3, VOLT, 


+ O(r-*)o* B + O(r3)9* Ty + rT,- ЙЫ] + хл, (99 GS B), 


Fi —xjo(r) [OG 7) + 0*7 (P, B) + OJS Ty + ron ny - А) 


МЫҚ, Б); 


Step 2. We apply the integral estimate (15.3.14)) of Proposition |15.3.12| to the system 


(15.5.21). Note that the signature of Ya) is given by J+ 1, and that we have іп this case 
b — 2 +0 so that Ag) = —2 + (7+1) -12- > 0. We deduce 


Jm f "Мау? 
M 


OTM 
< | re Wy? + lal (Fay) БЕ [Е ||Ҹ| 
= (2) q a> Ya) (2) || (2) 
M M M 


Я Іп ("Wal +r? то). 


Step З. We then proceed as in the proof of Proposition {15.5.7} see section {15.5.3} with 
(B, Ру) being replaced by (Ya), Y(2)) where 


Фа) = Xfar (d M) T E. То) = Хуат(@ (2% 4)" (GV4P). 


The main differences are the fact that the argument is now simpler since Fa) and Foo) 
provided by Step 1 are supported away from Mirap, and the fact that the new term, 
generated by Хуш. (т)0®” 1 В in Ға), can be controlled using (15.5.19] since it is compactly 
supported in r. This finally leads to (15.5.20), hence concluding the proof of the control 
of BEF? |r?B] in (15.1.1). 


15.5.6 Proof of the estimates for В in Proposition [15.1.1 


Using the estimates for B derived in Proposition |15.5.8| and the estimates for V4B, VB 
derived in Lemma |15.5.1| we derive estimates for Va(V3)^B. To this end, we make use 
of the following lemma. 


Lemma 15.5.9. We have the identity 


А \? 7 
(us) VaV3B = —2B + O(1)Vg0*" (V4, V)B + O(r ) Vgo*" B + O(r o?" B. 
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Proof. We write 


В = OvI?OViB- OV} уур. + O7!) Vg 7 Оба 


1 A 
= 2У5У3 2 (Va дама = дайар) B+ OUT AB + OSB 
1A 
= gupVAVi (B+ VRV УВ + Olar?) VAVI VB 
+О(т “NV g057"'B + O(r7')oS7"'B 
1A 
= 5? VaV3 .B-FO(1)Vgo*^ (Va, V)B + O(r ) Vgo*^ B + О(г!) В. 
Also, 
2 J—1 1 А J—1 —1 «J-1 —ly4EXJ-1 
Уу, B= У (У Р "a Vi 7B + O(r")V о !B-O(r o"! B 
1A 
To ae’? aV3B + VgVi У.В + O(r7')Vg05"'B + O(r-)o*7"! B. 
We deduce 


tek 
B= (2) VaV3B + O(1)Vgo*^ (V4, V)B + O(r ) уро TB + O(r o7! B 


lal? 


as stated. 


We then make use of the integral estimate of Proposition |15.5.8| for B, the estimates for 
УВ, УВ already derived, see (15.5.2), the induction hypothesis, and Lemma |15.5.9) to 
deduce, with b = —ó, 


^ ^ 
t ау ке ViB| +sup f a ау IVa ViB| 
M [4 т<т, J Ot M(1,7) ІП 


<ӛлҺ |І + 676541 + Rar + d + О(а?, 2) Bj[VI B] 
5 


+ Visa BL (B7B) + 63,1)? + (BiB!) 


ЛОН + ё +å + O(a?) BsVIB])’. 


(15.5.22) 


Note that (15.5.22) is degenerate in the redshift region т < r4(1 + ӧн). То get rid of 
this degeneracy, we introduce a smooth cut-off function y;eq(r) such that Xrealr) = 1 for 
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r<ry(1+6y) and Xrealr) = 0 for r > r,(1-- 204,), and we derive in Steps 1-4 below the 
following bound 


| ыу B]? + sup 1 rea ZB)? 
M Ot M(1,7) 


TT x 


<ra” + GG 1 + RyRy + єр + О(а?, с) ВУ В 
J 


- ) (15.5.23) 
+ yõnalř] (B71B] + 63,1)? + e (BILBT) 
+ Sjn (5ra[É] +3 +å + O(c?) уув). 
Since Yreq(r) = 1 for r > т (1 + бн), we have 
ВЕР; |B] 5 БЕК; (Уа, V)B] + BEFs[V3.B] + ВЕР; (В) 
5 ВЕУ (Уа, V)B] + BEF}~"[B] 
Dau ACA 2 А \* 2 
ef rnm (es) Мін зар "(1 ) [тату 
м (1 т<т» J O* М1(1,т) lq] 


+ f cav B[ + sup | ауар 
М 0+ M(1,7) 


TLT 


which together with (15.5.22), (15.5.23), and the estimates for У, В, V B derived in Lemma 
15.5.1| yields 


BEF} [B] <Р] + 676,4 + 989,5. + єй + О(а?, 7) ВУ В] 
5 


+ sal (BZB) + 63m)? + (вд) 


+ Фу+1 (9.112) té ++ O(a?) ву: В) 


1 
2 


For a and є small enough, we infer 


м 


ВЕЕ; [В] 5 éja[P] + 9 + € eua + ( бу |Р! + €o + о) Фу + |а]2®5_, 
which is the stated estimate for БЕРУ [B] in (15.1.1). 


It thus only remains to derive the non-degenerate estimate (15.5.23) by relying in par- 
ticular on (15.5.22). We sketch below the main steps in the proof of this red shift type 


argument. 
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Step 1. Using the fact that Б-е- ГА ез, we obtain, as a consequence of (15.5.22) and 


the estimates for (V4, V)B of Lemma |15.5.1 


CORAN i) mar 
Mr (0-250) [1 OM 4 (r<r4(14+264,)) [1 


<буы[Р P| + GG p41 + Жуу + 2 + O(a”, е?) Bs[VZB] 


+ бы] (ВВ+ 63a)? (вв). 


1 


+ ®уы(буа[Ё] + & + + 0(а2) ву; В)) 


(15.5.24) 


Step 2. We commute the second Bianchi pair, see (15.3.6), 
E ES = 
(Ow. P + QUXP = -AB« O(ar-?)B -- rTy - Re, 
OVB +trXB = PP -3PH+r—T,- Ё, 


with (V; and then linearize the quantity УзР by subtracting its Kerr хаш 1] і.е. 
——_ 6m ——_ м —3 
V3P = V3P + т УзР = УзР + O(r Гь 


We then commute with Kred (yd where Yreq is a smooth cut-off function equal to 1 in 


the red shift regio] 12) Msg and 0 for r > т (1+ Ws Setting Ya) = Xred (977 OVSP, 
15.4.6| 


V (2) = Xred (OVJt!B, we deduce, in view of Lemma 


3—. 
(ON a) + н 1) = = Ч 2) + Ға 1); 
OTT + tr X V (2) = РФ 1) + Fo), 


(15.5.25) 


with Fa), Fo) supported іп the region r < r4 (1 + 26;eq) and of the form 


Fay = Xrea(r)(O(1)0S""(P, B) + О(1) 594, о n, Š) | 
Ax a(r)o* * (P, B), 
Foo) m Хгеа(Т) (0) VB + O(1)90*7 (Va, V), us O(1)9*7* P 


£O) B + O(1)o*"r, + o5"? (Ts - j| + мы Қ, B). 


“Tt is crucial to first commute with ‘V3 and then linearize the quantity УзР. Indeed, linearizing 
first P and then commuting with ‘V3 would lead to a dangerous term 0$7*!T in Fo). 
??Recall that the red shift region М, is defined by M(r < r4(1 + ôrea)) with brea > ӧн. 
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Step 3. We apply the integral estimate (15.3.15) of Proposition |15.3.12| to the system 
(15.5.25). Note that the signature of Ya) is given by —1 — J, and that we have in this 


case b = —ó so that Лоу = —2+1+ > < 0. We deduce 


f, M Pf тш 
OTM 
E joy + «f. К: To- КЕГІ 


an" (ria? + r7? yp? |: 


Lu 4. We then proceed as in the proof of Proposition [15.5.8| see section |15.5.4) with 
(P_, B) being replaced by (Ya), V(5) where 


Va 1 = Xred ` 974 (VSP, Чо) E ув. 


The main differences are the fact that the argument is now simpler since Fo) and Fio) 
provided by Step 2 are supported away from /Мізар, and the fact that the new term, 
generated by x/,,(r)o*7*! B in Fo), can be controlled using (15.5.24) and the estimates 


for (V4, V)B of Lemma 15.5.1} since it is supported in r}4}(1 + ôy) € r € ту (1 + 2б). 
5.5.23) 


This finally leads to (1 , hence concluding the proof of the control of ВЕРУ [В] in 
(15.1.1). 


15.6 Estimates for A and A 


The goal of this section is to prove Proposition|15.1.2|providing energy-Morawetz estimates 
for (A, А) assuming corresponding energy-Morawetz estimates for (В, B). 


15.6.1 Estimates for УЗА, VA, V44, VA 


We derive the following lemma. 


Lemma 15.6.1. The following estimates hold true in M: 


1. We have 


BEF}~*[r?(V3A,rVA)] S 5.118] + єр + + О(а?, ё) BEFS[r7 V3 А]. (15.6.1) 
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2. We have 
ВЕК; (УА, VA] < 6741[B] + єр + à + О(а?, ?) BEFs[VZA]. (15.6.2) 


Proof. To prove (15.6.2), we rely on the fourth Bianchi pair (15.3.7), i.e. 


— 1— - 
Ov.B-2tXB = => Dedi O(ar-?)A — O(r 3) E - Ty - Ry, 


OV,A+trXA = -DÔB + 0(ar™?)B + OK Ty А. 
From second equation we deduce 
BEF} '|[rV,A] € ВЕ |В) + + е, 
while from the first equation we deduce 
BEF} '|rD. A] < BEF7[B|- à + eê. 
Also, making use of the Hodge type estimates of Corollary [13.4.1 we have 
ВЕН; гу А] < BEF? [rD - А] + O(a’, 2) BEF?" |(V3A, V4A)]. 
Combining the above estimates, we infer, for a and € small enough, 
BEF; !rV4A]-- BEF} УА] € ВЕЕ В| + eĉ ++ O(a’, 2) BEF;[V3 A] 


as desired. 


The estimates (15.6.1) for A are derived in the same manner, by relying on the first 
Bianchi pair (15.3.4). This concludes the proof of Lemma [15.6.1 


In view of Гетта 15.6.1 it remains to estimate the top V4 derivatives of A and the top 
V3 derivatives of A. We thus introduce the quantities 


Š := OvI310wviB, A:= Ovi! Ovi A, 


B A (15.6.3) 
В:- (4 ov ae V2 B, A:= eva COWRA, 


15.6.2 Estimates for A 


We first derive equations for the Bianchi pair A, B . Commuting the Bianchi pair equation 
(15.3.7) with ayo OVE, we derive the following lemma, analogous to the second part 
of Lemma [15.5.5 
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Lemma 15.6.2. We have 
OV3B + 2X B = -PA + Fo), 


1 Es (15.6.4) 
(v, A + 5X = PYB + Fo), 


Қа) = O(r 1) vs E A) + O(r- ?)o oS Hp, + O(r E SJ(B, A) + 087*1(T,. Ii), 
Fay = —4wA + O(r71)V 907-1 (V4A, VA) + O(r-) VgoS B -O(r-?)o7 VT, (15.6.5) 
--О(ғ Зу Т, Es Bes" UB. Age os DL 15); 


Proof. We apply the second part of Proposition |15.4.2|to the fourth Bianchi pair (15.3.7), 
le. to 


OV;B + 20X B = — PA + O(ar?)A — O(r?) E + T, - А, 
(OV, A + „ХА = ЭВ + O(ar?)B + O(r?)X + Гь. Ry. 


This yields the system (15.6.4) for (B, A) with Fay as in (15.6.5) and Fo) given by 


Fo = —4wA + O(r?)Vgo^ (V4A, VA) + O(r 1) Vgo В + O(r?)o" VE 
tOr o Tit O oS" (B, A) 4 957 eR 


Finally, we make use of the following consequence of the null structure equations, see 
(13.2.1), 


Ре A 1 S 
OVaX-EW(xX)X = .OD8E-O(ar?)y- A Ty Ts 


and obtain the desired expression for F(). 


Based on the Bianchi pair equation in Lemma |15.6.2| for (A, B), we derive the following 
estimate for A. 


Lemma 15.6.3. The following estimates hold true for A, with b = —ô, 


Je] ap 
M O+M 


S&alBl + 4 + + О(а?, 2) ВЕРуУЗ АЈ] + Уба (В АІ» өза) (05-66) 


à (в; (Al) аа (9.118) +e +2 + О(а?, &)BEF;|V4A]) Е 
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Proof. We proceed as in the proof of (15.5.17) starting with the Bianchi pair (15.6.4), 
(15.3.9) with 


which can be written in the form 


V = В, Vi =A, ca) = 2, Сә) = 


? 


N| eR 


and Fo) = Fay, Fo = Fo). Note that the signature of Vq) = B is k — —J and that of 
Хоу = A equal to k — 1 = —J — 1. This corresponds to the case when 2k — 1 < 0 in 


Proposition |15.3.12{ To apply the integral estimate (15.3.15), we need Aj) = -2с(ә) + 


1+ 5 < 0 to be satisfied which holds true for the choice b = —ó. Therefore 


/ pool (1+ [27 - 12) àp« f 5—2 д)? 

м d 9*M 

sf moms f tae «|f. осо (2 vue) 
M M M 


+ f (лыы) +4 


where 


Fo = Fo = 40А + О(т73)уә”Гь, 
Foy := Or) VR (УА, VA) + О(т!)У ро В + O(r ?)o*7T, 
ОБ) (BA) «e gs HS ES). 


Since w = O(mr-?), the term w|A|? can be absorbed from the LHS for J large enough 
(recalling that J > ы <1), and we infer, using also Cauchy Schwartz, 


/ "ар f rA? 

M OTM 

Sós [B] + / о(%)(2 е Vor) 
M 


«f тв)? е. 
M 


+ у ( | ыр) 
м 


Since 


1 
2 
$718] (| LRP) «f ro FP 
M M 


5 &alB] + BI7r(Vs V)A + + « + Va В (ВДА-- 54), 
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we deduce 


f Ref sp 
M дм 


< / O(r?yR(À- Vor) + 674:[B] + B? [r(Va, VIA + е2 + е 
M 


+ Sca (BILL e) 


Also, by integration by parts, proceeding as for the control of the term 12 in the proof of 


Proposition |15.5.8) see section |15.5.4} we have 
| / O(r?yR(À- Vor) 
M 
We deduce 


Je] eur 
M да+ м 
S&sa[B] + В (Уа, VA] + + е} + Võsa [BI (BALA + 63,1) +e (BA) 


5 ө. (вауу, VA) (ада) +4. 


1 
n (БЕЕУ (Ул, У)А]) 
Together with the control of BEF (У, V)A] provided by (15.6.2), this implies 
f r*- MAP ES | Al? 
M 8*M 
1 
2 2 2 2 J J 2 2 
SO [B] + 6 + €j + О(а”, €) BEFS[V3 A] + v ôs |B] (B; [A] + S3) 


te (BIA)? + 67a (Sya1B] + +3 + Ola, ner TAI) - 


as stated in (15.6.6). This concludes the proof of Lemma |15.6.3 


15.6.3 Estimates for A in Proposition |15.1.2 


We proceed as in section |15.5.6| Using the estimates for Á derived in Lemma |15.6.3| and 
the estimates for V4A, VA derived in Lemma |15.6.1| we derive estimates for ValV3)*A. 
To this end, we make use of the following identity 


(25) VaViA= =Å 4 O(1)V ро (V4, V)A + О(г) Уро А + O(r "0571 A 
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which is derived as the ee one іп Lemma |15.5.9] We then make use of the 


estimates for A derived in Lemma/15.6.3|and the estimates for УА, V A derived in Lemma 
15.6.1| the induction hypothesis, and the above identity, to deduce the following analog 


of (15.5.22), with b = —6, 


b—1 A : J AI? b—2 A i J 41? 
T la |У% (Ма) A[ + mE. IPIE У (Уз) А) 


< ó;a[B] + à + & + О(а?, 2) ВЕЕ УА) + / 057.4 [B] (ВА n ) 2 (15.6.7) 


1 
2 


-е(ВДА) + Ssn (&4lB] + +64 + O(a, 2) ВЕРуУЗ АЈ)“. 


Finally we can repeat the procedurd!3| of Steps 1-4 of section |15.5.6|to derive the following 


analog of (15.5.23) 
f a V Al «f pov EAT 
M ә+ м 
<бу+ы[В] + d + © + O(a, P) BER[VIA] Уба НІ (ВИА + 63,,)! 15.6.8) 
1 1 
n (в; А) m (9.118) $2424 О(а?, 2) ВЕРДУЗ АЈ) p 


where the smooth cut-off function Xrealr) is such that Xrealr) = 1 for r € r4(1 + бн) and 
Xrealr) = 0 for r > r4 (1 + 2б). 


Since Xrealr) = 1 for r > r}(1 + бу), we have 


BEF/|A] 5 BEF} (у, V)A] + BEF[V1A] + ВЕЕ;-\[А| 


BEF? ![r(V4, V) A] + BEF7 [A] 


AX Р AY 2 
+f (а) Ivavial tou f rt (s) Iwavial 
M [1 т<т, J Ө+ M(1,7) [1 


+ / КЫЙМА ор f hav a 
M 0+ M(1,7) 


2 
5 


т<т» 


which together with (15.6.7), (15.6.8), and the estimates for V4A, VA derived in Lemma 
15.6.1 yields 


ВЕЕ; [A] Sós [B] + єб + є + О(а?, ё) ВЕР УЗА) + Уба В! (ВА + 67, ;) ? 


oe (Bi А) бун (9.118) Jd pepe еу ВЕЕ УГУЗ А]) 


13Note that no additional linearization is needed in this case. 
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For a and є small enough, we infer 
ВЕРА] 5 Oyu [B) + eô + e5 + (v бу+1[В] + €o + cs) 6741 + lal’ 634 


which is the estimate for ВЕР [A] in (15.1.2) stated in Proposition [15.1.2 


15.6.4 Estimates for A in Proposition |15.1.2 


We start by deriving equations for (A, B) where we recall that 
A= (g(9v,)71 OVA, В = (ШАУ d МУ В. 
This is done by commuting the first Bianchi pair (15.3.4) 
1 A - 
(VA + ;UXA- - DSB + O(ar ?)B + O(r °’) X - r?Ty - Bs, 
(Ov,B -2trX B = ЂА+ O(ar?)A + O(r-3)E 4 r7?T, - Ё, 
with (q 9 V,)7-1 OV. to derive the following analog of the first part of Lemma [15.5.5 


Lemma 15.6.4. The quantities A,B verify the following system 


~ 1 ul ~ = - 
өт ( "EC ) x = -Pi + Žo, 


2 
гоя? (15.6.9) 
(Ov B + (2 — а) МХ В = PA + Fo), 
with 
Ғау = Olr oV g( OVA, PA) + О(ғ”Уә?Урв-- O(r?)Vo*?T, 
+О( TOTA БОС о Teer "95" (DS Ro, 
Fo = O(r e" Vg(A, В) + O(r?)o5^" T, + O(r-!)o*" (A, B) + r?957 (T, - №). 


Remark 15.6.5. A priori, Fa) contains the dangerous term O(r?)(g O V4)! OviX 
and we make use of the following null structure equation, see (13.2.1), 


OW,X+R(rX)X = = OD$8E-O(ar?)8 — A - TiTa 


N| = 


to trade it for suitable contributions to Fa) such as O(r-3)V9*7Ty. 
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We are now ready to derive spacetime estimates by appealing to the first part of Propo- 


sition |15.3.12| with Ya) = A, “ о) = B. In this case 2k — 1 > 0, cq) = i(2 — J) and we 
need Aq) = —2cq) +1+ 2 =J—-1+ 5 > 0. We can thus choose b = 2 + 6 and proceed 
as in the derivation of the estimates for В in Proposition |15.5.7|to derive, for small а and 
b=2+4+6, 


f тА} + f r | Al? 
M әм 
S7 [B] ++ + Обал, 2) BEFs т V1 A] 4/5411] (ВА Ф 83] : 
ыы (в; 4) Таба (9.112) +e + + О(а?, &)BEF;[r T Al) ja 
We can then proceed as in section |15.5.5| to derive the following estimate for A 
BEF} [т°А| < буА[В| + e + e} + Cmm + €o + 2 67,1 + |a|?67,, 


which is the estimate for ВЕЕ [r? A] in (15.1.2) stated in Proposition |15.1.2 


Chapter 16 


Curvature estimates in (670 M 


16.1 Statement of the main result of Chapter 


The goal of this chapter is to prove the following theorem. 
Theorem 16.1.1. The following estimate holds 

VM S - МТ а + ig TO d Фере, (16.1.1) 
with OR, (9R, апа (965, defined as in section 13.3] 


Remark 16.1.2. Theorem|16.1.1| implies (13.6.7). Together with the proof of (13.6.6) in 
section|15.1.3, this concludes the proof of Theorem 


Remark 16.1.3. The proof of Theorem |16.1.1| follows the main steps in the proof of the 
corresponding result in [50], see the second estimate in Proposition 8.10 of for the 
corresponding statement, and section 8.7 in [50] for the corresponding proof. 


The rest of Chapter [16] focuses on the proof of Theorem [16.1.1] Before moving to J + 1 
derivatives, we first control (620945 in section by relying on the linearization of the 
Bianchi pairs of section 16. ала on the estimates of section [16.3] Then, we prove Theorem 
[16.1.1]in section [16.7] by relying on the Bianchi pairs for higher order derivatives derived 
first for angular derivatives in section [16.5]and then for general derivatives in section [16.6] 
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16.2 Standard linearization of the Bianchi pairs 
In order to prove Theorem |16.1.1| it suffices to make use of the standard linearization of 
the second and third Bianchi paird!] in Proposition (2.4.11 


Lemma 16.2.1. The standard linearization of the second Bianchi pair ) has the 
following отт] 


OYB + trXB = — PAP + O(ar2)P + O(r- 0, + rT,- + 
о улу ч 
OUP + SEXP = PB + Оқа ЭВ + OAT, г). Й, 
The standard linearization of the third Bianchi pair (15.3.6) has the following form 


ne 2-2“ б 
(у. P + опр -PB + Olar B + O(r ST, тг: Ё 
2 КЕ DUM (16.2.2) 


(Ov,B + trXB = PtP + O(ar?)P + O(r9)T, + 77T, - y. 


p The proof follows easily from the form of the second and third Bianchi chi pairs in 
(15.3.5) (15.3.6 15.3.6) by writing P = ju 2%, H e aes + Гь Н = – “£3 T, ela) = T's, 
= 5 = =тГь,апа 2ф=—аў-+тГ,. 


Remark 16.2.2. We note that the smallness of a plays no role in this chapter and ше 
may thus ignore it in what follows. We will keep it however whenever it is convenient to 
take the scaling into account. 


We recall below Definition |15.3.5| exhibiting the general form of Bianchi pairs. 


Definition 16.2.3. We consider the following general Bianchi pairs in M: 


e For Va) Є 5р, Чо) Є Sp-1; and Ға) € 5р, Foo) € 5p—1; 


Юз (Ф) + са) = — Pea) + Fay, (16.2.3) 


OV (Ф) + со Хо) = T, Vay + Fo 
'See also Definition |15.3.4| but note that we need a more precise form of the the error terms here. 
Recall that we split Гь into Г, = Гь \ {=} and E as the latter behaves somewhat worse in powers of 
т, see Definition|13.5.1| and that we similarly also split Ty into Г, = Гу \ {trX} and trX. Finally, recall 
that, in part Ш, we often identity R, with r7? Ey, Г, with r—'D, and I^ with r^!T/, see Remark 13.1.2 
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e For Vy € Sp-1, Чо) € 5р, and Ға) € Sp-1, ЁК, € 5p, 
OV (Pa) F catrX Ya) =- o + Fa, 
(16.2.4) 
(OV (Фо) С(2 2) trX WV (2) = DW + Ро). 


We rewrite below all the linearized Bianchi identities, see Proposition [2.4.11 апа Lemma 


16.2.1| in the form of Definition (16.2.3 
Proposition 16.2.4. The linearized Bianchi 


identities have the following structure: 


e The first Bianchi pair for (Ya) = A, Фо) = B) can be written in the form 
OV (Ta) + eaytrXVay = — PSV) + Fay, 
OV (V) + e@trX Vi) = Th V + Fo, 
with c 2, Со) = 2 and 
Fo) O(ar~*)B + O(r Sr, +T: B, 
Fo; = О(ат?)А + O(r )T; +r- A 


e The second Bianchi pair fof (аі) 


(16.2.3) 
OV (T) + спут ХФ) 
(V7 (Фу) + c(2)trX V (aj 
with ca) = 1, соу = 3 and 
Fay = Olar?) Ë + O(r- 
Foy = O(ar ?)B + O(r- 
where, see (13.5.2), г ега 
e The third Bianchi pair for (Y = P, Чо 
ТАСТ 1)) + eaytrXV, 
OW (Фо) + caytrX V, 


3See Remark [15.3.6 


В,Фо) = P) can be written in the form 


— PY 
= Dv 


Ка), 


тк ы ЕГ» А, 


ST, +T} - (A,B) +r 7s: Ry, 

2) = B) can be written in the form (16.2.4) 
a =—-AVe 

о) = РФ) + Fo, 
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with сі) = 3. ca) = 1 and 


Fa, = O(ar?)B + O(r-9)Ts + rT,- А, 


Fo) = O(ar?)P + O(r 3T, ы r?T,- Àj +E: Ry. 


e The fourth Bianchi pair for (Ya) = B, Фу = А) can be written in the form (16.2.4) 


OVs(Vq)) + Ха = — Р Ve + Olar?) Ta + Ей), 


OVi (Фо) + cca) trX V (ә) = PIV (1) + Olar?) Yo) + Eo), 
with ca) = 2, соу = I and 


Fay = O(ar ?)A + O(r 9)T, + Г, . Ё, 
Ео) 


O(ar ?)B + О(т773)Гь + rT, s BR. 


16.3 Exterior estimates for generalized Bianchi pairs 


We now state the main integral exterior estimates for generalized Bianchi pairs. 


Proposition 16.3.1. For a given b real we define, as in Lemma |15.3.6| 


b b 
Ла) = —2c) +1+ э Ло) = —2c(2) +1+ y 


Then in both cases (16.2.3) and (16.2.4), the following һо) 


Case 1. If Aq) > 0 and До) < 0, we have 
Jenn (or + Me) eom f, "Quer 
(ext) M (ext) (т) 


+ [M(t вор) 


5 J т (Wa? +r? |W?) + r$ Int(Way, Yo) 
ext) (1) 


«f P (Lf + Fal), (16.3.1) 
M(rzro/2) 


^Recall that (**9 М is defined by r > ro. 
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where the quantity 
та, V) = ГИ! (1? + Ф|?) 
М(ғо/2,ғо) 
depends only on the control of Vay, Via) in “ӘМ, ie. inr < ro. 


Case 2. If Aq) € 0 and До) < 0, we have 


/ PW |? + sup | (ау)? + r |W?) 
(ext) M (ext) (т) 


т 


+f ДШ | + Mal?) 


* J r (Way? 3214) |) + r$ Фа), Yo) «f r^! Way? 
(ext) (1) (егі) M 


«f т (UR IF). (16.3.2) 
M(r>ro/2) 


Case 3. If Ло) = 0, we have 


vw [ m Po erp) + f (шу + Rol) 


T X 


* / r (Way? +r Weal?) + ro оа), Yeo) + f Ща 
(ext) (1) (ext) M 


«f гъ 1-8» yp? + |, PESE rt ES). (16.3.3) 
(ext) M M(r2ro/2) 


Case 4. If Aq) > 0, we have 


T rM Wap + sup f rè (Way? + г” |?) 
(ext) M (ext) У (т) 


т 


+f "(тур + Mal?) 


< / (Way)? +r |G?) + rà Int(Way, V) + 1 п [wo 
(ext) (1) (ext) M 


+f jm ( + Ро). (16.3.4) 
M(r>ro/2) 


Proof. The proof, similar to the proof of Proposition |15.3.12| is based on the following 
steps. 
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Step 1. The following is an immediate corollary of Lemma |15.3.8| and the fact that, in 
(er) М, we have w = O(r-?), w = Гь, and Гь = O(er-). 


Corollary 16.3.2. Let Ya), V (ә), verifying either one of the equations (16.2.3) and (16.2.4 (824, 
for positive real numbers сл) Pv Coj, with Vy of signature k and Ф ооу of signature k — 
Then denoting 


b b 
hay ea lary аш bv 


the following pointwise identity holds true for any real b in Ө ОМ: 


1. If Va), Via), verify equation (16.2.3), then 
‚ [1 _ 

Div (i Ives F Jal [Tiol es EE 2|g | (9а) : um) 

1 16.3.5 
= 51а [Фо + la Ag tr К о)? + Olr) ПЕ) ЕЛІ) 
кош ui + Ofer") (Va? ТІНЕ 

2. If Vay, V», verify equation (16.2.4), then 
Div G [Va] es + р + 2141" (Фа) Ta) 
1 16.3.6 
—|al'Aaytrx| Way? + 5 dl Ау ХФ) + ОУ (Fay а) + ГАЛ) ) 
„Ош + Wo) (е (Wa? r olta. 
Step 2. We multiply the divergence identities of Corollary [16.3.2] by a smooth cut-off 


function xo(r) supported for r > 70/2 and identically 1 for r > rg. Integrating, applying 


the divergence Lemma |15.3.11) and using Lemma |15.3.13] to treat the boundary terms, 
we deduce 


1 И 
f (онно? - Зага) +]. (a +h eR) 
+f r? (Way? + Eol) 
5 J (Ea +r Eal) + туш (Фу, Yo) 
(ext) 5(1) 
+f ДА ИЕЛ ИЕЛ О) «f r^? (Way? + wp) 
M(2r0/2) (est) M 


«f r1 (Io + I|), 
(ext) M 
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where, from now on, we carry out the proof in the case (16.2.4), the case (16.2.3) being 


completely analogous. 


Step 3. Since tr x = 2+ O(r-?) and try = —2 + О(772), we deduce 


T 


- 1 E 
[lair (of - мело) + f. (rwr) 
(ext) M (ext) 
+f "(ма + Yel) 
| > uc t r7 Фо) + roInt(Wq), Yo) 
ext 1 
+f "(Куй + Кау) «f т (Wf + Wo?) 
M(rof2) (en M 
«j r^ (Wo |7 оу). 
(ext) M 


Step 4. We now conclude the proof of Proposition |16.3.1|in the cases 1, 2 and 4, i.e. we 


prove (16.3.1), (16.3.2) and (16.3.4). By Cauchy- Schwartz, for any A > 0, we have 


(тыа) saf tQ? Ia?) 
M(2ro/2) M(2ro/2) 


rf ren fal LP) 
M (2ro/2) 
Together with Step 3, we infer, using in particular the fact that r > rg on (€*0 М, 


Е 1 _ 
f lpr СШ) = sl Alva) «f r(t? 4 т” Ро?) 
(ext) M (ext) у) 
+f Qo e Io) 


S / r (Wa)? +r? |W?) + r$ Int(V(), Vey) ef r+? (Ui? + Fol’) 
(ext) у: (1) M(>ro/2) 


Choosing А > 0 large enough, and for то sufficiently large and e sufficiently small, since 
r € |q| € 2r, we immediately conclude the proof of the stated estimates (16.3.1), (16.3.2) 
and (16.3.4). 
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Step 5. It remains to treat case 3, ie. to prove (16.3.3). In this case, by Cauchy- 
Schwartz, we have 


f ПШ БЛ О) С l r^ a +r“? ||?) 
M(2ro/2) М(2то/2) 


«f rt} (p98 | Fay? аы), 
М(>т0/2) 


2 


Together with Step 3, since Aj) = 0 in this case, we immediately infer the stated estimate 
(16.3.3). This concludes the proof of Proposition |16.3.1 


16.4 Basic curvature estimate іп (0 М 


In this section, we provide basic curvature estimate in (е9 M on the control of "Kp, 
i.e. we prove the following estimate 


(ext) g2 < гу?” (eat) (52 + p (int) 942 + &. (16.4.1) 


The procedure leading to (16.4.1) will be repeated in section in order to prove The- 
orem [16.1.1|on the control of (€*09 1. 


In order to prove (16.4.1), we consider successively each of the four Bianchi pairs starting 
with the first one. 


16.4.1 First Bianchi pair 


‚ С(о) = 2. We choose b = 4+ dg so 


In the case of the first Bianchi pair we have ca) = 5 


that we have in this case 
OB бв 


Aq) =2+ > > 0, Ag) =-1+— <0. 


We may thus apply case 1 of Proposition |16.3.1| i.e. estimate (16.3.1). We infer 
f r?**5|(A, B)? db sup f үг*+9°в (IAP ak квр) 
(ext) M T X(r)n (ext) M 


+f г» (JAP + |BI?) 
A. 


51 гн» (LAP +В) ert шщ, В) + f 
У(1) 


r5tôB (Fa? 4 Fol). 
M(r>ro/2) 
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In view of the control of our initial conditions Ља тї+ёв(| А|? + r77|B[?) < е2, the in- 
terior estimates Int(A, B) 5 rg 6909 А, B], and the definition of the ÐR norms in 
Definition [13.5.2] we deduce 


(ert) 9421 A] J (ед [B]? < rates (int) А, В| «f 


rt» (Lg? + Fo) ке 
М(ғ>то/2) 


where 


(eger [B]? : = pe Ble ew 1 «f po B (16.42) 
(ext) M T У(т)п (ext) M X. 


agrees with the norm $A9[B] in Definition 13.5.2] оп (“ОМ and X,, but has a weaker 
weight in т on Х(т). 


Now, 


MAS 


2 ү9%9в ("зға rtp + Ir PIBP) 
M(r>ro/2) 

| Php» f rottien |? + e 
M(rzro/2) M(rzro/2) 

S ry? OR [В]? + / г |? + е. 


M(r>ro0/2) 
Hence, in view of Lemma |13.5.5| 


| psp < г? (ez) [В]? qeu im (ег) 2 E єў. 
М(ғ>то/2) 


/ АЕ 
M(r>ro/2) 


MAS 


Similarly 
/ г5+в | p P? < т? (ee) [А]? + (5 taB (ext) g2 4 a 
M(r>ro/2) 


and we deduce 

(ext) 21 А] us dR [B]? < т? ubi EN gy s (ext) ө2 ДЬ M (int)ga2 ER i (16.4.3) 
16.4.2 Second Bianchi pair 
First estimate for the second Bianchi pair 


In the case of the second Bianchi pair, we have ca) = 1, со) = 3. We choose b — 4 — óp 
so that we have in this case 


б б 
Муз 540) Қа--з <0. 
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We may thus apply case 1 of Proposition |16.3.1| i.e. estimate (16.3.1). We infer 
|. IO PE + sup | 4-5 (вр +r BP) 
(ext) M T X(r)n (ext) M 
+f = (ep + PP) 
2% 
5 | r7 (Сыла шшш О? «f r= (Fo + Fal’). 
У(1) М(т>то/2) 


In view of the control of our initial conditions Ља r^s (|B|? + r-2| Pl?) < «2, the in- 
terior estimates Int(B, P) < ry! &^0982[B, P], and the definition of the "9% norms in 
Definition [13.5.2] we deduce 


(ext) ga" [B]? ze (ext) 9! [PI]? «rm бір, Р) +f 
М(г>то/2) 


(еги BY? =) r?-95|pp? КИ sup f r^s] B|? «f гв |В, 
(ext) AY T У (т)п (е0) M Уа 


(ext) ду [BT Е) p> $B) Pp? zr sup f ү $B | Pl? чү. | r^-95|Pp. 
(ext) A4 T X(r)n(290.M >» 


Fa = O(ar?)P + O(r E; + rT- ВВЕ А 
Fo, = O(ar?)B + O(r-9)Ts +T: (А, В) c r8 - №. 


P (IP + Fol?) +, 


In this case 


Now, writing P, Be rR, 


he / mE (ЧЛ с ғр) 5 А / QE M ш А / л... 
т>то0/2 т>то0/2 т>то0/2 
+] (гуы? + APA BP). 
М(г>то/2) 
In view of (13.5.7), we have 
f pra? < r3’? (ezt) 2, 
M(r>ro/2) 
Also, we have 
| ERER O PABP s 
M(r>ro/2) M(r>ro/2) 
4< „2 
ер” S є. 


Непсе 


(ROB? + CORP? S гу 95 AR + 19° GE + 19? (620932 + eG. (16.4.4) 
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Second estimate for the second Bianchi pair 


In order to control the norm [В], we still need to recover the correct weight in т for 
the part of the norm on Х(т). To do this, we choose b = 4 so that we have A(z) = 0 in this 


case. We may thus apply case 3 of Proposition |16.3.1| i.e. estimate (16.3.3). We infer 


sup f (BP +r IPP) + f (op + IPP) 
т JX(r)n(e*0M xu 


5 dro RIB, P| + | Pr Eo + тё” Ку?) 
(2ro/2) 


M 


«f Php». f r3-95| Pl, 
(ext) M (ext) АД 


In view of the definition of (094, [8] апа (9R [Р], we infer 
sup f (r^|BP LP) «f rA Pp 
т (туа (ОМ Е; 
S d+ rE ORIB, P+ ero [n + enne tg 


«f (r IRI rE). 
M(2ro/2) 


Together with (16.4.3) and (16.4.4), this yields 


sup f (“IBP +r? PP) «f MPP 
т JX(r)n (20M 


ж 


< yrs (int) g2 +r’ (ext) 2 +тв? (ег) ie +e? «f 


r? ice Fay)? + тв Fol’). 
M(2ro/2) 


Also, in the proof of (16.4.4), we have obtained the following estimate 
/ p88 FP? < rz’? (ег) g2 + г? (eat) 92 gi e 
M(r>ro/2) 
and hence 
sup f (“IBI +r? Б?) «f PP 
T ЈУ(т)п lert) м X. 
« rates PRO di ro’? (ezt) ду2 + rg? ni d E «f тов F|’. 


Е M(2r0/2) 


It thus remain to control the last term on the RHS. Recalling that 
Fa = O(ar?^)B-O(r )T, +T,- (А, B) or! &- Ry, 
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we have 
f pP = pits! BI? ЕТЕ | r Bn? 
M(rzro/2) М(ғ>то/2) М(ғ>то/2) 
- (75+ Г, |(А, В) + rep ЫР) 
M(r2ro/2 
< rg? ini Ea y TOB (ext) g2 j e 
< r72 (ertga ES io (ext) 2 КЕ oe 


where we have used in particular the fact that = € p in Part III in view of (13.6.5). 
Hence, we infer 


sup f (“BP +r? PP) «f PP 
т (туп (ез М 3 


АОИ М qo RUD | e, (16.4.5) 
Together with (16.4.3) and (16.4.4), we deduce 
et RB. PP « шошо лышыл а са (engl а, (16.4.6) 


16.4.3 Third Bianchi pair 
First estimate for the third Bianchi pair 


In the case of the third Bianchi pair, we have с(1) = 3/2, с(ә) = 1. We choose b = 2 — др 
so that we have in this case 


д д 
Ла) = 1-25-50; Аа --з <0. 


We may thus apply case 2 of Proposition |16.3.1| i.e. estimate (16.3.2). We infer 


f тів | BP + sup f jim (PP + IB) + f gp (IPP + в?) 
(ext) M т X(r)n (езі) M X. 


s | (PPA ier) +r mh в) fo (Fa + Fel) 
У(1) M(r>ro/2) 
«f г1-9в| БІ) 
(ext) AA 
< pitis р + ту? (йа? cs и hir 4 e ui f p3-9B (IF? + Fel’), 
М(ғ>то/2) 
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where we used in particular the control of © Ro[P] in (16.4.6). Given that 


Fa = O(ar ?)B + O(r S)T, + rr . Hs. 
Ео) = O(ar-?)P + O(r?)Ty + Em . В, TE. Б, 


we easily deduce, using in particular the fact that = € r~'T, in Part III in view of (13.6.5), 
J p ( f - Fil?) < rg? ORG p rg? Go 62, 
M(r>ro/2) 


and hence 


VUE [B]? < paris т + m” (ezt) g2 as rg? (ext) ga2 ds єў, 


(ее | BY? = r^ |BP + sup f "Be + f r2-?5|pp. 
(ext) AY T X(r)n (ert) M 3 


(16.4.7) 


Second estimate for the third Bianchi pair 


In order to control the norm 9&9[B]?, we still need to recover the correct weight in т for the 
part of the norm on Х(т) and on X,. To do this, we choose b = 2 so that we have Л) = 0 


in this case. We may thus apply case З of Proposition |16.3.1| i.e. estimate (16.3.3). We 


infer 
sup f (PP e chap) + f (P+ IBP) 
т JX(r)n(e*0M 5% 


f (122 +07318) + r3int(P, в) «f P (IF Fil?) 
х(1) M(rzro/2) 


«f төре f г! $B] p|? 
(ext) M (ext) ЛД 


ш (int) 9p? + ro? (егі) 2 a n (ext) g2 a E 
+] rr FP +r” |А), 
M(rzro/2) 


where we used in particular the control of "9 [P] and (094, [B] provided respectively 


by (16.4.6) and (16.1.7). 


Next, recalling that we have in this case 


MAS 


MAS 


Pay = O(ar ?)B + O(r 9)T, + yp . Б. 
Fo, = О(аг?)Р + О(г-3)Гь - r7 Ty- Re +E- Ro, 
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we derive 


| r3 (7% қа + ге қа?) < т? (ext) 992 prg (ert) 2 +e, 
M(r>ro/2) 


where we used again the fact that = € r~'T, in Part III in view of (13.6.5). We infer 


T * 


sup f ІВ)? «f rBP < г3+%в (int) gae ES rj (егі) $2 
У(т)п (ext) M 


Jg DR + єз. (16.4.8) 
Combining with (16.4.7), we thus deduce 
=) [B] K тін бла + гу» DG? + гр? CDR 42 (16.4) 


16.4.4 Fourth Bianchi pair 
First estimate for the fourth Bianchi pair 


In the case of the third Bianchi pair, we have ca) = 2, со) = 1/2. We choose b = —óg so 
that we have in this case 


б б 
Ла) = ccr шй Ag = <0. 


We may thus apply case 2 of Proposition |16.3.1| i.e. estimate (16.3.2). We infer 
f rear жөр] P (BP +r lar) + fr (ara) 
(ext) M T X(r)n (ext) M Ss 
S f ps (181+ 44р) + r3” Int(B, A) +f r7 (IR? + к?) 
У(1) (rzro/2) 


M 
«f p 1-95 Bp 
(ext) M 


< үзген Gnt) g2 +r’ (ег) 2 a (еї)о{2 +e E Ja " 
r>ro 


pln ( d IF?) 


where we used in particular the control of (€*?985[B] in (16.4.9). Given that 


Fay = O(ar-?)A+O(r)P, +17, - Ro, 
Fo O(ar~*)B + O(r*)Ty dap us Ry, 
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and proceeding as before, we have 
f yl-ón ( + Fey) < E Ча? + rz‘ (esd) 5 -+ єў. 
M(r>ro/2) 


We deduce 
ЯДА < ie а д rg’? (ext) 2 3 г? (ezt) g2 a с. 


16.4.10 
ЯНА) E pt te Al? +sup f r 2-98|AP? «f r 95 | д), ( ) 
(ext) M T X(r)n (ез) M X. 


Second estimate for the fourth Bianchi pair 


In order to control the norm Жо АР, we still need to recover the correct weight in r for the 
part of the norm on Х(т) and on X,. To do this, we choose b = 0 so that we have Лз) = 0 


in this case. We may thus apply case 3 of Proposition |16.3.1} i.e. estimate (16.3.3). We 


infer 


sup f (P ear) +f (1а +14?) 
T JX(r)n(e*0.M bm 


/ (18? +744) + Int(B, A) «f r(r^ "IR тығу?) 
X(1) M(r>ro/2) 


«f r^ "ig « f r 1—ёв |д|2 
(ext) АД (ext) M 


i RO + rz’? (ezt) 2 tr? SEU + €o + f 
M(r>ro/2) 


MAS 


HG 


MAS 


r(r^ "IR F ral), 


where we used in particular the control of (*9o[B] апа CPR [A] provided respectively 


by (16-13) and (16.410). 


Next, recalling that we have in this case 
Fay = Olar)A+ Olr) +T,- Re, 
Езу = О(а”5УВ--0(79Г,--е Гу. Ro, 
we derive 


| r(r Fo +r FoP) S rg COR + ry 06, + е}, 
M 


We thus derive 


ш | PAP + | IAL? 
т JX(r)n(e*0M X. 


< up tha (R2 | tH ert) g2 uet CDR | e, (16.4.11) 
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Combining with (16.4.10), we thus deduce 


(Oi LA] 5 ту” OR? + гоб (POG? + т? (00992 + єў. (16.4.12) 


Conclusion 


Finally, combining (16.4.3), (16.4.6), and (16.4.12), we deduce 
(ext) 92 < rg? (eat) 92 + ro’? (ext) g2 + rats р ЕЕ e. 
Thus, for rọ sufficiently large, 
(uet < r3? (eat) 2 + fo? (int) gg ze e, 


which concludes the proof of (16.4.1). 


Remark 16.4.1. For convenience, we summarize the main steps in the proof of the basic 


curvature estimates (16.4.1): 


1. First, we control the first Bianchi pair by applying case 1 of Proposition 10.3. 1| with 
the choice b = 4+ dp. 


2. Next, we control the second Bianchi pair in two steps: 


(a) First, we apply case 1 of Proposition|16.3.1| with the choice b = 4 — бр. 
(b) Then, we apply case 3 of Proposition|16.3.1\ with the choice b = 4. 


3. Next, we control the third Bianchi pair in two steps: 


(a) First, we apply case 2 of Proposition 16.3.1| with the choice b = 2 — бр. 
(b) Then, we apply case 3 of Proposition |106.3.1| with the choice b = 2. 


4. Finally, we control the fourth Bianchi pair in two steps: 


(a) First, we apply case 2 of Proposition 16.3.1| with the choice b = —óg. 
(b) Then, we apply case 3 of Proposition 10.3. 1| with the choice b = 0. 
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16.5 Hodge systems for angular derivatives 


Having outlined the procedure for deriving basic curvature estimates in ‘tM in section 
16.4| we focus in the rest of this chapter on higher order derivatives curvature estimates in 
order to prove Theorem [16.1.1]on the control of (€*091;,,. To this end, we first commute 
in this section the Bianchi pairs with weighted angular derivatives. 


Definition 16.5.1. Let A, the operator acting on s, and defined by 
ЖТ До (16.5.1) 


We define weighted angular derivatives 9) as follows: 


1. If f € Sp is a complex p-tensor, р = 1,2, and j is a positive integer, we define 


"T Аў}, - if j is even, (16.5.2) 
PIA Í, if j is odd. 
2. If f € 5o is a complex scalar and j is a positive integer, we define 
Sif = AG f, if j is even, (16.5.3) 


rP f, —dfjisodd 


Remark 16.5.2. Note that if f € s,, for p = 1,2 and j is even, then Wf € sp, and if j 
is odd then P f € s, 1. Also, if f € so is a complex scalar and j is even, then Wf € so, 
and if j is odd then # f € s. 


16.5.1 Commutation formulas with V3, (977, 


Lemma 16.5.3. The following holds true for any v € ө,(С) 


(9V, rply = Olr ot +T, oS, 
[OV3,r Bly = Olar!) Vay + O(r?yoSp + rT) -Vay +T,- 0510. 


Also, The following holds true for any v € s, 4(C) 


[ 9 V4.7 Bw 
[ 9 Vs, Уф 


O(r- yo yi -- T, «955, 
O(ar Му) + O(r ?)o*ly TTL: Va + Гь. dst Ww. 
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Finally, the following holds true for any v € s, (C) 


[OVE Au = Ory + o* (P, 039), 
[УзА = Ofar) Vay + O(r 7o + 07 (rT; - Уз) + 99 (D - 09 y), 


where Ay = т?А,. 
Proof. Straightforward verification based on the commutation formulas obtained in Lemma 


4.2.2) and using the fact that = € r~'T, in Part Ш in view of (13.6.5) so that the error 
terms r= - Va) in commutations with (9 V, satisfy r= - Va = Го” OW. 


The following corollary follows from Lemma [16.5.3| and Definition [16.5.1 


Corollary 16.5.4. We have, for j 2 1, 


[9 v, plv 
[ 9 v5, gv 


Olr o iy 4- 9S7 (T, - о), 
O(ar o5 Vy O(r 9550 9577 (rT, - Уз) 
+05-1(г,. 0539). 


16.5.2 Commutation formulas with Hodge operators 


We start with the following lemma. 


Lemma 16.5.5. The following identities hold true for complex anti selfadjoint tensors 
v € $2(C) 
Дал cos 0 


2 
2,270 = Př Py — -r = + O(ar ?)05p + r7 1T, 0514. 


Proof. In view of Lemma |15.3.3| we have 
P Pid = T — i(Ptrxvs + OtrxVa)y — 2 Ku. 
On the other hand, in view of (13.1.1), 


Да cos 0 


Tre гу o» 
la? ° 


@tryes + rye, + 2(n+n)-*V = 
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where we used in particular the fact that Ё є D trX є Г, and the identification 
Г, = r^ T; valid in Part Ш. Thus, 


Да cos 0 
Otryes + trye, = = + Ofar) p + rT} - 0. 


Also, in view of (2.1.30), we have 


Hk 


= 


^ 


1 1 (ауу, (а) © 
piso do trx ` trx + X—p 


N 


1 
=- O(a^r ^) +r T, +r- T,. 
Hence 


рр e Pru Р e — S Or P + Ty v 


as stated. 


Lemma 16.5.6. The following commutation formulas hold true 
БЕ P Ap у Ay P, 


Olar™) Pfr + O) P + O) GS! e ro? (T 
= p» Ap- + А-а T; 


O(ar 7) ^ £v + O(r 6 + O(r*) p^ rv (ГЬ: 


Proof. The proof can be derived in the same manner as the proof of Lemma [16.5.5 


We deduce the following corollary. 


Corollary 16.5.7. We have, for p — 0,1,2, and for any positive integer k, 
АЕ 12, = DN, O(ar 1) B9 eg + O(r ?) p + О(г) PPh 
+ 028—1 (г; Й 0), 


" К = Е Е Е = (16.5.4) 
AE Dy = РАЎ a + Olar) p=" Ly + O(r ?) p + О(г) 828: 
n d) 


Proof. According to Lemma [16.5.6| and the fact that V(r) € rr}, we have 
(r?Ap-1) Т, 
(Ар 1) Py 


Dp(v? Ap) + Olar ™) P £v + O(r ?) £ -O(r 7) PS о (r, д), 
Jy (r^ A,) + O(ar 995 O(r 7) j£ + O(r 7) BS" 99 (Гь: 0), 
which corresponds to the case k — 1 since A, — r?A,. The general case can be proved 
recursively by taking also into account the commutation formula [£ r, 9| = Te -d and the 
fact that T(r) € rT». 
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Lemma 16.5.8. For an integer j > 1 and v € s,, p = 0,1,2, let Ет W, | denote а 
schematic expression of the following type 
Eri, = Olar) pE ту  O(r ?) Fo + O(r 1) o c 99 (Ds о). 


Then, the following commutation identities hold true: 


1. If v € во and j = 2k, we have PY € вә and 

V (Py) = PY) + Еті, y). 
2. [а € вә and j =2k+1, we have Pw € s, and 

FOU) = Pl py) + ErP, y]. 
3. If v € s, and j = 2k, we have Py € s, and 

WA) = BP) 7 Erf.) 

P (Ph) = Bo Py) + Ет, 
4. Ify € ву and j =2k +1, we have Pw € ву and 

WA) - Pr( Pv) T Ен), Ф), 

P (Pih) = PAPY) + Erg, v). 
5. If € so and j = 2k, we have Pw € sy and 

W (Div) = Piped) + Err[ v]. 
6. If € so and j = 2k + 1, we have Wy € s, and 

FON) = JG) Ет, 


Proof. The case of even 7 is an immediate consequence of Corollary |16.5.7| The case 
j = 2k + 1 can be checked as follows. 


Case 1. Let є s,(C) with p = 2 and consider the expression # (Фу) =r PAE (Ф) 
with j = 2k + 1. Commuting with the help of Corollary |16.5.7) we find 
FOU) = r DAG. Po 
=o P (Фл + O(ar 3) B5 £s + O(r? yo? + O(r-1)o 1) 
Ho. ә))) 


= P(r Pd) + En[ 0) 
= PPY + Еп], 
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as stated, where we used the fact that V(r) € rT,. 


Case 2. If є s,(C) with p = 1, we derive, using Corollary [16.5.7] and Lemma [16.5.5] 
FON) (т Py) AL. Pov = rP DI ADU + Ет, y] 
= тр ANO + Env] = Pir DAY) + Err[p, vj 
= Pip) Еш”, 
as stated. Also, using again Corollary [16.5.7] 
PPY) = r DEAD v) = рр AY) +Ен[# А] 
Pr (ry Ni) + Er, v] = Pe Pd) + Err[ p, y] 


as stated. 
Case 3. If v € 50(C), we derive, using again Corollary [16.5.7] 
PD) = тА Pry =r PPSy) + Еш 2,40) 
= P(r Ар) + Er, v] = (#7) + Er, vj 
as stated. This concludes the proof of Lemma [16.5.8] 


16.5.3 Bianchi pairs for higher angular derivatives 

We apply the results obtained in section |16.5.2|to the main Bianchi pairs verified by the 
curvature components A, B, P, B, A. 

Proposition 16.5.9. The following assertions hold true РВ) zd 

First Bianchi Pair. Consider the first Bianchi pair (15.3.4) verified by A, B and define 
the new quantities A= #А, B= WB. 


e 1/7 is even, then Де So, Be $1, and we have 
~ 1 É zi | m 
LA + "XA = -B+ O(ar—') 4 ErB + Fo), 
Ov,B-2tXB = PA+O(ar)P  £rA 4 Foy. 


Note that this can be written in the form of the generalized Bianchi pair (16.2.3) 
with Vay = A, Va) = В. 


?Note that for j = 0 the terms O(ar~') 7-1 т аге not present. By convention we set 2^! = 0. 
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e Ifj is odd, Ає $1, Be $9, and we have 
"EE = m | = 
(9%, А + әтХА = — P*B + O(ar~*) # ИТВ + Fay, 
Ov,B--2trXB = TAA O(ar )W- ErA + Fo). 


Note that this can also be written in the form of the generalized Bianchi pair (16.2.3) 
with Ya) = A, Va) = В. 


In both cases we have 


Еу = OST, +O) (A, B) кой ЗВ e v9 (Dy (A, B), 
Ко = Or *)joT, + O(r ?)o9 (A, B) + O(r oSA + 0? (T, (A, B)). 


Second Bianchi Pair. Consider the second Bianchi pair (16.2.1) verified by B, P, and 
define the new quantities] B = WB, P = si P. 


e Ifj is even, Be 91, Pe 50, and we have 
(9%. В + "ХВ = —PiP + О(ат”!) WLP + Fay, 
Pi B+ O(ar Ур £5 B + Fo). 


Note that this can be written in the form of the generalized Bianchi pair (16.2.3) 
with Vy = B, Чо) = Р, 


Le ere 
©ху,Р-+ ХР 


e Ifj is odd, Be 90, Pe 51, and we have 
©у,В+ХВ = -ФР-О(ағ H) p ErP + Fo, 
OY, P + PX P = PB + O(ar) K^ £5B + Fi. 
Note that this can be written in the form of the generalized Bianchi pair 
with Vj = В, оу = P. 


In both cases we have 


Ё = Olr T, + Ori (B, P) + O(r*yoS 1 P + roS (T, . Hj) 
+022 (Гь: (A, B)), 

Fo, = O(r-5$o T, + O(r-?)oS (B, P) + O(r- oS B + 09 (T, - (A, B)) 
+r ӘЗ (T, - P) + r9 (E - Ry). 


6See remark |15.3.6|for the definition of P here. 
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Third Bianchi Pair. Consider the third Bianchi pair (16.2.2) verified by P, B, and 
define the new quantities P = #Р, B= WB. 


e Ifj is even, Pe 90, Be 51, and we have 


"ME ae RE | B 
(Ov. P + XP = -Ф.В-О(аг ))  тВ- Foy, 
Owv,B-trXB = РР + О(ағ Уф £4 P + Fy. 


Note that this can be written in the form of the generalized Bianchi pair (16.2.4) 
with “а = Р, Vo о) В. 


e Ifj is odd, Pe 51, Bc So, and we have 


"EL MT ~ | ~ 
OVP + 5irXP = —PiB+O(ar"')#'L7B+ Fo), 


(Ow B trXB = ћ P+ О(ат”!) HL DP + Foy. 


Note that this can be written in the form of the generalized Bianchi pair (16.2.3) 
with “а = P, Y 2y — B. 


In both cases we have 


Fay = O(r ST, O(r?)o* (Р, 
Fo; = O(r)o“Ty + O(r?)oS (P 
+09 (=. Ky). 


) + O(r7 Уәзір + т-10 (Г; - Rs), 
) + O(r-!yoS 1 P + r 295) (ГЬ š №) 


Fourth Bianchi Pair. Consider the fourth Bianchi pair (15.3.7) verified by В, A, and 
define the new quantities B = PB, A= WA. 


e Ifj is even, B € $1, Á € $5, and we have 


OV;B+2rXB = —T&A-«O(ar) WF тА-- Fo 
(OW, A + sx = РВ + O(ar ) P £4B + Fo). 


Note that this can be written in the form of the generalized Bianchi pair (16.2.4) 
with Vay = B, Yo) = A. 
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e 1/7 is even, B Є So, Á € 51, and we have 
OV;B+2rXB = —TA-«O(ar ) W- £A Fo 
“В + Olar) P £4B + Fo. 


~ 1 = 
(Ov, A + ;"XA 


Note that this can also be written in the form of the generalized Bianchi pair (16.2.4) 
with “а =B Ve 2 = A. 


In both cases 


Fa = О( ST, + O(r?)o9 (B, A) + O(r- 0S! B + оГ, - Hy), 


Fe, = Olr T, + O(r-?)o4(B, A) + O(r-)0S B + r799 (Ty - Es). 


lA 


Proof. We start with the first and the second Bianchi pairs, which, in view of Proposition 


are of the general form (16.2.3), i.e. 
OVa (V) + сун Х Vj = -Ptg + Fay, 
(v (Vy, 2) + соу Х Vea) = P, Vay + Fey. 
We consider the case j even and commute with p. We obtain 
(Vs) + caytrX PY, a=- P3 2) + Ей» 


OV s( PW ey) + соу Фо) = Ф, jV + Fo), 


where 
Foy = Еа t[©Vs, $a; — [#7, Фо) + O(r ?) PI Way + FI (T, Vo), 
Fo, = Еу + [Уа Foy — F, 2, Ма) O(r7) PI Wey + PIT, Фо). 
Using Corollary |16.5.4| and Lemma [16.5.8| we infer 
Бұ = PFa + O(ar Si Уза + UN T 05/7 (rs - Vs) 
жа (P, 03 90) + O(ar7) FI LW) + OP) FY 
+OP) S7 Vy + 9577 (T, We) + Or — Way + ST, Yo), 
Қу = PF) O(r 7) V + 9977-1 (T, 05 V) + Olar) jc '{т%а) 


*O(r?) f£ Way + О(т1)#®—1Фу+057—1(г.оФ,) + Or?) FI Wo 
+P (T, V0). 
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We obtain 
Әу, Way) + caytzX PV ay) = — D Voy + Olar) p Erto + Fo, 


ON (GE) + соу X PV) = P йа) + Olar) #2: £p) + Ез), 


where 


Fay = PF ay O(ar D)09 Уза + O(r)0 (V5, Фо) + O(r 75-40) 
4905/7 (rT; - VaV)) - 99 (Гь. Vay) 99 (Гь: V(5), 
Fa = PF + O(r-?)o (Way, V) + O(r -)09 Way + 09 (ГЬ: Vay) 


tr oS (Ty . V (5). 
In view of (VW = —c(ytrX Ya) = T; V (2) + Fay, we have 
УзФа) = O(r 1) Фа) + O(r Ta + Гь. Vay + Fay 

which we use to remove the V3W(1) terms from Еа). This yields 
Қу = P Fay) + Olar 097 Fay + O(r ?)0? (V5, V(5) + О(г 905759) 

+057! (ry - Fay) +0% (Гь: Vay) + 99 (T, - V»), 
Foo) = # Foo) + O(r ?)09? (V, Vay) + O(r 05/7 Vy + 25) (Г, . Ya) 

+г 10) (ГЬ G V (5). 


We proceed in the same manner for j odd, and for the other Bianchi pairs, and we obtain 
in all cases that the Bianchi equations have the stated structure, with Fa), Fo) given as 
above by 


Fa, = PFa О(ағ D) Fay + O(r?)09 (Way, Фо) + O(r "OF "Wey 
+057) (rT, - Fay) +0% (Гь: V) +O (T, - Vey), 
Fo = D Fray + O(r ?)o9 (Та), Фо) + O(r-)oS/- "Way + 057 (Г, . Фо) 


tr 0S (Гь . V (5). 
Remark 16.5.10. In the case where j is odd, for the second and third Bianchi pairs, 
when implementing the above procedure, we need in addition to use the fact that 
ЕХ = drX c O(r ?) £T, = trX + О(г?) +r "Ts, 
irX = irX mu O(r ?) Ес на Г, = irX + O(r ?) SS r1, 


in order to put the LHS in the general form of Definition Note that this gener- 
ates extra terms of the type O(r-?)0*(V(, Vay) and т 102 (T, - (Way, V(5)) which are 
incorporated in Faj, Fo). 
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To conclude, it remains to plug the structure of Fo), Fo) in the above formula for Fay 
and Ғоу. We do this for all Bianchi pairs starting with the first one for which we have, 


according to Proposition |16.2.4| 
Fay = О(ат ?)В+О(т%)Г„+ Гь. B, 
Foy = O(ar?)A + O(r >), +T- A. 


In this case, we infer, using also Ya) = A, Ф) = В, we obtain 


Fa, = Or T, + О(т—2)0 (A, B) + O(r- oS 1B - 99 (T; - (A, B)), 
Fo = Or? T, + O(r-?)o9 (A, B) + O(r-*)05/-! A + o9 (T, - (A, B)), 
as stated. 


Next, we consider the second Bianchi pair for which we have, according to Proposition 
16:2: 
Fay = O(ar?)P + O0); +r °T, Tv A, 
Fo) = O(ar?)B + O(r-5T, +T} (А, B) - 17! 8 - А. 
In this case, we infer, using also Ya) = B, Хо) = Б we obtain 
Ky = O67) T, + O(S (B, P) + O(S + т-%<(г,. Fe) 
+0 (T, - (A, B)), 
Fa) = O(r—*)oT, + O(r -2ур5 (В, 
AS (T, - P) + roS (8. 


P) + O(r-)oS-1 B + oS (T; - (A, B)) 
Ry) 
as stated. 


Next, we consider the third Bianchi pair for which we have, according to Proposition 


16.2.4] 
Fo) = O(ar ?) 
Ро) = O(ar~*) 
In this case, we infer, using also Yoa) = P, Фо) = В, we obtain 
Ға) O(r— 3)9 mT, + Otr- 7927 
Fo; = O(r3)S9T,- O(r?)oS( 
+% (=. А) 


- O(r-)oSi-1 B + 1954 (I^, - Ё), 
- O(r-!yoSi1 P + r7?99 (T, - Rp) 


P, 
p 
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as stated. 


Finally, we consider the fourth Bianchi pair for which we have, according to Proposition 


[16.2.4] 
Fa) = Olar”? 
Foy; = Olar”? 
In this case, we infer, using also Ya) = В, Vi) = A, we obtain 
Fa = O(r3ye9T, + О(г72)ә (B, A) + O(r-*)0$/-! B + 9 (T, - Re), 
O(r-?)o T, + O(r-?)o9 (B, A) + Or!) B + i-o (T, 8) 
as stated. This concludes the proof of Proposition 


ШЕ: 

№ 

(S 
| 


16.6 Bianchi pairs for general higher derivatives 


To derive estimates for all derivatives < J + 1, we commute the Bianchi equations of 
Proposition [16.2.4] with (g O V4) д”, of] (4 O V4) фә £71 for all multi-indices (7, ja, j2) 
with j + jı + j2 = J +1. The result is stated in the following proposition. We also make 
the convention #7! = 0, see footnote 


Proposition 16.6.1. The following higher derivatives Bianchi pairs hold: 


1. Consider the first Bianchi pair in A, В, and set, for j + ji + = J +1, 
A= OVS ДА, B= GOV) HERB. 
Then, with Ca) = 1, C(2) = 2: 
e If ja is even, Ac 99, Be $1, and we havd] 
OVA + (cw = i) trXA 2 = TB + О(ат”1)(4 (V4) #210271 B 


+O(r1)(G 9 v,)i71 пул (A, B) + Fay, 
©ху,В + (co — 1) irXB == ?, А+ O(ar-!)(g (2% yi pA 


+O(r H GOV TE go A + Fo. 


"Depending on the type of Bianchi pair in Definition [16.2.3 l 
SNote that for jz = 0, the terms in O(ar~!)(¢( V4) pP TZT! do not appear at all. Also, for j = 0, 
the terms O(r-!)(g 9 V4)/-1 #727147: do not appear at all. This holds true for all Bianchi pairs below. 
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Note that this can be written in the form of the generalized Bianchi pair (16.2.3) 
with Vaj = A, Чо) = В. 


e If jz is odd, Ae 51, Be So, and we have 


OVA + С - 2) ХА = –Ђ*В + O(ar)(GOV,) #1007 B 
+O(r)(g 9у,) p А (А, B) + Fay, 
OV,B + С = 2) trXB = P A^ O(ar-!)(g 9 V4y pA 


жо yq Өлу p" EA + Fay 


Note that this can also be written in the form of the generalized Bianchi pair 


(16.2.3) with Ya) = A, V = B. 


In both cases we have 


Fay = O(r?yo*^*T, + O(r ?)o57* (A, B) + O(r !)o*" B + 0+ (T - (A, B)), 
Fo = O(r?)* "T, + O(r ?)o0*7 (A, В) + O(r 0*7 Ac 0*7 (T, (А, B)). 


Second Bianchi Pair. Consider the second Bianchi pair in B,P, and se) for 
jtAtj-J-cl 


B = (GOV PLAB, P= (GOV. АР. 
Then, with ca) = 1, ca) = 3/2: 
ө 1/); is even, B € ву, P € so, and we have 
OV 3B + (9 = 2) trXB = -PP + O(ar-!)(g 9 V4) jag 
+O(r1)(G 9 V4y y? * (В, P) + Fay, 
OEP + (в = i) "XP = PB+Olar')\GOV)) pe e$" B 
*O(r)(g 9 v4) ДВ + Foy. 


Note that this can be written in the form of the generalized Bianchi pair (16.2.3) 
with АЛУ = B, Чо) =P. 


Әбее remark |15.3.6|for the definition of P here. 
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e Ifj is odd, Be $0, Pe 51, and we have 

— P, P + O(ar)(q 9 V4) d! gi P 

*O(r уа Уа) PELE (в, P) + Fry, 


(Ow, P + C = i) ХР = PB + O(ar-)(q (9% Ji дл нв 


о 
+ 
Е, 
xe 
| 
ENS 
b 
9 
о 
Il 


t0(r а 9v. PU EB + Fo 


Note that this can be written in the form of the generalized Bianchi pair (16.2.4) 
with Va) = = B ‚Хоу = Р. 


In both cases we have 


Fay = Olr? HT, + О(т?)057+1(В, P) + Olr “027 P + r72057H (I5 - By) 
+071 (T, - (A, B)), 
Fo) = O(r ^o? *'T, + O(r ES SdH (B, 
+r фе” 1(Г,. P) +т10®7+1( 


) + O(r-P)o*" B + 057 (Г, . (A, B)) 
b). 


B,P 
-R 


ш 


Third Bianchi Pair. Consider the third Bianchi pair in P, В, and set, for j + 
Л sr 22 =J F 1, 


Р = (49%) PLAP, B= (q 0 Va W^ LBB. 
Then, with ca) = 3/2, со) = 1: 


e If ja is even, Pe $0, B € 51, and we have 


OV;P + С - i) TXB = —D,B+O(ar-)(qOVvs)i ge gi B 
+O0(r“"\(q (or yid pug (Р, B) + fas 

Ov,B- С = 2) trX B. = PrP + O(ar~)(q GAVAY pe-ight р 
+0(r")(G Oyi gie eh Б Fra). 


Note that this can be written in the form of the generalized Bianchi pair (16.2.4) 
with Vay = = P Ve 2) = B. 
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e Ifj is odd, Pe 51, B € $9, and we have 


УзР + С - i) ХР = -PtB + Olar) (g ӘУ.) p? £2 B 
+0000 ту epe OS B) + Fy, 

(Ov,B- С - ij) "ХВ = PP +O(ar-)(q Va) g? £2 P 
+0(771)(9 9 V4) P АР Ко). 


Note that this can also be written in the form of the generalized Bianchi pair 


(16.2.3) with Ya) = P, Y) = B. 


In both cases we have 


) + O(r )o* B + r !o*^*" (pj. Rp), 
у- O(r-!yoS P + p7?9$7 (ГЬ. Rp) 


|ы 15 


Fay = О(ғ y^" T, + Or? (P 
Fo) = О(т3%)®71Г„ + О(т?)д®7*! (Р 
+047 (2. Š). 


Fourth Bianchi Pair. Consider the fourth Bianchi pair in В, А, and set, for 
jtAhtj-Jctl 


В = (09У) PLB, | A= (Va) ДА. 
Then, with ca) = 2, c = 1/2: 


e If ja is even, B € $1, Á € $5, and we have 


©узВ + С = i) "XB = -%А+ О(ағ 14 V4) PPIE A 
+00771) (q 9v4y (В, A) + Fo, 

OV, F С = i) ХА = B + O(ar—')(q (2% yi git B 
+O(r H (GOV T PRA LEB + Fra). 


Note that this can be written in the form of the generalized Bianchi pair (16.2.4) 
with Va) = В, Va) = A. 
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e If ja is even, B € 60, Á € $,, and we have 


OV;B + (cw = j) "ХВ = —DA+t Olar) (q ӨМ) pP LEHA 
+О(т—!)@ Өм) (В, A) + Fo, 

OVA + С = 3 ХА = DB + O(ar)(q A pit p 
HOTOV p LEB + Fo. 


Note that this can also be written in the form of the generalized Bianchi pair 
(16.2.4) with Va) = В, Чо) — A. 


In both cases 


Fay = O(r jo "T, + O(r?jo57* (B, A)  O(r 0*7 B + 0$?! (Tj - Ky), 


Fo, = O(r)*"T, + O(r?yoS7 (B, A) + O(r *)08 B +r SHT, . №). 


Proof. The case j = jg = 0 can be easily be derived by commuting the Bianchi pairs in 
Proposition [16.2.4] with £r, in view of Lemma [13.3.3] The case j — 0 can then be derived 
by proceeding exactly as Proposition starting with the results already derived by 
commutation with £r. Finally we derive the results for all (7, j1, 32) by making use of the 
commutators in Lemma [18.3.4 


16.7 Proof of Theorem 16.1.1 


We are now in position to prove Theorem on the control of (994,1. To this 
end, we rely on the procedure for deriving basic curvature estimates іп (е М outlined 
in section [16.4] and on the structure of Bianchi pairs for higher derivatives in Proposition 
16.6.1 The proof proceeds in the following steps. 


Step 1. We first derive estimates for Ee derivatives of curvature іп (0 М. To this 


end, we consider the Bianchi pairs in Proposition |16.6.1|in the particular case 
j-0 4-09 4-241 


In that case, the terms O(ar-!)(g O V4) PPIE and O(r-3)(g (O V4)/— Pet £7! are 
not present, see footnote |8| and hence the structure of the Bianchi pairs in Proposition 
16.6.Цаге the exact analog for J + 1 derivatives of the ones in Proposition |16.2.4| used for 
the proof of the basic curvature estimates of section |16.4| with the exception of 
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e the new terms of type О(г 1)о=7 V in Fa, 


e the new terms of type O(r~*)0S7 Vs, in Fo. 


Following the same steps as in section section|16.4| that are summarized in Remark|16.4.1} 
we thus obtain the following analog of (16.4.1) for 2. derivatives of curvature 


сб (д, BB, BLA) S rg” ep err pg + rg? ORS, 
té + e, (16.7.1) 
where the extra terms rg? €*0982 | апа €? are respectively due to the fact that rg? PRZ |, 


cannot yet be absorbed by the LHS and from the new terms of type O(r !)0*"V(1) and 
O(r-!)0*" V5, in Ға) and Fo) mentioned above. 


Step 2. Next, we derive estimates for ( 2, 2 т)” Т? derivatives of curvature in (е9 М. То 
this end, we consider the Bianchi pairs in Proposition |16.6.1|in the particular case 


2-0, J2 > 1, h+tj=J+l1. 


In that case, the terms O(r-!)(q(9V4)/-! g2*1£2 are not present, see footnote |8| and 
hence the structure of the Bianchi pairs in Proposition are the exact analog for 
J +1 derivatives of the ones in Proposition[16.2.4]used for the proof of the basic curvature 
estimates of section with the exception of 


e the new terms of type O(r-!)05/ Va, and O(ar-!) B2! £21 Wy in Fo), 


e the new terms of type O(r-!)0*/ Wy and O(ar-!) 8242: Way in Бо). 


Following the same steps as in section section|16.4] that are summarized in Remark|16.4.1} 
we thus obtain the following analog of (16.4.1) for 9222 derivatives of curvature 
(ORE SERA, В, Б, B, A) S т дед + rgo opp т rod 
+ mp g^ (А, B, P, B, A] + єў + 6, 


where the new extra term (*9R2[ 9271 21 *! (A, B,P,B, A)] is due to the new terms of 
type O(ar-!) 92-1 ZEW in Fr, and of type Olar!) peA Ya) in Fi. Together 
with the estimate in the case jg = 0, i.e. (16.7.1), we immediately infer, by iteration on 
ja; 


се (9, Дт) (A, B,P, B, A)] 5 ғ 06а rgo COORG + ro? ORG 
té t. (16.7.2) 
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Step 3. We now recover weighted ед derivatives and start with the ones for (В, P, B, A). 
To this end, we use the following simple consequence of the second Bianchi identity of a 
given general Bianchi pair as in Definition (16.2.3 


Vato = Olr) Pay + O(r !)Wo + Ft, 
which implies 
(COR Ir V Ф o] < (egg [PTa] ES CAR [Wy] ES (eg [Fra]. 


Applying this estimate to the second Bianchi identity in each of the four Bianchi pairs in 
Proposition 16.6.1 іп the particular case 


1771, quud 
we immediately obtain 
(=) 92 [(rV 4)! g*£A2(B,P,B,A) 5 з Лалы £2 (A, B, P, B)] 
+ ARI Va) WR (А, b, P, B)| 
pa” (ext) 2 + р (54545 + т? шс 
té + 6, (16.7.3) 
where we recall the convention #7! = 0. 


Step 4. We now recover weighted e4 derivatives for A. То this end, we consider again 
the particular case 


and focus on the first Bianchi pair in Proposition|16.6.1| In that case, we choose b = 4--др, 
and we have then 


| б 
Аау=}+2+-у > 0. 


We may thus apply case 4 in Proposition |16.3.1|to the first Bianchi pair in Proposition 
16.6.1| which yields 


ORV LRA] S CORET PRB] + Cogo vay" (А, B) 
келе (т) 7 EA" (ALB) 
rg ?? (ezt) 052 арте GAR уг? „о +єз+єї. 
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Together with (16.7.3), we infer 
(ert) 2 (rV) g? (А, В, P,B,A)) 5 ORIYA 7 $^" £2(A, B, P, B) 
+ ORT (Va)! PTEE (A, B, P, BJ] 
pr 28 (ext) 2 + ps (int) ga di т? ө, 
té + e. (16.7.4) 
In view of (16.7.2) and (16.7.4), and arguing by iteration on j, we infer) 
CDR (rV, ) ту” (A, B, P, B, А) < rg’? (ert) gy2 + тЗ+ёв (ings + гг? gp 
Té F є. 
Comparing £r and Ут, and using еу to absorb the corresponding lower term, we infer 
CDR (rV, ў, Vor (A, B, Б,В, АУ) < rz’? (ext) gs? 4 rates а as rg? CN 
T + е2 
and hence 
RU d < ms (ext) g2 + pres aris ip ro? 0 а + E ap е2. 
For rg large enough, we deduce 
ao T < ro? (ezt) g2 prons (int) ga2 4 e + єў 


as stated. This ends the proof of Theorem [16.1.1 


10Notice that j = 0 holds in view of (16.7.2), and for each j with 1 < j < J+ 1, start with the fact 
that #1 = 0 by convention and argue by iteration on јә from јо = 0 to jg = J +1 j. 


Appendix A 


Complement for Chapter 


A.1 Corollary to Lemma 


Corollary А .1.1. Let U4 = Ола, be a k-horizontal tensorfield symmetric traceless in 
all indices, i.e. U € Sx. 


1. We have 


(Уз, Vi]UA = — (trxVsUA + (а) trx *VyUA) + (ль = G5) V3U 4 


N| = 


k 
1 
+ 2 уа (Os str X+ Єва; try) па, И лар 
i=l 
1 k 
= 5 » ng foL NN + ery URN (A.1.1) 
1=1 
+ ErrayA|U], 
k 
Errspa|U] = >: (- aic “P, gg Kpa; le > Xy, la; T XoaiS, m TA Оа... : SEE 


4-1 


— £, V4UA ^ E, VaUA. 


127 
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2. We have 
1 CNN 
к? У: ОА = —5 (tr XVUa + trx VU a) + (n, + Co) Valle 
ic 
+ 5 2, (baotr X+ Cra, try) 1 Usa, 
i=1 
ic 
іі 
+ Етт А (СІ, 
k 
ErrasA[U] = 2 ( бас “Bo + Koai, = ьт + Хаб B Xy ca.) Uaia m^ 
ici 
— Sac V cU A + £y V 3U A. 
3. We have, 


(Ма, V3|U4 = 2(n, — m) VUA + 2wV3U 4 — 200V 4U A 
k 


+2 101, = П Т Єа;ь “р Ua ee + Err. A» 
24 Ed Pus us Е (A.1.3) 


A.2 Proof of Lemma [2.3.3] 


We write 


J(X^DgU,) = g"D,D,(X?DgU,) 

= (g'"D,D,X^)DgU, + g" (D, X^D,DgU, + D,X^D,DgU,) + X?g"D,D,DgU, 
(g” D,D, X^)DgU, + X^Ds(g""D,D,)U, 
+e (D, X^D,D4U, + D,X^D,DgU,) + Хв" (5,0,0; = DsD,D_) JU 


Hence 


J(X^DgU,) = X?DgDU, + (D1X?)DsU, + g” (D, XPD, DsU, + D, X PD, DU.) 
+X g" (b, (b,Ds - DsD,)Ua + (b, D; — ӧәб,)б,0,). 
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Using Lemma |2.2.11| (0.2.26) and the fact that R,, = 0, we obtain 
m 


g"D,D,X, = g"Rg,4X" + g^" OT wa 
1 1 
= 58) (D, Ong E D, COR B — Ds (От) == D", = 5 Dgtrr. 


Consider the term 
g"(D,X?^D,DsU, + D,X^D,D5U,) = D"X?D,DgU, + D"X?D,DsU, 
= D'"X?D,DgU, + D^ X"D5D,U, 
(D" X? + D^ X")D,DgU, 
+D°X"(DsD, — D,Dg)U,. 


Using the commutator formula of Proposition [2.1.27] and definition of m we deduce 
g" (D, X^D,D54U, + D,X^D,D4U,) = s""D,D,U, + Racor UDP X". 


Therefore, 
J(X^D5U,) — X°Ds0U, 
= qs"D,D,U, + (Ds? — Ут), + RocgyU°DEX” 
+Xf g” (D, (D,D; - D4D,)U, + (D, De — D;D,)D,U. ). 
Now, 


g"D, (D,D; — D,D,) Ua = g” D, (К..„в0°) = (D"R,,,,5)U* + g RocvaD Ue, 
g” (D,D; = D;D,) D,U, = g^" (В. АУ, am RacusDU-) = g” RacugD Ue. 
Using the fact that D’Racyg = 0, we finally have 


J(X^Dg5U,) — Xf D;ÒU, 


NM 1 : ; 
= «"D,D,U, + (D'z,? — zD trn) DeU. + Raca UD? X" 
1 ы. d 
+5X"(D"Bacys)U" + 2XPRacygDtU®. 


Writing that R = R + ІВ, we obtain the stated identity. 


А.З Proof of Proposition 


We first prove the following. 
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Lemma A.3.1. Let K be a symmetric tensor which satisfies (2.3.2). Then 


1 3 
D, K^" = -3D'(trK) + gle (A.3.1) 
3 3 
D"D,K^" -D'D,K^" = әрен“ - әр Пе“, (A.3.2) 
1 
D"D^D4,K, = — Gas - в") D“ Kae — DD IL 
1 à à 1 ü " 
*jD DI әр HI (A.3.3) 
Let ф be a scalar function. Then 
1 3 
(D,K"")D^D,o = -5D" кре, + Па D^D,o, (A.3.4) 
2 
(D'"K",)D,D^D,o? = -3D^ K", R^," Dsó + IL,4,D"D4D, o. (A.3.5) 


Let V € 52. Then 


21 1 ҺЕ 
(D, KDD, Vas = —D"^K",D^D, Vas 


i : E (A.3.6) 
+ әр KR, Va TRY.) Па DD, Vas, 
and 
(D^ K",)D,D?^D, Va = -EDAK R^, Du, + How ер, D, Vas 
- EDEK” (R^, D, Vey + ReaD, Woe) (A.3.7) 


1 А 
= 3D" K',D" (Roja Ves + Rype Vac). 


Proof. From contracting 3IL,,, = D,,K,, + D, Kpu + D,Kyw with g"" we obtain (A.3.1). 


Using (A.3.1), we can write 


1 1 3 3 
D'D,K*" D"D,K*" = —:D"D'(trK) + ;D"D'(trK) + ZDI” — ZD 
- Spam. ŠD, 
2 2 


which proves (A.3.2). Applying D" to 3IL,,, = D, Kvp + D, Kpu + D,K,,, we have 


SD" live = D'Dik,-D'D,k,--D'DK, 
D'D,R,,-D,D"E,;-JD,D"KR,,- Roig Keu Ro WA 
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which gives 


DDR, = —D,D"R-LbD"R-R',R.-BHu Kae = РЭПА: 
Using (А.3.2), this gives 
D^D,K, = -2D,D^K,,  (R^,,* + R^,,^) Кы — 3D?IL,, 
3 a 3 а 
+501 ov = НУП аш? 


Applying D" to the above we have 
DD'D,h,42D"D,D*AR, e = (Rg + Hu D“Kae 
—3D"D'Il,,, + Š DED Iw — DD ay 
The left hand side is given by 


D^D^D,K,,--2D"D,D^K,, = 3D°D,D"K,, + [D", D°Da]K 
3D^D,4D"K,, + 2Ra p D,K“, 


which gives 
1 
D*D,D A, = = (аны: + Ru) DAR. 
1 1 
-ререп + :D/D,II*,, — 5D"D Tay: 
Writing again D"/D^D,4K,, = D^D4D"K,, + 2R,",,D,K^*, we obtain (A.3.3). 


From ЗП = ОК + О” К” + D" К”, we have 


(D,K"^D^D,ó = (—D"K",— D"K", + 3IL,")D^D, o 
= —D"K’,D°D,¢— D"K",D^D, 9 + 3IL,"D^D,ó 
-D"K",D^D,ó — D,K""D^D,9 + 3II,""D^D, 4, 


which implies (A.3.4). 


We similarly compute 


(D,K")D^"D,D,ó = (-D"^K", — D"K", + 3IL,,,)D^D,D,ó 

= -—p'K",D^D,D,ó — D"K",D^D,D,6 + 3IL,,,D^D,D,ó 
—2D" K",D^D, D, ó + 3IL,,, D^D,D,ó 
—2D"K".(D,D^D,ó + [D^, D,]D,9) + 3II4,,D^D,D,ó 
= -2D'K".(D,D^D,ó + R^,,?D;9) + 3IL,,,D^D,D, o. 
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Observe that the first term on the right hand side is the same as the term on the left 
hand side. We therefore obtain (A.3.5). 


From ЗП = ОК + О” К” + D" К”, we have 


(D,K^"D^D,VW, = (-D"K",-— D"K", + 3II,"")D^D,Y,; 
= —p^"K",D"D,V,,—D"K",D^D, V,  3IL,"D^D, V, 
= —p^"K",D^D,V,,—D"K",D,D^WV,, 
+D’ kK". (Ryo Va T Bo Be] + 3IL,""D^D, V, 
= —p^'"K",D"D,V,,—D,K""D?^D,W,, 
+D K” a(R Va F Rs ac) + 3II,"D^D, Vas, 


which implies (A.3.6). 


We similarly compute 


(D,K"")D^D,D, V, 
= (-D"K",—D"K", + 3IL,,,)D^D,D, Vas 
= -p"K",D^D,D,V,, — D’K".D°D,D, Wa 
=D Kk? Юе (Rona Va + Raw Vac) + all; D D,D Ua 
= —2D"'"K",D^D,D,WV,, — D"K",D^(B, ua Vo + Ru Vac) + 3IL,,D^D,D, V, 
= —2D"K",(D,D^D, V, + [D^, D,|D, Yab) 
ОЕА ЮРЕ Va + Бур V) + 3IL,,,D^D, D, V,; 
= -2D"K",(D,D^D,V,; + R^,D;V,, + R^,,^D, Ven + R^,^D, Vac) 
—D’K*,D* (Ry pa Vo + Eos Was + 3IL,,,D^D,D, Vas. 


Observe that the first term on the right hand side is the same as the term on the left 
hand side. We therefore obtain (A.3.7). 


We now prove the following. 


Lemma A.3.2. [n a vacuum spacetime, the following commutation formulas hold for a 
scalar ф, a horizontal 1-tensor w and a horizontal 2-tensor V: 


[D., eld = 0, р, ive" —0 [D,, 2] V"; — Тағыны 


Also, for Фа 3-tensor which is symmetric in the last two indices, we have, 


[D,, |B” 5. = 2В,,„5.р°Ф“ + 2R, 44D? "5. 
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Proof. We have for a scalar function 0: 

ІР D;Jó = 0, Ба, D,|D,¢ = Rap, DoQ. 
We therefore compute 


ІРГЕНІ 


ID,, D^Djjó = О: D*|D.¢ + D*(D,, Dalo 
g Rupa Dod = —R,°D5¢ = 0. 


For a 1-tensor X we have 


[D,, Dg|X., = RopyeX, [D,, Dg]D; X., = R;5;,D' X., + RapyeD X“. 
This gives 
[О„, "PC — [О„, D^D,|Xs = [О„, р°|р„Х» + р°(р,, D,]X;) 


g^ (Ric, D. Хв + Rca Da Xe) + D° (Rag X.) 
—R,'D.Xg + R^; DaXe + OD? Вав Xe + Rigg D X. 


Since by the Bianchi identities D°Rajvy = DiR — D Rv, the divergence of the Rie- 
mann tensor vanishes in the case of a vacuum spacetime. We therefore have 


[Da Og] Xs = 2Ң,44 DX., [Dy Lg] X" = 2Rya DX, = 0. 
For a 2-tensor V we have 


ID; D,]V.; = Ruay Va + Eas Vye, 
[D,, ЮБФ» = Rica DV y5 + Rre DV. + Recs DV... 


In the case of a horizontal 2-tensor 


[D,, D,]V,; = Ius Va F Нш Vacs 
[D,, DD, Va = Rica D.Var T Ruca Da Yo + Rice Da Vac. 


We therefore compute 


[D, O] tn = [D,, D^D,]V,; = [D,, D^]D, V.,; + D^[D,, Da] Vn 
= g% (Rica DeVry + RÀ  D4U.; + В DU...) 
+D° (Rra Va Hos Vs 
= -RD Vy +R, Da Yes +R, Da Vye 
tHD^R,,, Ves + Rya D° Yes + D°Ryas Vye + НД ОВ, 
= 2R% Da Ye + 2R, Da Vye. 
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This gives 


[D, LU"; = 2R,"^D,4V, -2R,^;/D,V". -2R,^;/D4V".. 


For a 3-tensor we have 


[О„, D,| ®y5. = Rag Das + К,а Фо F Клабу 
[Dis DilDa Prsa = Reca ОФ.) T Rycy Da Pedr F Recs Da P yer F Reca Dayse. 


We therefore compute 


КЕ е] Фл = [D,, Ы“О,|Ф,ө = ID,, D^]D49,;, + D^[D,, Da] ®y5y 
= g% (Rica D045, + Ric, Ю.Ф + Rico Dare + Ric Da ® ys) 
+D*(Ryay Pes, + Ноев Pye, + Ror 0,4.) 
= Қ ры Фа t Ri" Dara t Ra D. 
TE; D Besa + Rugs ОФ + Ioas Dos. 
= 26,° Daes + 2Ң„^;“Ю„ Фе, -+ 285 Da Pye: 


This gives 


[D,, ]$" 5 = 2 Р°Ф”°, + 2785,4,D^9"^,. 


We can similarly adapt the above computations to the case of horizontal tensors. 


We can finally prove Proposition 2.3.7 We first consider the case of a k-tensor V: 


K,O,|)¥ = [D,K"’D,,0,|¥ = D,[K""D,, O,|¥ + [D,, Г] K" D,Y 
= D,(K"’D,O,¥ — D, (K""D,V)) + [D,,, Og) K""D, v. 


Writing Og(K#’D, WV) = OK” D,Y + 2D* K""D4D,V + K” OD, V, we have 


[C Ow = D,(K“’[D,,O,)¥ — OK” D,Y — 2D* K” DaD, V) + [D,, Gg] K&""D, v. 


We now specialize to the case of a scalar function ф. By Lemma|A.3.2| we have [D,, L1g] o = 
0, and [0,, L]] X" = 0 applied to X" = K""D, 9o gives [D,, Ox] K” Dro = 0. We are left 
with 


[К,Г]ф = D,(K""[D,, Os] – 0, Кр, ф — 2D^ K""D4D,9) + (Dy, Dg] K""D,ó 
= D,(-O,K"’D,¢ — 2D,K""D^D,). 


Using (A.3.4), we obtain 


K,O] = D,(-D»K""D,ó + D"K",D^D,9) — 3D,(II,""D^D, 9). 
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Observe that in expanding the derivative there is a cancellation of the term (0. K&"")D, D, o. 
Indeed, 


K,O] = —D,(OgK"”)D,¢ — Dg K""D,D,ó + D,D^K",D,D^ó 
4-D^K",D,D^D,ó — 3D, (IL,""D^D, 4) 
= —D,(O,K"”)D,¢ + D^K",D,D^D,6ó – 3D, (II,"D^D, ф). 


Using (А.3.3) and (A.3.5), we obtain 
1 
3 

иро 1 тун а ln» а 
+(D“D Iu 2” BD 20 D,II ap) Dro 
+a DD. Dro — 3D,(II,"D^?D, 4). 


€ 2 
K, Os] = ЮК. ( Не, = m) РФ — 5; D^ K',R^,,^Dsó 


Using that Rp? = -Re,?. we have 


1 € є 
[K, el? = ар”. ІҢ“ - к? ) D;ó 


1 1 
+ (эре, = 5DYD Mo + JDD ay) D,o 


+П,.„0ё0.р,ф — 3D,(II,""D?D, 4). 
Writing 
Dia = = ЮК ор УЕЗ ра 
we can observe that the first term is symmetric in ay while the second Riemann tensor 


term in antisymmetric іп aj, and the second term in symmetric in ие while the first 
Riemann tensor is antisymmetric in uv. We therefore are left with 


1 € 
[K, el = 3 DG RA, -D,K".R?,*)D;ó 


1 1 
+ (реп, - zDD, Ma + ;D'DAr,,) D,o 


+П,„00.0р,ф — 3D,(IL,""D?D, 4). 


Writing D’K,“R™,, = D"K,"R,,? = D'K Ra = -D*K,"R., we obtain the 
cancellation of the first line, which gives 


К, Osl = ЕШ), 
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with 
шр 1р" а 1 тун а 
Ег|П|((0) = | D"D?IL,, — 30 III V ә? БП б, 
4IL,,,D^D4D,ó — 3D,,(Ha"”D°D, 4). 
We now simplify Err[II](¢). By writing 


II,,, D"D^D"$ = D"(IL,,,D^D"4) — D"II,4,,D^D"9, 


we obtain 
a 1 a 1 Q и 
Еп|П(Ф) = D^ (р Tavu = 5 Dull av + 5 Dell ? D"ó 
—D"II,,, D^D"$ — 2D"(II, 4, D“ D” Q). 
By writing 


1 1 
D^| ЕШ - 5D, Ia + рл) D"o 


а 1 a 1 а ГА 
= р“ (р Las н 5р,П ov + z Pell ai) D"ó 
1 1 
АО 5 DI + g PH ap D^"D"9. 


Observe that 


1 1 
(=De F DiI") D"D"o =0 


since the first term is antisymmetric in uv and the second term is symmetric in шу. We 
can therefore write 


1 1 
D" (реп, = Био» + 5р“) D"ó 
1 1 
= р/| (реп. БІЛІКТЕ 5р") D"o| – (D^IL,,,)D^D"ó 


and we obtain 


1 1 
En[H|(ó) = р“ (Diar - SD av + ZD a) DO — Myar DDO 


—2(D?II,,,)D"D"$ 


which proves the Proposition. 
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A.4 Proof of Proposition |2.1.48 


We write, for any Y € Oy, 
Уур: Vb = Val Vw VeVe) — Vow: Vea 
= уур: УУ Уа — Мыр. [Va Vel Vath + Va (Vow ' КАУ) 
= VAN VaVath — Voth [Vo VJ Val У. (Vo ууа) 
=v. (vw УУ) | 
We deduce, for A = Ду, 
[AY]? = gg" Va Vot -VeV ay 
= VV Y VeVal — JPI View: [У,, V. Vav 
+Va( V% Ad) = Ve( Vay уур) 
= |у]? — v*v*y - [Va, V] — дыр: [У Vel Vat) + div [Ay] 
= Vy? е Vo - [Va Vel gP Tio [У VeVi + div [A] 
with divergence term of the form 
div Ad]: = у (уду) " v.(v. уу) - Va( Vid av) mV (v.v ууу). 
Непсе 
[Ay = |V}? – А – 5B + div [Av] 


Ас- gg V uw) 1 [Va, Vel Val 
B := |у", у: [Var Velo 


div [Ay] :— Va (vw | Aw) - V, (Ver | усу). 
Now, for horizontal indices Г = i... ig, we deduce using Proposition 


(A.4.1) 


(Уа, УУ = jl (try Vs + try V4) Var Eac + К (даа — даса) V Vr 
+K | (irae — JixcGta) Vall" ini, do (ЕЛ = са) M aU gy duca || . 

We deduce, assuming that 1» € Ок is symmetric 
A= ЕМ (хуз + (Ога) *vo — (К> 


(A.4.2) 
+ k OK (Veh V a. Уфа Ve). 
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Similarly, 
1 
IVa; V edv E 2 ( (try V3 F (ууд) Vr бас 
+ WK [Com = К) U' 12...®® 152% (ад n Biscüta) D disi | ; 
and 
— Це (a) ? vert eft) (a) x (һ) 72) qh)2 
В = ( trx Va + trxV4)v + 2k K( trx Va + trxV4)v 0p 2k VU К^. 


We thus deduce, 
АР = VP + MK (Iv — к ® кш?) 
+k OK (Vapo VY Е Va Vb... (А.4.3) 
+ Errr [Ay] + div sle], 
with error and divergence terms 
Еш, = -279 (tryV3+ (Уа) *V + ӨШ - аху) |. 
-k 99 K (trys + (уул) Y 
ао МАИ] = Va (vw ‚Аф — Va - усу). 
It remains to calculate the term 


АТТАН АТ Ve... 
Scalar case. Іп the particular case when 4/ is a scalar, k = 0, we deduce 
Аё = [Vo]? + OKIVUP + Erro[Ay] + div [Av] 
Erro] 


div [Ad] = v.(v*v- Av —5V"IV¥P), 


1 1 2 
-2У% . (tryV3 + (try V,) "Vp + 5 ( (тууз + ууа) 


as stated. 


Case Е = 1. We consider now the case k = 1 in which case the term Jı fp] takes the form 
(Vei VU" — Vi Vs) = IV + Vei (V^? — Vow’) — [div wP 
IVél + 3 (Vate — Vea) (VY — Уч) — |div y? 

= У? - curly? — |div y? = |> — | AVE". 


Л 
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We now recall (2.1.33) in Proposition |2.1.47| We deduce 
J, = [vor - |)? 


— OR WP + ;( (try Vs + ©шуу+) v) -p + div [Piy] 
р = Val Vw d= (div yyy" — (curl) *vY*). 
Hence, becomes 


Ay? = VP+ 9 K(IvuP — KW?) + OKA Ештай + div ld 
= |V?uf + OK (Vo? — 2K |?) + Err [Ag] + divi [Ay], 


where 
1 | 
Еш = Eriil^wv]- 2 o ( (ew. 4 Фу) D -p + O Kdiv [Py] 
1 1 2 
= -3VUs (MtryVs + OtrxVa) "ур z | (Pos + тууа) 0) 
— 99 K (sz, + try Va) - "Y 
1 
5 ex(( (а) тууз + хул) v) w+ O Kdiv [Av] 
1 1 2 
= 570: (®иууз + OtrxVa) "ур z (тууз + exa) v 


-ŽOK (OtrxVs + (хуа): “b+ каю [Py], 


and 
= у (уч Ap- зуу) + v. (vto v (diva) — (curtd)(*¥)*), 


as stated in part 2 of the proposition. 


Case k = 2. It remains to consider the case k = 2 in which case the term 
Ja = 2( Vapa VY — Vat Vai) 
in (A.4.3) becomes 
1 п А c ai a,j ci М 
272 = Vapa VY” m |div pp? — КАЛЕ + Уафа(У ф =y ф ) ЕЕ |div p? 


= [VP (Мән — Vals) (Vv — уче) — [div of 
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Note that VaWe — Мода =Eac ( *div w);. Hence 
Jh = |90? — 4div = 2|Vv|? — 4%. 
Recalling the identity [2.1.34] of Proposition [2.1.47] we deduce 
Љ = 2A\Vb? 27») = -AO Kop + (С + пху) о) -p + 2div [Py] 


and, in view of (A.4.3), 


|o = [V*u[ + OK (Vy — 29 K[o[?) + OKJ + Erro [A] + div [V] 


= Vyp + к (рур = 6M KP) + ІШ + пху) D аф 
+2) K div [Py] + Ез [Мм] + div al] 
or, 
Ay? = [Vu + OK (VYP — 6M Kw?) + Erry] + div oy, 
where 
Ет = -279: (тууз + (тууа) "УФ + ШУ + MONATE 
—3 9 K (try v3 + try V4) - *y 209 Kdiv [Py] 
div [Av] = Va (Voy: Др — Vah Vevey), 


This ends the proof of the Proposition. 


A.5 Proof of Lemma 2.4.6 


The identities in (2.4.4) are proved by straightforward computation. We show here some 
of the computations. 


To prove the fourth formula in (2.4.4), we write 


DG(F.U)y = D(F.U)-- TDX(F-U), — ôa D(F 0), 
= D(F Ua) + DFU,)—ó,D (FU) 
= TQFUSMDFU,-—ó64DEFU, 


+ F (DU, + ТЬШ - баба) 2 


A.5. PROOF OF LEMMA [2.4.G 741 


Now, in view of Lemma [2.1.18] 

DaF Ua +D F Ua = ó4(D'F)UA-- (D+ F)U as 

+; ((D.F. — DFa)Us + (Е. — DFi) Uaa). 
Hence 
De Ust Dr Ua DF Ша = (DEUS 
+ ((DaFe—D-Fa)Us + (ОР. Р.Р) Ua): 
Recall that * = —iF, *U = —iU, *D = —iD. We deduce, 
Р.Еъ- ТЕ, = іє, (р.Б). 
To check note that 
D,F;—- DF, = 2 (Wife = Vofi) +i(Vıfı + Vif). 


(D- F) 2[(Vafı + V2f2) — i(Vi fo - V2fı)|: 


We deduce, 
DaF Us + ТЬЕ Шш — ôa D F Па = (D-F)U an + sD -F)( Eac Vert Є Uca) 
= (р: Р) о - F)( — 247) 
= 20D FU ы 
Therefore, 
D&(F.U)a = 2(D.F)Ua + F (Des + D — быр ы). 
It remains to re-express the tensor 
D,Ua + DW — Sab D Uea. 
Note also that D¢U.q = 0. We claim 
D,Ua + Peg = 2DU ow. 
Indeed, fora = b = 1, c = 2, 


2071 = 2(Vi +i *Vi)Ua = 2(Vi + iV2)U 12 = —2i(Vı + iV2)U11 = 2(V2 — iVi)U uy, 
2750 2(V2 +i *V2)U11 = 2(V2 — iVi)U uy. 
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For a = c = 1, b = 2, 


Р +D2U = (У, + У) + (Vo — iV1)Un = (Vi + iV2)U12 + i(V2 — У) 
2(Vi + 272) 019 = 2D U2. 


We deduce, 

D&(F.U)a& = 92(D.F)Ua + 2F^D,U,, 
as stated. 
To prove the last formula in (2.4.4), we write 


(D.F) = РЕ, = (У – і *У)Е, =(Vi—-i*Vi) Fit (Va — à *V2) Fe 
= (V,-—iV3)Fi + (Va + iV1)(-iF)) = 2(V1 — 175), 


which gives 


(U(D-F))a = 2(Vi —iVe)F Оа. 
On the other hand, 


(U-DF) ay = UgaPaFy = Ua Pi Fy + Ua DoF, 
(иа +i *ugy)(Vi — d *V4)F + (uaa + i *ua2)(V2 — i *V2) Fe 
= (uai +i *uai1)(Vi = iV3)F, + Un + 1 *ua2)( V2 + iV1)Fo, 


and therefore 


(U g DF)i = (шу + iu13)(V4 = iVo)F\ + (u12 = iui1)(V2 + iVi)F\ 
2(uiVi = ші Уә + илә Мә + iuy2V1) Fi 
2(Vi = 272) Е Оа. 


Similarly for the other components. We obtain the stated identity. 
To prove the first formula in (2.4.5), we write 

(Ф.Ш), = DUy=(V—-i*V) Ute 

(Vi —1 *Vi)U iy + (Уә —1 *V3)U15 


(Vi —4iV3)Ug + (V5 -iV4)(—1U31) 
= 2(Vi = iV2)U11, 


A.5. PROOF OF LEMMA [2.4.6] 743 


and 
(D.U), = Э, = (V – i *V) Uza 
= (Vi -4 *Vi)Ua + КЕ == 1 *V2)U 29 
= (Vi-iVa)(—iUn) + (V2 +iV1)(—U11) 
= —2i(Vı —iV2)U it. 
Therefore 


(FQ(D-U))y = 2R(D.U)-óé6uF-(D-U) 
= F(D-U),—-F(D-U), 
= (А+ *fi)2(Vi – У) — (fa +i *fa)(-2i((Vi — iV2)U11) 
= 4f,ViUn — 41fiVoU + 41 foVi9i + 4foVoU 11. 
On the other hand, 
(FG(D.U)i; = А. 0), + (Ф.Ш), 
= (А+ *А)(2(У: – ә) (лә) + (fa + $* f2)2(V1 — У) 
(Л + tf2)(2(V1 — У) лә) + (fo — tf1)2(V1 — tV 2) Лә 
= 4f,ViUi2 — AE fi VU 12 + 4i f2V1U12 + 4f2V3U15, 


which therefore gives 


i cee . : 
5(F@(D ` U))ab = 2hViUa — 2i fiV2Uab + 2i f2V1Uab + 2f2V2Uab- 
On the other hand, 
(F-DU)a 


F°D Ug = FiDi Ua + 50а 

(fi +i *fi)(Vi — i *Vi)U ae + (fo +i *fo)(V2 —à *Va)Ua, 

(fi + ife)(Vi — iV2)Ua + (fo — fi) (V2 + У), 
2f1ViU — 2i fiV2Uab + 2i УО + 2foV2U a. 


Therefore I(F&(D -U))ap = (F - DU), as stated. Finally, 


FDU = f"DQd(t*fenmU-fumu-if("DU)-s2f mu -2Fw,. 


To prove the second formula in (2.4.5), we write from the above 

(F-DU), = 2fiViU + 2ifi VoU, — 2ifoViUas + 2f2V2Uab 
which implies 

(F-DU)4 -(F- DU), = 4f1ViUa + 4foVUa = 4f -VU 


as stated. 
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Appendix B 


Complement for Chapter 


B.1 Proof of Proposition |3.7.2 


We decompose the symmetric 3-tensor Di, Ку in the null frame. We have 
Sl; = Du PD. DUE 
We have 


ЗПаьс = Da Koc + Ы, Ка 4 О.К, 
= V a be uni The m Корс + Vili = Kp m Кора + Мақа — Ap m K we: 


Since Daep = Vei + 5 Хаһез + IE апа K,3 = Kas = 0, we have 


ЗП ье = Va Koc + Vo Kea F bm а 
= Val be) + Viy(r?ó04) + У „(т2баь) = ЗУ uf Ong 


Since in Kerr V,(r) = 0, Habe = 0. We have 


ЗПаьз = Da kos T Di K3a F Dz Ka 


= УК i Круз B Кър,з + УьКза ~~ Kp,3a тт K3p,a + Уз Каь = Кра mE Коз 
1 1 
= -2ХаҚаз i X, tc = X, Ica = 2 Ха Кз -+ У: Kab 
Е (х, Ж X,,)(a* cos” 9) B r’ X Ote B T’ Xy den + Уз(г2да) 
eps F x o + a? cos? 0) + V3(r?) dan 


= (2rVs(r) — |g|?tr x)dan — 27,41”, 
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which can also be written as 
ЗПаз = (Va(r?) — la| tr x) Sap — 2% 14, 


and similarly for ЗПам. Using Lemma [3.4.1 we see that П.з = Hasa = 0 in Kerr. We 
have 


ЗПал = ЮО„Кз + Ds;K4,-t О, Каз 

V3K4a — Крзда — Карза + УАКаз- Kp4a3 — Kanas + VaKK34 — Кр,за — Kap, 
— 2 Kav — Tl. 34 — N Кз — 2n, Kap + Vosa 

= Vak34— 2( + п) Kas — (Na +1] ) Кз 

= Va2(a? cos? 0) — 2( + 1,)? Sab — (+ n, )2(а? cos? 0) 

= 9V.(a? cos? 0) — 2(n, + n )|ql?. 


Using Lemma |3.4.1| we see that II;3, = 0 in Kerr. We have 


J3lla33 = DaK33 + 2Ds Аҙа 

Va K33 — 2Kp,33 + 2V3K 3, — 2Кр,ҙа — 2Кҙрҙа 
= 46 Ky, — 26 Кы 

= —4E r’ Ôba — AE (а? cos? 0) = —4|4|& , 


and similarly for 3IL;44. We have 


ЗПзз = 2ОК-- 1,Кзз 

= 2V3K43 — 2Kp,3 — 2Карзз + V4K33 — 2Кр,зз 
2V3K43 — 40 Каз + 4 K 43 
= 4V3(a? cos? 0), 


and similarly for ILj34. Consider the component Пззз. We have 
Пззз = DsaK33 = УзАзз – 2Kp,33 = 0, 


and similarly for Пл. 


B.2 Proof of Proposition 3.7.3| 


The operator K applied to Y € s; is given by 
K(v) = D,(K"D,(v)) = D,K” D, (4) + K” D,D (Y). 


B.3. PROOF OF PROPOSITION 747 


Using the general computations in (A.3.1) for II = 0, we have 


K(v) 


- 3D" (teK)D, (0) + K"D,D, (v) 
= - 55D, (tr Dal) = 5g" Di(irK)DsQU) - 5g" D (KDY) 
+(—(a? cos? 8)g"" + |q? yete) D, D, (v), 


which gives 


ка) = -( cos? Cd — EV (K) Vele) + LValtrK Val) + 1er Vo) 
ta? D, Diy. 
Using that tr = 2(r? — a? cos? 0), we compute 
V*(trK) = 2V*(r^) — 2V*(a? cos? 0) = —2(n* + 1°) (qI?. 
Similarly we compute 


V3(trK) = 4rV3r — 2V3(a? cos? 0) = 2|gl?tr x, 
Va(trK) = 2|4%е x. 


The above gives 


. 1 
К(ф) = -(a сов? 0)Пуф- 5 (—2(n° + 0°) |4]? — 3II*34) View 


1 1 
Ta (2|q|?tr x) Уз + 1 (21a?tr x) Уау + la| (V. V. — Ур) 


1 1 
= -(a cos’ ) Vk + al (n +0) : V9 + slal’tr xVsv  z latex Vav 


1 1 
tal" (Viv — 2хыУз)- 7X, Vat) 
= -(a?cos? Ө) + lal Ary + lal? (n +n) - Vv, 


as stated. 


В.З Proof of Proposition [3.7.6] 


Recall from Lemma that we have 
| 1 1 1 
1202 = -3lal (“зу +УлМзї) + |a? (w- ;"x) Vay + |a? (^ = gu x) Vay 
+0 (4). 
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Using the ingoing frame to write el) = "ur т + R), see (3.3.5), we have 


2.42 24 12 
V3V4 + V4V3 = Vs( e (Ve + Va)) + (Ve + Va) Vs 
2 
= me СА УУУУ d VV. я) 
in т? + а? 
té Ц 4? )(Vs- Vg) 
"2--а 


2 
Ge (VaYs УЗУР + Vas + VsVg ) + O(@?r) (Va + Vg). 


We can also write in the ingoing frame, using (3.3.6), 


1 1 
lal? (е - ;"x) Va + lal? (^ E x) V3 


(cs DM NE 29 at) 


= (а sv) = plan) va 


- та зне (а) 
We deduce іп the ingoing frame 
l Dy = -iq +a?) (У7 ШЫЛ ee VaVg)u 
wit еу ab — shi 8 (r5) Vui Or (Vg Va) + OW), 
and therefore 
О, 142050 = -iq + а2)[0, (Va Vs + 22 + VgV + VsVa)lv 
E Tto, Valu - S0 C510. Vale 


*O(a^r >O, (У + Vg ped. ^r jo y. 
Using Lemma [4.7.10] Lemma [9.2.3] and Corollary [9.2.6] i.e. 


V = Olar? v, 
O(ar ?jo*y, 
[O, Vs] = Olar”) py, 


S 

4 
NP 
MS 

| 
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we obtain 


IO. Ia Ds = —z6* + a?) (ID ууз VO. Vs] + [0, ValVp + Val, Vz])u) 


[O, Vg] Vs + УДО, Уз] + [O. ValVa + 730, VaV) 


= 50 + а?) (to. ValV3 + ValO, V3] + [O, V3]Ve + Уз[О, Val) 


-207 + a?) (lo. ValV3 + V3(0, Val) 
+O(a)V g0* 4 + O(ar oS v. 


Observe that, since the commutators [O, V3], [O, Va], [O, Va] involve only one derivative, 
then 


V3|O, Val = [O, ValV3 + O(ar~*)o*" 


and similarly for the others. We then have 


O, Гы» = 02 (Io valvas +10, Vas + (0, Va]Vs)v 
-FO(a)V g0* + Ofar Sty. 


Now using (3.3.5) to write R=T- A ef, we obtain 


т2--а2 


О, |q|?OxJb = (т +a?) (lo. Ул|Уз + [O, V3] V + [0, Va — xa VslVs) 
+О(а)У ро + Ofar oy 
= —(r? +0?)(2[0, valvis + (0, (Vs - 555 V3))0 


-HO(a)V g0* y + O(ar to ty 
= —2(r? + а?)[0, ValVav + O(a)V go*!v + O(ar-!)o*! y. 


Next we compute [O, Va]. Recall that we have from Lemma D.2.1] 


Аатт сов0 , 


Үтф - Low + ПЕ 


V. 
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We infer 


0 
= —8amr|q\?V (е) -V "ip + O(ar 3). 


Also, recall that we have 


2 cos0((r? + a?)? — a?(sin0)?A) , 


и al К 
We infer 
(2,0% = (сай _ 2cos 0((r? + < а? (sin 9)? A) Я о Ü 
Ems 9 ene + а a? (sin 9)? A) | о Т 


А 
= 9%) E 2 n ae ) көҙ "V 
= AlgPv Е LU аш LV р OY. 


Next, recall that T=T+ 7242 й which together with the above yields 


a 


Va Ov = [Vp О} + Bug Oly 
Е —8amr|gP V cos 0 27%) 
|414 


4a|gP? cos O((r? + a”)? — a?(sin 0)? A) 
V 
meg al 


) У р + О(аг ?уё. 
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Observe that we can simplify 


cosó ^ 4a cosÓO((r?--a?)? — а”(віп0)2А) 
f(r,cosü) :— -—8amr ge СЕТ” Т 


4 0 

= йо! — 2mr(r? + a?) + (r? + a?)? — a?(sin gy?) 
4a cos 0 | 

© Т т2+ a2) (5 + a?) A — a° (sin өҙА) 

4a cos ӨЛ 

qr? + a2) 


к© 


We deduce 


2A 
9,0% = і4 ce 


ж, —2 
r2 +a? lal? jy ыны 


This gives 


олау = av (SEE) ата) e+ ovo 


By writing Aet"? = (r? + a?)(T — В), we finally obtain 


8a(r? + a?) cos 0 
42 


)- учать ото, 


О, = у ( 


as stated. This concludes the proof of the lemma. 
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Appendix C 


Complement for Chapter 


C.1 Proof of Lemma 


Formula (4.2.1) is straightforward from (2.2.15). 
According to Corollary [2.2.9| from (2.2.23) we have 


[V4 V@]f = — Str x (VSS + @/) — $ trx * (V&f +n@f) + (n+ Q&VAf, 
+ *B®*f+@Vsf —E@(x- f) -X(E- р) - Vf 
—n&(X- f) + (n- f). 


Hence for F= f +1 "f, 


" 1 " " 1 2 " E 
У, УӘЈЕ = = (V&F + 7®F) — 5 try * (VSF + 9&F) + (n + QGVAF, 
+В *F+£0V3F —tG(x-F)*- X(E-F) -X- VF 
-n8 (R - F) + $(n-F). 
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Recalling that *F — —iF and *(V@f) = *V&f — VG *f we deduce, 


1 E = 1 " E " 
-5trx (VSF  yF) + iz try (V&F +18F) + (n+ Q@VaF 
—i "ВӘЕ + ӘУЕ —£&(x- F)--&(£-F) -X- VF 
-n8 (R - F) + X(n- F) 
3х (V&F + n@F) + (n+ QS8V4F 
—i "BOF + EVF — (х: F) + £(£-F) - &- VF 
-98(& - F) + &(n- Р). 


[V4, V&]F 


Taking the dual 
Ре 1 " ч Ж Ра Р 
[Va, *ҰӘЈЕ = coL VP *n@F) + “(n+ Q@V4aF --iBSF + *E@V3F 
- *£&(x- F) + "X(E-F) - X- "VF — *n@(X-F)+ *X(n- Р). 


Finally adding the above we derive 


2: 1 д 5 x К 
[Va D@]F = --шХ (DOF + H@F) + (H+ Z)SV4F + F@V3F 
-ВӘЕ-5б6(у-Е)-5-ФЕ- HB(£- F) + (п: F) - (Е: Е) 


1 2 " " " 
= к (DOF + НӘР) + (Н + Z)BV,F + EOV3F 


—В®Е — Qu XEoF — 5Х DF + QX(H- Р) + (Гь :Г,)Р, 


where observe that НӘ ($ - F) = 0. By symmetry we also have 
P 1 P zs ра Ж 
|Уә,РӘІР = -зиХ (DOF + H&F) + (H — Z)@V3F + EGV4F 


+B@F — ;uXESF - -DF + E: F) + (Dy T9)F. 


This proves (4.2.2). 
According to Corollary [2.2.9] from (2.2.24) we have 
1 1 : 1 (а) TES * 
[V4 div|iu = = x (div и — 2]- и) + B try(div *u —2n- *u) + (n +Å): Vau 


^ 


ға” "Е Уви ое (Ye WEE киа у Vu 
а Ш е у. 
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Hence for U = u + i *u, 


1 1 
IVa dee, = -53tr x(divU — 2n-U) + 5 (try (div "U —2n- *U) +( 
X 


ee TU ee Е (x -U)E+E-U-x- 
Recalling that *U = —iU and *(divU) = div *U we deduce 


n+): Val 
X: VU 


(Ма, div 0 


— Str x (div U 2n- U) – ji tnx (div U — 20:0) + (n +Ç): V4U 
-9i *B-U 4£- VU —£-y-U — E €-U-x - $- VU 
-p:$-U - (Ut q-U-& 
= (бо — 21- U) + (1+6): VU 
—2i *8 -U es Val IIIS LE D 
=n XU x Ur a U =X. 
Taking the dual 


T= 
[V4, *div]U = -3UX('divU -2*g-U) + *(n - C) - VaU +2iß -U + *E- VU 
ызды ланы алауы тИ 
coge epo ed] pate: *n-U-X 


p === = 
[V4 D]U = -3uX(D.U -2H.U) +(H+Z)-VsU +=-V3U 


-— ] 2-2 la = И есе m 
+2B-U - ;uXE-U - 5X DU — (XU) H+ (Ty TU. 
By symmetry we also have 
= =. __ _ 
[Va D]U = -3"X(D -U -2H - U) + (H - Z): VaU +E- V,U 


— ig 15 
-2B -U= "XE: S DU - z(X. U)H + (T,-T,)U. 


This proves (4.2.4). 
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Recall from (2.2.21), 


(Уз, V4 Uab = —2wV 3U ap F 2wWV4Uab + 2(Ne nu n) V Vas 
+21) ПО + 2n, NeVac m 21а Uwe umi 2non Vac +4 "p j ab + Err34ab [U]. 


Applying it to U € s,(C) for which *U = —iU, we have 


[Уз, УО = —2wV3U an + 2WV4Uab + 2(Ne — N.) V Uar — 4i “Ua + C Uke 
+Err3aqb [U], 


where 
© (С) = 27 NV oe + 2n, Uac n 21а Use = 2767 Uac- 


We have that 


Indeed, we compute 


СУЫ = 2m, nUVre + 2m, NeVie — 2mm Vie — 2mm Ux 
An, пое — 4mn Ore 

4n (m Uni + (лә) — 4m (n Ur + 7,U12) 
mi 4(n TI» — т) ә = 4i(mn, — тут). 


Also, 


Cea (U) = 2N cU». + 2n, n. Uic — 2m Uoc — 211 Vic 
ES 2n (miU + 70) + 2,0701 + "Ы (Лә) 
-2т (n, Оз + 7,U22) = 2no(7,U11 T n,U12) 
= 2117072 + 27,7071 — 2m, U22 — 29m, Uii 
= 4n MUn + 4m Un = 4i(mn, — 1,72) С Із. 


We conclude by writing rm, — 17,1 = n ^ m. 


Starting with (2.2.21) 
1 
(Уэ. Val Ube = EL. [V willie + MbUac + NcUab — баь(1] ` САЙ =a бас(1] . и)ь) 
1 
79 Mery ( *V abe F No "las + Ne "Uab— Cab (n ` u)e.— бас (7 ` и)ь) 


+(па — Ca) Узи + Exraapc[u], 
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and adding the same expression for и replaced with i *u we derive 


1 
(Уз, үя т” "ТЖ (аљ. + Uac + тедь - баь(1] А Ds - ба-(й ` Uy) 


as stated. 


1 
us 2 try ( "V Woe + Nb “Uie + Ne “Па- Cab (7 i U).— бас (7 t Uy) 


(tla = Ca) V3U be F ETT 3abc [U] 


C.2 Proof of Lemma 


Using (4.2.1), we have 


[©V,, (o Dh 


(V4 + 2sw)(D + sZ)h — (D + (s + 1)Z)(V4 + 2sw)h 
[Va, D]h + 2sw ODA + sVa(Zh) — (s + 1)Z OV4h — 2sD(wh) 


1 - 
—5trxDh + (H+ Z)VA4h — X Dh 4- EV gh + 280 Dh + s(V4Z)h 
+sZVah — (s +1)Z Wah — 2sD(w)h — 2swDh. 


Using the null structure equation for V4Z, i.e. 


la 


1 T 


we infer 


| Wa, Dh 


1 l= a 
—<trXE -w2 — B- -E. 8 
244. W. 2 A, 


1 IM == 
= ODh + (H + Z)Vah— A (Dh + EVah 


1 ls — 1 
+2sw Dh + s (зехн + QwH+ 3X- H- ХЕ -wE — в) h 
+57 OV sh — (s + 1)7 © V4h — 2swDh + (Гь. Г,)А 
1 dies = 
—ztrx ODh+(H+Z)Vah— 2 (Dh + EVah 


1 — d = = 
—Z (V4 + 2sw)h = 2swDh + (ГЬ . IM 


1 
+2sw Dh +s (зехн +20 H + 


1 ls 
—5trX ODh + HOVsh— 2Х- ODh+E (OV sh 


1 Ta ee dq 


758 APPENDIX C. COMPLEMENT FOR CHAPTER 


as stated. Similarly for [(9 V5, (?D]A. This proves (4.2.9). 


For a s-conformally invariant scalar h, we have 


| € V5, ШАУ ДП = US лла OV, van 
= (ез 2(s + Цш)(е4һ--2өшһ)- (ел--2(8- 1)w) (esh — 2swh) 
= e3e4h — 2(s + 1)wesh + 2seg(wh) — 4s(s + l)wwh 
— едезһ — 2(s — 1)we3h + 2se4(wh) + 4s(s — l)uwh 
= [es, e4]h — 2we4h + 2wesh + 2s c + едш — y h. 


Using (2.2.15) and the null structure equation Узи -F V4w = pd-4uw-€-£ (n—m)-C—m:m, 
we obtain 


[9 vs, (УА 2(n — 9) Vh 2s(p (nm): C— nn €:£)h 


= 2(n-m]- Oh --2s(p т), 


as stated. This proves (4.2.11). 


For F € s,(C) s-conformally invariant we have 


Әу, (Өрбе) = OV,(DSF--sZG&F) 
= VA(D&F  sZ&F)-F2su(D&F + sZ&F) 
= VA4(GDGF) + sVa(Z)@F + sZ&VA4F + 2sw(D@F + sZ&F). 


Using (4.2.2) and the null structure equation for V4Z, we obtain 


п " 1 К P" " РИ 
OV, (ODF) = DG(V4F)— j;uX (DOF + НӘЕ) + (H + Z)@ViF + ӘУЕ 
-B&F- ;uXEBF — 5X DF + 5X(H- F) 


Ї 
+s| - gtx (Z - Н) +20(2 + H) +2Dw 
[xx б 
+5X [4 de HE) QuXE —2w= — B|&F 
-sZGVAF + 2s0(D&F + sZ@F) + (Ty D;)F. 
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We can rewrite the above as 


V4 ( O DSF) ИН 


which gives 


(9% ,((©РӘР) 


D@(VaF) + sZ&V4F + (H+ Z)@VaF + 2sw(Z + H)&F 
+28V;F — 2suEGF — E: (DOF + H&F--s(Z— H)®F) 
+2swDOF + 2s*wZOF + 2sDwOF 

—(s + 1)B@F = (s+ ХЕР = 2s -DF — L - Z)QF 


Pope Елы А 
*3X(E.- F) c s;(& - Н)ӘР + (T T9)F, 


1 
2 


D@(VaF) + sZOVaF + (H+ Z)OVaF + 2sw(Z + H)&F 
+2QV3F — 2suEGF — E: (DƏF + НЕ + 5(7 — H)&F) 
+2swD@F + 2s*wZ@F + 2sDw@F 

-(s--1)BS&F — (s + I) sttXSOF E 2: - ODF 


Aa T A а 
P(E FAs (E - H)&F + (Dy T9)F. 


1 
2 


Recall that ‘”V4F is conformal of type s + 1, therefore 


We finally obtain 


(OV, ODB|F 


OD@(OV AF) = D@(OV4F) + (s + Z8 OVF. 


1 А Қ E А 
—5trX (DSF + (1 — s) НӘР) + H& OVsF + 8 ÓV,F 


A L Ae 
PAP A - H)&F ETA 


as stated. Similarly for |9773, © 2@]Е. This proves (4.2.12). 


For U € $2(C) s-conformally invariant, we have 


OV, OD.U 


OV4(D-U+sZ-U) 
Va(D-U+sZ-U)+2sw(D-U+sZ-U) 
Va(D - U) +8V4(Z)-U -- sZ - V4U + 2sw(D-U + sZ - U). 
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Using the null structure equation for V4Z and (4.2.4), we have 


— = 1 _ San —ÓM a" 
Owv,GODp.U = D. V4U - 5trX(D.U -2H-U) -(H-* Z): VU +E- VU 
— ТЕЕ T] = == m 
+2B -U — 5trX5-U-5X-DU — 5(X -U) H 
1 ЕЖЕ 
+5| — 5&X(Z— H) + 29( + H)+2Dw 


1= 1 
а Н)— jt X= — 2w= — В -U 


+sZ Ы V4U + 2sw(D - U + sZ Ы U) + (ГЬ Ы T,)U. 


We can rewrite the above as 


Е — = 
OV,0D.U = Өт. OV, — JEX (OD-U —(s+2)H-U) + H. Ov 


E - pl ER 

+E. OV3U — (s 2)В.0 — (s + D EUe 2X. (DU 
1 = — 1 = 

50:0) Н + sg(X (Hy) -U + (ГЬ: TU. 


Similarly for [0 V5, D-]. This proves (4.2.14). 
Using (4.2.6), we write 


OV,(OD-F) = OWV,(D.F-sZ.F) 
= Vi(D-F4+sZ-F)+2sw(D-F+sZ- Е) 
= V4(D-F)4+sV4(Z)-F+sZ-V4F 4+ 2sw(D-F +sZ-F) 


a= ТЕСЕ == 
= D(V,F)- 5X (DF -H-F)+(H+Z)- VF 


1 
%(-24Х(2- Н) +20(2 + H)+2Dw)-F 
+82. VF + 2sw(D- F +82. Е) ктг: DSF. 
We rewrite the above as 
OV,4( OD. Е) — D (WF +sZ- OVF + Hz. WE 
LXD. F Н.Е 7-Н).Е "іг oF 
~5tt (D-F-H-F4s8(Z- H)-F)+r T,-0^ Р. 


Since 9D . (OV,F) = D-(OV,F) + (s4- 1)Z- OV,4F, we obtain the stated identity. 
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We have 
| 9 V5, (vU = UNI. ©] m OV, Na 
= (Мз —2(s+1)w)(W4U + 2suU) — (V4 + 2(s — 1)w)(V3U — 2840) 
= V3V4U + 28У3(00) — 2(8 + 1)» (V4U) — 4s(s + 1)wuwU 
—V4V3U + 28sV4(wU) — 2(s — 1)wV3U + As(s + 1) U 
= (Уз. V4JU = 2wV4U + 2/40 + 28(V3w + Уш = 4ww)U. 
Using (4.2.7) and 
Vaw + Vau — 4ww = pt+(n—n)-C—n-nt+é€-€, 
we obtain 
[OVs, ҰДО = -2шУ3/ + 29 V4U + 2(n. — n )V.U + 4i (— ратл) О 
—2uV4U + 2wV3U + 2s(p + (n — 9): 6 — 7: )U + Errs4[U] 
= 2(n.— п.) OVU + 28(0 = 1: 1)0 + 4i (— "pn^ 7) U + Errg4|U] 
as stated. 
We have 
(Әу; VU = Ws(Vallte + 86 0) 


= Уз(У „О F 8CqU ye) - 2sw(V 4Uy. + 6.0) 
= V3V Woe US 8V3GaU bc T 86aV3U be = 2sw(V „О, F BC aUa). 


Using (4.2.8) and the null structure equation 


V3 +2Vw = 5а) - 509 trx( “C+ *9) + 2w(¢ — n) 


ж 1 Is 4 P 
502024 E+ QwéE-X-(C+n)-B 


we obtain 
1 
OV, OV Ute = VaV3U te m 9X (Уй + Uac + es um баь(1] d 17) = бла т Uy) 


-56 'ux ( "V alta + M “Une Ne "Us Eas (n О)е— Eac (n-U)») 
ta — Ga) Valse 
+9(-2V ew — Str (б, + Na) — 5 brx( `6 + Зы) + Ql Ca — Ma) Ure 
+8 Уз. — 28w(VaU + 8с) + Fg - 05'U: 
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We can rewrite the above as 


Фу; (67 [Л 
= VaV3U be + SGa V 3U bc + (Na 2 Ga) V3U be + 2sw(Ca == Ta) Uns 


1 

E (Уй se 8(Ca + Na) Ube + 7ь0ас + NU ar — баь(1] U). Е бае(7 | U)») 
1 

79 etry ( *V alte + s( "Са + *12) Us + T]b “Uae + Ne “Uab 

— Єм (7+ ае Dr Uy) 

—2suV „О, — 28206,10. — 28V a Up, +T; 010, 


which gives 


GAVA tes Ui 
= Va V3U be + =, VU be + (Na — Ca)  V3U be 


1 
=a ( ©з, ag 8(Na) Ube + NU ac a NcUab баь(1] ў U)e m баг(7 j Uy) 
1 
ED (у | * OV Ube + s( *Na) Uve F Nb “Uze + Ne *U ab 
mn Uy) 4T, - of. 
Recall that (V,U is of conformal type s — 1, therefore 
(Ow, OV SU = Уа VU be + (s — 1) OV Ure. 
We finally obtain 


OV, OV Ube 
I (c) Va (ON Upe + Та OV Us, 
1 
= Ex (Әу, + (7) О + MU ae + Near — aN * С) — дас( : г») 
1 
E Mery ( | OV Ube + s( “Na ) Uve F nb “Uac + ШЕ “Uab 


— Cab (n ` U).— Cac (7 2 Uy) RE Г, ? 010, 


as stated. 
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C.3 Proof of Lemma 4.3.2 


For ‘T)z, one can easily adapt the proof of Proposition 2.6.10 in [53], which is done in the 
particular case of outgoing geodesic frame. Also, 


(ріу 1), = -$D T4a — 5D Uns, + gD P tg = ӨЗГ, 
(Div), = -$D T44 — ‚р, Ora ы g" D, (Dg, 

= -$D 7444 g^ D, ты = pcd 
(От); = -ZD T43 — ED Drs + 6%0 „(тз 


= —-D4 t3; + вр, m3 = г ЗІ, 


For (Әл, since the only difficulty is to track the weights in r, we provide the proof in the 
case where the normalization of (ез, ел) is outgoing, in which case we have 


1 M 
Z = 5 Еа + a?) R(3)^e, — a(sin Ө)?ез — аа) | 


We write 


1 inĝ)’ A 
Z=Z® 4 72), ZY :— (r? + a?) R(3)*es, й 2 ЕШ Ө)?ез — та) : 


Using Vj € ғ-1Г,, we compute 


GO, = 0, 

nag = res(r)RG) glen ei) +V RO)? = VRG) = T, 

та = 1e R =T 

Dna = rV(RQ)'g(e, ел) + VR) = rTy, 

GU, = resr)RQ)'g(en Ca) + "У (Р) (9) (ев, es) + PVR)? + VRE)? = T», 
Cm = res (PIRO) glen es) гу (9)? = VR) = T. 


Since 72 is at the same level as T, then (Z5 has the same decay properties as Pr. 
We deduce 


aa € Га ity € rl 9; ara, (224, (Z) таз; roa € ТГь, 
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as stated. In particular, we have 


tr( 7) = lA Ti + g^ b € rI,. 
Also we compute 
(Divx), = —FDs( nag — SDa( nan жар (Pn), = ror, 
(0 9), = —2Ds(Pr)a + g"D (Ps) = 09 T,), 
(Div), = -ED (Pr) + g"D, (Pr) = o5 (T), 


as stated. 


C.4 Proof of Proposition [4.3.3] 


Recall the following general commutation formula for a scalar Y and vectorfield X in a 
Ricci flat manifold, as implied by Lemma 


X, Oy = -2 09s" D, Day + (D%(tr т) – 2(Div?z)*)D4uy. (C.4.1) 


From (C.4.1), we infer 


[X, MU zx p ( CO maa; Coa; COm og) + p CO aa S p RE OO 440574) 
HU0q4,D3D4y + (Б От) — 2(Div Og), Joy 


Lr (р CO) — 2(Div™ r)3, D, (tr 95) — 2(Div a), Joy. 


Writing 


D3D,4v = = gU + g^ D, Dv, 


we obtain 


[X,Llg]v = r? ( Orgs, (лз, (Ол, agg Jot p. (9,052) + 9,052) 
(Х) 


Tale) + (Б On) — 2(Div ЭЭ. (С.4.2) 


+r} (Ds(tx COO) — 2(Div Әт);, Daltr 95) — 2(Div CO), Joy. 
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Using Lemma [4.3.2] and (C.4.2), we obtain for X = Т: 


ITO = т72Гь: 0y +r T, 099 Г, 0520 


+r 5 gY -L (o*r, jy + p Gar a ro T, Joy 


D, : 0*9 + оГ, - 05 + Гь: Oey 
d(T, -0y) +T: 0,0, 


as stated. 
Similarly, using Lemma and applying (C.4.2) to X = Z, we obtain 


[Z, gY = rT, 0220 | T, 05^ | Г,-05%) 
+T,- gY + (Б @т) +CT) o ty 


r7 (Ds(tr Pr) әзі, Ty + ro? T, әзі) 
= D,:05^y E "Гь: Oey 
T (Б (т) - r7! Da(tr т) + o? T, o*ty. 


We now show that 
Da(tr Pr) - r^! Da(tr( п) = ST, 
We have 
D,(tr (2) 7) - D.( — Bays + gna Eq Cua 


V. (r^div (R(3))) = оГ, 


where we used the good transport equation in e4 for div (R(3 )). Also, 


D;( — (лаз + g^ Go, = D; (eras) 


= vaca) = vm, 


Ds(tr Ar) 
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(C.4.3) 


where we use Lemma below. Since т Гь decays faster than Г,, this proves (С.4.3), 


and therefore the Proposition. 


Lemma C.4.1. We have the following improved estimate: 


— 
^ 


V(r’ VI) € оГ. 
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Proof. Note first from Proposition 5.6.16 in that 
V,(r? V3) € 0©!Гь on X,. 
Also, we have in view of Lemma 6.1.15 in [53]: 
V.(D$3) + 2р9 — O(r-3B + O(r?yX + O(r-2)X 
+O(r~)Z + O(r-3)D(cos0) +r Ly - Гу, 
Vi(D-3) +8 (2) D.J = O(r)B4 O(r?)uX + O(r2)X + O(r-Z 


O(r 3)D(cos0) +r—"T, - Ty. 


In particular, we infer 


У, (2283) (rB, ux, X, 2) жесір, 
(ТЕЛЕ) = (rB, tX, X, А Ar Ti 
Commuting with V3, we infer 
ViVs(@?D@3) = rT, 
VaV (ТЕЛЕ) = eT. 


which immediately implies by integration from X, the estimate Va(r? V3) € ӘЗІГ, as 
desired. 


C.5 Proof of Proposition 


Using Lemma 4.7.4| we have 


abw = cae (Vs Vat + Vaan) e? (ш- тх) Ve? (w х) v 
tla (Ay + (n +n): УФ) 

= —5laP(VaVav vivo) + a? (w= x) vae Р (w= зех) Vaw 
O(vV) t rU, - 00, 
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and therefore 


КАЛ = -310, laP(VaVa + Vas) le 


+[0, |a? (в = зно) Valy + [O, |a? (^ - x x) Valy + ro? (T, - dY). 


We compute [O, |a|? (V3 V4 + VaV3) |v. We write, 
О, la|?’ VaV4 = |410, VaVale + 21a? V (lal?) - VVsVav + O(la) V Vay 
la lO, Vs]V4v + |a V&([O; Valy) 
+2142 (lal?) - VVaVav + O(|al) Va Vau. 
Using the explicit expressions for the commutators [O, V3] and [O, V4] in Lemma 4.7.10} 


we obtain 
[O,V3]Vab = -(n- С): la VaVVav — (n — ©). laP VVsV4v 
— (div (n — 6) + (n +0) - (n — OQ) lal Мама 
-FO(ar ?)0^ + по (Гь - о?у), 
апа 
Уз([0, Vay) = =n +); la? VsV4Vv — (n+ ©). la Va VVav 
-Vas(lal(n +9) : Мау — Уз(|4\ (п +) -V Vay 
— (div (n + ©) + (n+0)- (п + Q)lal Vs Va 
—Уз( (div (n+ €) + (n +n): @ + O)lal?) Var 
*O(ar ? yov + DsDs(|al'& - Dav) + 9" (P, - 0%). 
By considering for each term in the above its value in Kerr plus the error terms we obtain 
|41720, la" (Va Va + УзУз)]Ф = |47210, la (VaVa + Ууз) ке 
3 Dao (|ql?6 - Dav) + e?(F, - 0v), 


We compute (0. la? (w — itr x) VI + |o. la? (w — Str x) Уз]. 
We write 
1 
[оме (w= jx) т] 
1 
= || (w- T [O, Valy 


1 1 
*2|aP V (la? (e — ох) Уа) + o(uP (w = str x) ) Уа, 
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which gives 
47 (0. ІЛЕ (w- ;"x) Vi) 
= (u- sex) ( - a+ PVY- (1+ Q ауу) 
+2V ШІ - zra) : VVa + O(ar ?)ov +0(T; 0%). 
By symmetry we obtain 
4/7” (0. lal? (^ = str x) Уз] 
= (о sex) (7 (0-0 - аузу - 0 - 0 Ia vv) 
+2V СЕ — str 3 -VV + O(ar З) + r 19 (ГЬ бф). 
We therefore deduce 
la? (Io. lal? = 5trx) Val + LO. la? (w — 5t) уз) 


= la? (Io. lal? (a = 5trx) Val + [O, la? (i = зе) Vale) t o(T, - dy). 


Kerr 


We sum the above two contributions, and obtain 
|41720, la PD] = lal ?[O, la Da] cese + Ds? (I6 - Dav) + o? (T, - о). 
Using Proposition to write 


Sa(r? 4- a?) cos 0 " _ 
[O, |9)? el Karr = sev ( ( ) vva w+ O(ar уу 8 о), 


we prove the Proposition. 


C.6 Proof of Lemma 4.6.2 


We write, for two vectorfields X and Y: 
ПЕРІ ТЕР X ^Y ?D v) 
1 
= VaVyyé 5 [la Vx (lal?) уур la Vv (gl?) Vx 


ttr ОтУу + trOrV хф + OTa XD + Om, Юр |. 
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For X = Y = T, we obtain 
Si(v) = Ve Va + laP Vr(lg| 2) Уту + tr Pn V4 + Әл. TD Y. 
Writing Vr = 0 and using that Үт(|4|) € "Гь, тє Г„, and 


(Dao TD y + Drs TD Y + rag T^ D^ 
= rs T?D3yp + Г„- дф =T,- dy, 


(D, e T AD^ 


we have 
SY) = ҰтУту + Гь: 04. 
For X = Y = Z, we obtain 
Si(V) = а?у Уз + lal Vz(la| ?)Vzwv + tr Pn Vzy + Praz D'y. 
Writing Vz = д and using that Vz(|g|) € rT, tr Әт € "Гу, and 
Dras ZD y = Prz ZD y + 651,2: Dy + Ora Z Dy 
= (3,2803) + Гь: dy = Гь: дф, 
we have 
9з (40) = a?" VzVzw + rl, - dv. 
Combining the above, for X = T and Y = Z we have 
(0) = aVaVab +T,- dY + Praz Dy + 25, T^D^y = aVeVa t rTy Y. 
Finally, we write 
Sv) = la Ds([g| OPD) = la Dely ege Dav) 
= |a?" ee; DoDav + 7% Deles) Dav +7 ТЕСІЛЕДІ 
= |a?" D Diy + ^" |a Dile) Day + 5"^|aDa(e;)Dav 
1 1 
= lay v.Vyb — zial tr XVa% — zal tr xVav 


| 
© 


А P ol d ux А | : | 
spy “lal? (5 хьгез + Ха) Dad + 5" la? ((03еь)* + (D4e))*) Daw 


= |aPY  v.Vyb +7 lal?(m + n) Vat = OC) + rT - 0, 


as stated. 
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C.7 Proof of Lemma 14.7.6 


Using the expression for the metric given by (4.4.5), we have 


. AB . r2 -+ a? 2 NP Sot 4 . i 
а, = |476 ^D.Dav = (Ex – TeT? + Be B6) +O ? DD, 
(т? + a°)? > i E 4 abh E 
taI робо Юа д) + OD. D. 
We write 


DaDaw = ҮзУеф = Dy, 29, ОЮ = VaVav - Dp gU. 


Using the definitions of T and R in the outgoing frame, we obtain 


2D;T = Ю.Т 4 


1 A A З 
= ( Юле + la Dues) 
т? +а 


9ү24-а2 \т2 + а? 
1 lgP A 412 
| D | D 
Qr2+a2 \т2 4 а? ка т? + а? ace 
1 A A la? 
Тә + а? (аба ES 5) еа + e m 23) ез 


1 [gf А la 
3724 a? СЕ m3 | ala 170276 ы 


Similarly, 


1 A A la? 
Dye, = —— D 
2r?-- a? (= + а? ads r? + a? е) 
1 2 A 2 
|а| ( Dae, — [1 Daes) 
r? +a 


Orta? r.a 


1 A A la? 
Тоба? («Gre (а да 


21 lal? ез( А Je =el lal? Je 
9т2 4 а? 3h p24 a2 4 3072 4 a2 31: 
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This gives 
Е РА Algl? 
2(05Т = Dz) = nu" (Блез + D3e4) 
A lal |а? A 


таба ge | э а qa) 


Using (2.2.3), we obtain 


^ = 4/2 lal? A 
2(D;T — Dg) Bi (sto w + ea ра 8 
A | A 412 
(=== | (эр е г 4 


Computing in the outgoing frame 


la? aren ð - 
ч (= ға)” (r? + а?)? шй 


C.7.1 
A А (A) 2r A? LT ( ) 
е(----і|-- | : 
3 r2 + a2 lg2r2--a2 ^ |g2(r2 + a2)? b 
we obtain 
la? la? 2ra? sin? 0 
By que t6 ES =) ni (r? + a2)? TI, 
A A A A А (A) 2r А? 
2 2 Ww ! ез( 2 5) = 2 ГЪА 2 uni | | Г, 
"ға mag! ~ gré Vg) june quay 
Е 2r A? " 2r A? аг 
O Pa) [42072 +022 0” 
2ra? sin? 0A? 
= + TI. 
ICE 
We write 
^ 4 2ra?sin?0A , 142 A 
2(D;T —-DsR) = — 
( T R ) era? aa uro dg) 
Alq}? 
(2 + азуз 207 " 7,06 tL, 
Аға? sin? 6A x Ala? 
= R+ Й 2( +7, )es +1: 9. 


ЕГЕС + a?) (r2 + a2) 
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We therefore obtain 


(r? +a 


4ГъФ = —X——(- УРУ + VaVat + Dp. s p, gt) +O% D. Dey 


(г? 3y a’)? 2ra? sin? 0 


TON QC a VEY) Шит 


+0%0,.0ву + lal? (m + n) Vo + "T, - ду. 


Мв 


Finally, using the computations in Lemma 4.7.4) i.e. 


И 1 1 
DeDap = У.Уа)- Хоз — 5X VV, 
we write 
O"D,Dav = 


А 1 1 
= lay" v.Vw — zial tr ХУз®% — zial tr ХМ 


PY tee евр рв 


к© 


TA 
= |q? Aky — rVav + jaz” kx ee -dY 
r(r? + a?) 


lal? 


2 
= |424,0: Vat +r°T, - 00. 


This finally gives 
(+a) 2ra? sin? 0 


la кф = — { — VgV go + УЯУ gi) - lal? 


A 
Vad + lal? (m + n,) Vow + 170, - 0v 


Мв 


r(r? + a?) 
|412 


2 
Hal Ary 4 


(r? + a?)? 
== а “аны ( — VaVaw + VaVav) + 2rV gw 


ta Ac + lal? (no + т) +170, - 0), 


as stated. 


C.8 Proof of Lemma |4.7.7 


We define Yap := (D&(D -~))_,, and express У in frames. We have 


ab? 


Yab = DaD Yo + DiD Wea = 64, DTD hac. 
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By construction, Y is symmetric and traceless. We calculate first Yj; = —Yo. For 
а = b = 1 we derive 


Yu = 2.02%. + DD ypa — ôu DD vac 
= 2D Depa — Р" bac 
= 2D,Dy + 2005 — DD ja — DD jay 
= 2Т Тіп + 2D, о) = DiDwu = Руф = Dı Dop = D Doya 
= Р.Р + DiDoa — DD — Т: о). 


Writing 1/25 = —W11, we have 
Үп = (DiD; + DD3)yii + (DD — РР). 
We compute 
Yu = ((Vici*Vi)(Vi-éi*Vi) + (Vac i *V2) (V2 — i *V2))du 
+((Vi +1 *V1) (Va —i *V3) = (V2 +1 *V3) (Vi — i *Vi) W2 
= ((VitiV2)(Vi —iV2) + (Va – iVi) (Va + iVi))Uu 


+((Vı + iV2) (Va RE iV) — (V2 = 471) (Vi m iV2))v12 
= 2AW;-—2i(ViVo — VeVi) Vi + 2(ViV2 — V2Vi) v2 + 2A. 


Using that фо = —iv1, we obtain 


Үп = 2А – 2i(V1V»o n Мә М) фи — 2 (ViV2 = V2Vi) vu + 2А 
= AA; — Ai(V1Vo — VeVi) du. 


Similarly we compute үә = Үл. We therefore obtain 
Yoo = 4АфФаь- 41(V1 V2 — VaVi)Vas. 


Using the Gauss formulas (2.4.7), we prove the desired formula. 


C.9 Proof of Lemma 14.7.8 


We have for а s-conformally invariant horizontal tensor wv, 


ODE(OD-p) = D&((9D-.w)-- sZ&G((9D 4) 
= DG(D.V--sZ-4) d sZG(D-4 sZ-qv) 
9 


D. 
(D - p) 4 sD8(Z - v) - sZ&(D - y) + SZ&(Z -w). 


| 
У 
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Using (2.4.2), (2.4.4), and (2.4.5), we have 

ODQ(OD-%) = DG(D.v)-2s(D- Zip --2s(Z- D) + 28(Z -D) + 22(Z - 2) 
DG(D - ү) + 88 - Vb + 4s(div С — icurl С) + As?|C|2u, 
where we wrote Z - Z = 2|¢|? and D- Z = 2(div¢ — icurl С). On the other hand, 
Әл = OV OV = у“ OV) + s OVa = VI (ab + sath) + 86°(Val + Сар) 
УУ ab + 8V Cad + SG Vb + sC?V ab + 82| 
Aap + 286 Vy + 8С, + S y 


Using (4.7.9), we obtain 
(o p&( (OD . w) 
= D@(D-w) + 8sC- Vy + 48(div¢ — icurl С) + 4s|C[p 
= 4A — 2i( MtryV3 + (try V а) +2 (tr Xtr X + (try try + 4p) а 
+8s¢ - Vy + As(div С — icurl С) + As?|C|^W + (Г, To) Y 
= 49 A, — 2i( @tryV3 + (try V а) +2 (tr xu Хх + (try try + 4p) Y 
—Asicurl QV + (Г. Гь) - v. 
Writing Уз = ӘУ; + 2sw, V4 = (9 V4 — 2sw, we have 
(o p&( OD . qj) 
= 4 Ag) — 2i ( Otrx( OVay + 280) + Ptrx( ӘУ) — 280) 
+2 (tr Xtr X + try Mery + 4p) V — 4sicurl бё + (T; Гь) Y 
= A4O^A4p — 2i( try (OV, + (try (OW) +2 (tr xtr x + try try + 4p) v 
—Asi (curl с +w try — w (у) + (TQ: I): V. 


Using the null structure equation 
das 
curl = -2Х Ax 1 (tr X try -trx try) +w try ШОНД *р, 


we finally obtain the stated relation. 


C.10 Proof of Lemma 4.7.10 


Writing that A = 4*"^ V, V,, and using Lemma [2.2.8| i.e. for a scalar у, 


Уз, Vay = -5 (tr XVa + trx *Va) + (na — a) Уз — X „Уьй + Уау, 
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we obtain 
(Уз, Aly = [У,у alV bY + деу, (Уз. Viv 
Е 
== (tr xo V. Vy + Otrxy” *М„Мьф) Y" (n, — (а) УзУы) 
1 

+9 Val — 5 (tr x Vy + try *Vy) + (m — G)Vsv) 

—Y NN wb + Е VaVyb t Y V.( — X, Vab + & Va) 
—z (tr XY” V Voh + (ху *VaVow) + Y" (n, — (а)УзУыф 


—z (VPV atr XVwyb + PV a (у * Vy) + Vals — G)Vav + Errs, 


N 


) 

—z (tr Xy” Va Voy + (тууа УШ) +7”(m — Оо)УаУзф 
) 
(= 


where Err := —%% „МеМьф + jun VaVow + үу, 
*Va =Cac Ve, We к 


X, ver +E Vau). Writing 


КЕ А} 


-5 (ix + шх Ema Vau) o n — G)VS Vi 
=; (tr xA + try ва, VaVov) + "(ть — Go) Va Vat 
-> (Vtrx- Vy +V Otry- *Му) +div (n — C)Vav + Егіз 
= —trxZw t (n—6): “зур + (n— С): VV ah + div (n — С) Узр 
-5 (Vtrx- Vi +V Ату. *Vy) + Еп. 
Similarly, we have 
[Vs М = —тх/М + (n +C): VaVe + (+ C): VVav + div (n + C)Vaw 
= L (Vir x. Vy + V try - *Vy) + Етті, 
where Err4 = —y* y, V.V yb + Y" 6, VaV vip A9 V. ( — Xie Ve + &V3v). In particular, 
Етіз = т ?0(Ts - дф) and Еш, = Da(£ - Dav’) + r ?0(T, - оу), as stated. 
Writing Vs(|g|?) = tr x|al? + (res(r) + Гь), we have 


[Vs, la" A]v la" (Vs, АЈ + Vell Av 
= (n—Q-la VsV + (n — €) - lal, VVsv + div (n — Cla Vay 


1 
– 24 (Virx Vy V их. *vy) 


+r7Errs + (res(r) + Гь) Aw. 
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The error terms are given by 
r?Errs + (res(r) )+Г„)А = d(T- dh) + Tyr 707) -ә(Гь- dy). 
Similarly we obtain 
[Va 42А] = (n+ 6) |a VaV + (n4 ©). la VVav + div (n + C)al? Vv 
-Zla (Vtrx- Vy + V try - * Va) 
+r°D3(€- Day) 4 o(T, - dv), 
as stated. 
Using the above, we deduce for О = |q| Ay — 2a? cos 0 (3) Vv, 
[V3,O]v = [V3, lq? Aly — [V3, 2a? сов09(9) Vi] 
= (7-с): |4 УзУ% + (n— С) - lal VVav + div (n — С) Уз) 
24? (Vtrx- Vy + V ах. *Vy) 
— V3 (2а? cos 08(3)) - Уф- 2a? cos 03(3) - Vs, V] + o (Ty - dY) 
= (n—-9O-la Va V9 + (0 — C) lal? VV ay + div (n — Ola Vs 
-laf (Vtrx- Va 4 Vv try - * Va) 
— Vs(2a? cos 08(3)) - Уф 


—2a? cos 0S(3) - Е (trx Vw + í Very *VAp) + + (7 – Qvae) + °(Г, du), 


which gives 


[V3,O]}b = (n—Q- Уз + (n — С) : lap VVav 
-F (div (n — ©) + (n + n) - (n — ОЛ Уз) + Olar’ joy + d(T, - dy). 


Similarly, 

[VO]. = (m-9O-la VaVe + (n ©). la VVav 
-F(div (n + €) + (n +n) - (n + 0) lal V4v + О(ағ ?)o5y 
+r°D3(€- Dav) 4 o(T, - 0%), 


as stated. 
In the case of a 2-tensor, we have to modify the above using the formulas (2.2.21) 


[V3, Val = -5 (tr x хУаф + § try *Vaw) + (n Tla — Ca) Узф =. Xap Wow T 5 Мар 
+O(ar~*)y +r Te- 9. 
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Following the same steps as above, we obtain for v € 52 


(Уз, Aly = —trx^v4- (n— С): VaVv + (n – С): VVsv + div (n — 0) V3 
-5 (Vtrx: V) +V try . *Vy) + O(ar *)o*!y +r ?o(Dy - 04), 


and therefore 


[Va la Ay = (-9O-la VaVv + (n — С) - a? VVav + div (n — Cal Va 
-5l (Vtr x - Vy + V try. *V) + O(ar-*)05  4- ә(Гь - 0v), 


[V3,O]}b = (n—Q- la? VaVo + (n — ©). lal VVav 
+(div (n — ©) + (n + n) - (n — ОЛ Уз) + O(ar-?)o5!y + d(T, - dy). 


Similarly for V4. 


C.11 Proof of Lemma 4.7.11 


Using Lemma and the commutator in Lemma [2.2.8| we deduce for a scalar wv, 


1 1 
gU = -VV — 27 XV% + @ = z" x) Va + AY + 2n- Vy. 


We therefore compute 


ЫГЫ = -Va[Va, Val — 5 Vatr X Vav 


+V3 (22 — ;"x) Ур + (2 — ;"x) (Уа. V4] 
+[V3, Av + 2ZVan - V + 29 - [Vs У. 
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Using Lemma and Lemma 4.7.10) we obtain 


УЗ, al 
= —V3 (2(n —n Vy — 2wV 3Y + 2wV 1) — ;Vatr XVav 


+ (avo - АД x) Vay + (22 — ju x) (2(n = п): Vy —2uVsaV + 2u V 1) 
—tr xAp + 2(n С): VV ap + (div (m — C) + In — C) Va 
—5(Virx Tirxin- Q) Ур — 5(У (у + (у (п - Q)) ЖАҚТА 


+2V3n- VY + 27- (-5 (trx хӯр + ( Әу *Уф) + (7 – Qvae) + Errs, 


which gives 


Уз, е] 
= 20УзУ зї = 2WV3Vaw — tr ЖАТ) 


+ (2v. - 5 = (w- ;"x) + div (т — €) + |n—¢|? + 2n- "-о) Уз 


+ (узах +2ш(2ш — ;") Vath 

—2(n —): VsVv + 2(n - C) - VV sy 

беч (2 ш- T (-т- 5 (Уу + tr x(3n - о)) Vw 
zt 

A 


N 


+ 


(ve try + (try (3n — Q)- 'Vw + Errs. 


Using again the expression for Dg, writing 


1 1 
Aw gY + V3Vay + 27 xVavV — (зи - gt x) Vaw — 29 - Уф, 
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we finally obtain 


(Уз, gl 
= 24Ү3Узф - (tr x + 2w)V3Vaw — tr x gU 


t [vao E ;Vatrx - str Xtr X — 20 (зи - T +div (n — С) + |у — С)? 
+21 - (7 — s] Va + (-5 vx + 20 (z — АТ) + tr x(2w — ;") Vay 
—2(n — 9): V3 VY + 2(n — с): VV sep 

+ (2n 2 Е - j"x) ІЛ ге) зе 5(Vir x + tr x(3 — Q) + Т) У 
-5 (V try + try(8n — C)) - *Vy + Errs, 


and similarly for V4. Schematically, the commutator can be written as 


(Уз, el = 2ыУ4У3ф = (tr x + 2w)V3Vaw = tr Xi gU 
tr 20) + O(ar ?)VaVsb +r 70(Ty - dv), 


and 


(УА Fg] = 2гУ4Уа)- (tr x + 2w)VaV3y — tr xLlgv 
tr 70 + O(ar ?) Va Vy - r lo (Г, -dv), 


as stated. 


For 4 € во, using (4.7.5), we compute 


[ЖЫГЫ = -У49,949- Уі XVa 


+V4 (20 — str x) Vai + (2. — je x) (Ма, Уз] 
+[Va, Az]U + 2Van- У + 2n - [V4, V] + 2iV4 ( "p— m ^m) v. 
Writing that 
[V4 Узр = 20 Va — 2:0 V 4Y + 2(n, — n.) Ур + O(ar “уу, 
and using Lemma 4.7.10] to write 


[Va Ар = —try Act + 2(n C) VaVy + Olar) ty 
+D3(€- Dap) т ?ә(Гу > оф), 
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we obtain 


(Уа, 


€ 
[ 


—V4(2wV3v — 2uV ib + 2(n — n.) Ve) + O(r ?)o*!y 


—5Vatr ХУзу — tr xA + 2(т + C) - У4Уф 
+D (E: Day) +т (Г-до), 


which gives 


[Va Oe] = 2У М) — 2wV4Va — tr Лор + 2(n + C) - УАУ 
аттар + О(т)г®ңр + Da (E Dau) + г 30, 04). 


Using again the expression for 2, Writing 


Ao) = Ow + Узр + str XVW + Ort, 
we finally obtain 
[Va DY = 2wVaVaw — (tr x + 2w)VaVaw + 2(n + C) - VaV — tr Ор 
-5 (Vatr x + (tr x)?) Vay + O(r >o typ + Da (£ - Dav) 4 r ?o(T, - 0%). 


Using the null structure equation for V4tr x we obtain the stated. 


Using the above commutator, we compute 
ГМ» = r[Va Day + (Var) Уау аф + (Var) Va Vat — gr) Vay 
В 1 
= —r(try + 20) Узр — VaVaw — rtr xOy — qi (tr Уф Vav 


titr Xr V3 Vay + O(r ?)o* y + O> y 
t-rDs(£ - Day) + ro (Ty - 09), 
A 


where we used Var = itr xr + O(r ?) +Г,, and e3(r) = — gz * ТГ» (and thus ез(т) = —1 
at main order). We therefore obtain 


"Уа, 20 = -r (Str + 2) VaV3y — VaVay — EC X) Vay — rtr xDav 
FO(r ?joSp + O(r 3yo?u + rD (£ - Dav) + r71d(T, - dy). 


Using once again that 


: 1 
УАУ) = -O24 + Дор — тхУа) + O(r 9259, 
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we have 


[r V.4, С] 


rx +2 ( 
= —r|ztir tJ = 
"Mb: 


781 


А 1 1 
ap + As — 5 XVW) — VaVay — Pai XY Vav 


-rtr XD + O(r-?yo* y + Oro + rDs(£ Dap) +r 70(Ly 0%) 
e (зех + 2) 750 = т (мех + 2) А» — V 4M wj 
*O(r-?)o* o + O(r 9520 + rDs(£ Doi) т  o(T, 0%), 


as stated. 


C.12 Proof of Lemma 4.7.12 


As a consequence of Lemma |4.7.4| for scalar functions f and v, we have 


(fv) = 


which implies 


FX, Og) = ЛХ, 


Using the definition in the outgoing frame oR = 


A 
УЫ 9 = 2-2 


т? + a? 


gi + Vaf Vaxy + VaV Xp -2Vf - УХ — 


lal? 


2 
[Va Dl — 1 уз, О, 
413 


А 
+ед (ата) УзУ др — ез (= ет =) V4 Vay 


A а? 
+€3 Er. Ей =) VaVaw = е4 (=> a =) V3V3W — 2V (= da 


g()U + ЈО — Vaf Vai — Vaf Vay + 2Vf - Vv, 


«ОЙ Ху. 


А 
"254264 — 5244263, We compute 


| lal? A | lal? 
av (58. VVsb — De | So ) Vat Ue (у —у ) Vat 
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Using Lemma |4.7.11| we deduce 
2[V a; е] 
A lal? 
= (-“ X lg їх T gY 


а? 
X+ Ww) 55) Уза) 


if 
) 

= (cs (==) + (try + 22), )У4Уз® 
) 


т? + а? r2 + a2 
| A A la^ \ la 
| (o (= + а? 2072 + т) УУ i (е (а +42] ы + єз) УзУзї 
tr 7?95 + Olar’) (УзУФф + Ууу) tr (Г, OU). 


Using (C.7.1) we write 
lal? 


E. unu d мВ 
(ез (ааа) | 2) Va Vat - (а (аа) | 25) VaVav 


2ra? sin? 0A? 
(аар АЕ 


2га? sin? 0 
(r? + a2)? 


Ёё ry) V3Vat) 


2ra? sin? 0 / A? | 
= (r2 ДІ. а?)? КЭЛ + VaVav) ЕЕ I 2-0 у. 
Also, writing V3Vav = —DgV — AY + т 100 and V4Vai = -OY — Av + r 0), we 
deduce 


[Vg Da] = Ory + O(r*)Ay  r 705) 
-FO(a?r ?) (VaVa + УзУзф) + O(ar ?) (Va VY + УУФ) 
+0 (T, ! 0%), 


as stated. The last commutations with A are obtained in а similar way as a consequence 
of Lemma 4.7.10 


C.13 Proof of Lemma 4.7.13 


Combining Lemma [2.1.36| and Proposition |2.1.43| we have for © € 51, и € бә 
1 1 1 
PPE = -54u$ -3 ME EE "i (ууз + (ууда) p 


1 1 
Ри = - 522и + Ky — 4 %ихУ + (try V 4) *u. 


C.13. PROOF OF LEMMA И. 7.13 783 


We then have for Y € $9: 


T» ^ai) — A; Ту) Pl _ 23 Ty +2 (^) Kap — A (а) тууз JE (уу) *4)) 


1 
-(- 2P Pi- MK + (ауз + уул) *) Pov 
= 2MK Py +2V OK Y- SP trx Vs + Уа) *) 


1 
+%K Фу – mt (ууз + ууд) Љу, 
which gives 


220-242?) = 3%K Py — (tryV3+ (хуа) * Py 
-FO(ar ?)o* p + rS? (T, - 0). 


From Corollary [2.2.9] i.e. 
1 1 (а) . : 
Уз, Plu = —5trx (Pu -n u) Ы try (?» u=: u) + (7 — Å) - Узи 
+r, -dSlu, 
1 1 
[V4 и = 1 (Pou п: и) + x (75 "um. *u) +(n +C): Vau 


+E- OVa f E eT, 010, 
we deduce, see also Corollary |13.3.2| 


Уз, la| Poju 


(Va; la| Plu 


1 - 
514 etry P *u + |400 — C) Vau + O(ar ?)u + rHV3u + Гь: 9514, 


1 " E 
514 (а) ту P, “u + |q|(n + C) -Vau + O(ar 3и + r£ - Узи + D ои. 
We сап therefore compute, using the null decomposition іп Lemma [4.7.4] 


la| PO, — Dalal A 

= -s( al T», Vs] Vv + Volla Po, Vale) + [lal V», Val Vs + Vallal P». Узи) 
+ (w= gx) lal P vae (o - ух) lal Pe vae 
+|ч| PAs — А114 0 + O(ar ?)o* v, 
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which gives 


la| Pp — Jila ® 
1 
try P * + 14100 = va) Vib Vs try P “b+ laln +e) Va) 


1 
- i _ 
+ try P * + lal(n + C): va) Vai + V4 (2% (try P *v + lalin — C) - vai) | 


+3 ® K|q| Poy — |q|(trxVs + trxVa) * o 
+О(ат—2)о 4 + 9S*(T, - 4)) + Olar’? oS p 

1 
try “Va Tw — 21 try "Уз ® |al(n +0) : Vs Vat 


1 
= 30Klg Tw — 14 
--О(ағ oy +E? (T, - 4)) + Olar’? Sty 
~ 1 1 < : 
+rH к = 27 wa) = z Var H)VaU + Ds(r£ - Vau). 
T —2 DD, + O(r-!)05!, and recalling that, 


p+ Ag+ O(r-1)oS! = — 


Writing V3V4 = 
see (543), 
4 0 
(уез + (хед + 2(n +n): СУ = “at 
we have 
(h) 2асов0 , 
4112-0142» = 3" Kla Py — id Ут Tv — |9(7 + n) : Lov 
-FO(ar ?)o5 u +E? (T, - v) + O(ar ?)o5 y + O(ar 3)o ^v 


~ 1 1 < ; 
+rH к = ТШ wa) = g Var H)VsU + D3(r& . Узи). 


Using that, see Lemma 0.2.1 
4amr cos 0 
Ут) = Ётф+ PE “ар, 


by 


we obtain 
2ас050 , 
T» — lalin +n): 


l| PÒ - 0142 = 309 K|g| Py- " 
-O(ar-?jo* + oS?(T, Y) + O(ar ?)o* p + O(ar 9)ө520) 


a 1 1 < қ 
‚Н БАС = 9 xvi) — 2У4(еН)Уз) + D3(r& Ы Узи). 
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Finally, using the linearized null structure equation (D.5.3), we deduce that ValrH) = 
r-T, and by writing —Va3V4V — ИтхУҙ) = Ox + т 7052), we obtain the stated 
identity. 


Similarly, combining Lemma |2.1.36| and Proposition (2.1.48 we have for © € 51, f Є so 


1 
pipe = - А+ КЕ (хуз + try Va) E 
РЈ = —Aof. 
We then have for v» Є бу: 
PAY — Ao Pw 


B(- терр OK - S (Pax Vs + куа) Y) + P PeP 
= OR Dy + O(ar jo? y + r To (T, y), 


from which we deduce the stated formula. 
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Appendix D 


Complement for Chapter 


D.1 Proof of Proposition 


According to Proposition |2.4.11| we have the following Bianchi identity for А: 
1 
(Әл, А- = ( 


We apply “V4 to (0.1.1): 
1 


1 " 1 
Әу, ӨуҙА = 5 (?w,( DSB) — ; (OV trXA — Хх ©\,„А 


42 0V,(H)8B - 2H& 9 V4(B) - 3OV4PX — 3POv,X. 


2 1 2 o 
DDB = -3uXA + 2H@B -3PX. (D.1.1) 


According to Lemma applied to В, which is 1-conformally invariant, we have 
^ 1 А ET 
[9v,, ODB = -3tX( ODOB) + H& OVB - r T, - oS B. 
We therefore obtain 
GAVAT ODB) +4H® (OV 4(B) 
^ ^ (e 1 P" A 
OD@(OV.B) +4H8 9 V4(B) — 5X ODB --H& ?V,B - r T, 05! B 


s ЕЕ 1 2А 
= (р9((9%,В) + (4H + H) 8 ?V,B — 5X ODOB + rT, 03! B. 
According to Proposition |2.4.11| we have the following Bianchi identity for B: 


— — PS 
(Qui, B — 2 OD-A = -26XB-4 ~ Н--ЗР<. 
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This gives 
V7 4( ODB) + 4H8 V4 (В) 

Ре ИРЕ ee ИЫ 
= ODR (5 (0D.A—2t XB + 24 -H+3P : 
"Parum HUNE M К 

+(4Н + H)G (5 UD. cH 54: H+3P =) – <trX ODOB +r PL, o! B 
(D.1.2) 


een ЗЕ 1 І - 
ODA(OD. A+ Н.А) + (-5ux E жх) DSB 
+ (ан. TA @(OD-A+ H- A) -2(- 9DtrX — ЫХ (4H + H)) 8B 


4 
72 


1 
2 
+ 3P ( ODE + (4H + Н)85)--3ӨТФРӘт-- r T, - 05! B. 
Op.H+H-H+2P+T;-T,, 


According to Proposition |2.4.13| we have the following null structure equation: 
(D.1.3) 


1 
ҚТ tr + ХЫХ 


which gives 
1 1 
= (2v trX A — Хх OWA 
(°D.H+H- Н) -Р) А- ЫХ OVA E TT, А. 
1 Жаы — — 


1 
= К trX — 5 
According to Proposition |2.4.13| we have the following null structure equation: 
1—— 
—-tX(H— Н)-- 
т ( Н) _ 
: B. (D.1.4) 


OVH — OVE 
-2uwX(H — Н) в + (0Vv,E e r71T)- B 


which gives 
4OV,(H)8B = 
Finally using again Proposition |2.4.13| and Proposition |2.4.11| 
Ж ^ 1 ^ loa 
OVX +RtrX)X = ODE + 5=8(H+H)- А, 
1 = — 
©р.В = —-trXP+H-B-=-B+T,-A, 


VN eue 
we obtain 
= BMV PX РОУ 
E шз emm 1 X 
= —3 (-у"Х Р) X -3P Е: +trX)X — A + =- ODE + 


+r T,- 08 BET. T,.A 
= (Sux + six) PX +ЗРА – F ©) 
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Summing 2 (0.1.2), (0.1.3), (0.14 ID.1.4) and (0.1.5), we obtain 
(9%, OVA = mm = xin = ODB + ($ex + sx) PX 
+ (—©DtrxX – 5trXH) 8B 
+ (захад - А OD.H-H-H)- ғ) А- 
+5 ODS(GID \D- A+ Н.А) + CE ji) ё OD.A+ H-A) 
+r oS (T, B) + OV3E-B+T,-Ty- A. 
Using again (D.1.1) we have 


(-5«x = жх) < рәв + КУ + six) PX 
1 —\ [1 
= (-;"Х — жх) (5 DOB – 203 
= (-5«x — жх) С VA + SuXA - nmn). 
This gives 
Әу, Өу;А = (-зих - жх) OTA = Lex ©\,А 
+ (— ODtrX + (trX — trX)H) 8B 


ЕЕЕ: 1 
+ (-ахых - VD: H+H. H)+ 2P) A 


+ ©DS(OD- A+B: A) - CE ш) @(OD-A+ Е. А) 
+77101 (Г, . В) + OVE- B +T,- Tg- A. 
Ву the Codazzi equation 
LOD. X = Б ODtrX — iS(trX)(H + =) — B, 
the second line is absorbed by the quadratic terms in the last line. We also simplify 


NS 1 мы =т= TS 
= ODG( (9D . A + HA)+ (niit) @(OD-A+ Н.А) 


S" Іт 
(D&(H- A) + G + ш) &(0OD.A) 


790 APPENDIX D. COMPLEMENT FOR CHAPTER 


Applying and , we write 


D@(H - A) 2(0 p. H)A- 2(H - “D/A, 
НӘ(Н.А) = XH. H)A 


which implies 
Oy, (©) 1 to 1 ax ) (© ӘС 
V4 V3A = D&( OD. A) + E mA — 2trX V3A — pem МА 
i —trXtrX = (OD H+ Н.Н) +2P) A 
EE FH. lr) SCD 
® OD. H)A+(H- 9D)A) + H+ 7H @(OD- A) 
+H@(H- A) - (НБ) А +17101 (D,- B) + OV3E-B+T,-T,-A 
il 9227 2 9 3— 5714 
2 = 1 = 1 
(©р®(0Р . A) + (-зих == жх) (97A — 5X (9% А 


SE ID) As: (я + i) &( OD. A) + (-trXtrX + 2P) A 


HHG(H.- A) - r 709 (T, B) + 9Vv4E. B o Ty T, - A. 


Using (2.4.5), we further simplify the angular part writing 


(H.9p)A« (н + ш) @(©Ф.А) = 


іш 


1 =s 
OD)A+ (2н + jt) . ODA 


le мн 
іш 


(H-°D+ Н. OD)A+(2H-OD)A 
4H + H+ Н). OVA. 


| 
жэ 


This proves the proposition. 


D.2 Proof of Corollary 


Applying Lemma to A, which is 2-conformally invariant, we obtain 
OD@(OD-A) = 4OAA —2i( try OV, + (try OV A)A 
+2 (tr xtr x + Mery try + 4p) A 
—2i (tr X (у =: (try +4 *p)A. 


D.3. PROOF OF PROPOSITION [5.2.4] 791 
From (5.1.2), we then obtain 
L(A) = -Фу,Өу;А- 0^,A— 5% try V3 + (тх ӘУ) А 
" tr xtr x + try try + 4p) А— ТЕ (tr x try -trx try) +2 “p)A 
+ (-gex - Em (УзА — гах OWA 


+(4H+ H+ Н). OVA+ (-trXtzX + 2P) A+ H@(H- A). 


Writing 
ED = зах м try 
зах —2trX = (-5 x) Fi Е ery) 
—trXtrX+2P = —tr Хх = try try + 209+ i(tr X 791 — tr x try —2 *p), 
we obtain 
L(A) = —OV,9V3A + ӘЛА + (4) + 2j) - OVA – ju ХУА – Str x UA 


1 1 mm 
+ (-і хх = А (try try + v) A+ HG(H · A) 


1 1 
zil — 2 ty OW. A +4 *n. OVA + X try — 5t x try —4 D Al 
Using (2.4.3), we write 
Н®(Н. А) = (4n: n — 4in An) A, (D.2.1) 


and this completes the proof. 


D.3 Proof of Proposition 


We first prove the relations in Kerr. For simplicity we choose the normalization e3 = ес») 


for which w = 0 and thus “)V3 = Vs. Let 1 be the expression 


I := rVs(r(Va(rfA)). (D.3.1) 
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with 


We calculate 
Jus qu G РУЗА + т?ез(т һа) 


r*f VaV3A + (res(r? f) + ree3(rf))V3A + rV3(r7e3(rf))A 
= p P VISAS (2r*e3f — Ar? f) V3A + (r*V3e3(f) - 4r?eg f + 2r? f) A. 


We deduce 


I-r*f (Va V5A jn vuota ҺА), 
I =2f (esf — 2r f), (D.3.2) 
jg (Vaes/) — Arles f + ж 
We rewrite J in the form 
Бр = Va(esa(f)— 2r f)) + 2r lesf + 2r? f — Ar legf + 2172] 
= Vs(es(f) – 2r7'f)) -2r ! (esf – 2r f) = 5Va(fh) —r fh. 
Hence 
I-r*f (VaVaA jx eae: ҺА), 
I; —2f "(esf — 2r“f), 
In = 5 Va) —r fh. 


Now, in view of our choices of the scalar functions fi, fo, 


f rea(lal*) — laltes(r*) _ —4r*laP + 4laltr? _ lal? (2 ET. 
€3]1 = r8 m r8 = т5 q 
4a?cos?|qg|? 4a? cos? 0 
r r|q| 
ез}; = —i ux ==? (try fo. 
Hence 
4a? cos? 0 P" 
esf = exi + 2fifres( fa) = — p 7 2i ax fa a 
4a? cos? 0 
= (= = — 2i Өх); 
rid E 
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1.е. 


We deduce 


Hh = 2] Чез} —2г!]) = 


2 (Әр 2 
— — — 2i ery) = 2try — 2 х _ 4i try. 
T = ж tr x = 


Е = co? 0 2 2r 
r|g|? r |4? 
Hence, recalling the definition of С, in (5.2.3), А = Сл. 


It remains to calculate 15. 


1 1 1 
Іі = 5 Vaf Di) =f" fh = 5hVsf + = РУз -r “fh 


2 
1 1 з fis 
= zfVsh-zh(Vsf-2r|f)- УЗА + є. 
2 2 2 4 
Therefore, 
1 1, 
Ih = gf(Vsh 518). 
Now, 


(a) 2 
их — 44 try) 


Val = Vs(2trx – 2 


trxV3( try?) — (try? Vtr x 


= 2V3try —2 5 — 447; try. 
Recall, in Kerr, 
1 
V3trx = -3 (tr x? — (2), У; try = —tr x “try. 
Therefore, 
—2{т x? ie + ttry? eg? — Ot 
(OVE, = -—tr x? LM try? —2 x x pz y ( x x ) | {йт x trx 
3tr y? try? + ty 
= otra dy x x 5 x + Aitr x tr 
(a)ty 4 
= try? + Mtn? 3 tn? + л M + Aitr x try 
x X x rx x x 


(ар 4 


= {т x? +4 try? + = 2 + 4itr x (у. 
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Adding, simplifying and recalling the definition of C5 we deduce 


1 (а) + 4 
У: + әп = -tr ac +4 try? + = + 4itr x trx 
(а) ү. 2 2 
+ 2 (ох -- = — 24 try) 
i CN 


= —{г x +4 try? + — + 4itr x у 


(trys i (try 
+ 2 (wx? xX + x — AO try? — 2 try? — Айту try + 4i п x ) 
tr x? ш _ ry 


(9) {туй 
M — 4itr x (у T Sitrx у 


= йү — 8 try? т 
= 202. 


Hence Г = Со and, recalling the definition of f = 2 


р =] (77-4 + ЛУзА + ҺА) = ^n (узузА + СУЗА + CA) = it 


as stated in (5.2.6). 


It remains to check (5.2.7| (5.2.7). To do this it helps to write the expression E = rPV3V3(5 2А) 
using f = %, 


E 


es(r? f)VsA + -3seses(r? А) 


PV3V3(r2fA) = rif (УзУзА pote = 


2 
nf 


rf (®зЎзАн + hV3Au + ҺА). 
with 1,15 as in (D.3.2). Therefore 


гузу з (ЈА) = rVa(r?(ValrfA))) = ©, 


Q [IRI 


as stated. 


Using that es(r) = тГь and es(cos0) = Гь we deduce the relations in perturbations of 
Kerr. 
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0.4 Proof of Theorem 55.2.9 


In this section we present the proof of Theorem [5.2.9] The computations are obtained in 
the outgoing frame. 


D.4.1 Step 1. Compute the commutator |Q, £] 


Recall the Teukolsky equation as in Proposition |5.1.1| i.e. 
L(A) = Erzr[£(A)]. (D.4.1) 


We apply the Chandrasekhar transformation, i.e. the operator Q as defined in (5.2.1), to 
the above. We obtain 


L(Q(A)) +Q, LIA) = Q(Err[L(A))). (D.4.2) 


We compute the commutator [Q, С] between £ and the second order differential operator 
Q for any scalar functions C1 and C5. In order to obtain cancellations in the commutator, 
we impose conditions on the functions С, and C5, which for a = 0 coincide with the ones 
in Schwarzschild as in [50]. We obtain the following. 


Proposition D.4.1. Let Q(A) = ©V © V4A + С, OV4A + C3A with C, and Co given 
by 


— 1 — 
Ci = 2trx + СІ, Со = а + C» (D.4.3) 


where C, and C3 are complex functions satisfying Сп = O(|a|r-2), Cz = O(Ja|r-3). Then 
the commutator between Q and £ is given by 


[Q, L(A) = 4n - 9 vQ(A) – 2trx OV4Q(A) + VQ(A) + Lol A) + Err([Q, LIA], (0.4.4) 


where 


e the potential V is given by 
V ж Jette Ка Мы (D.4.5) 


where I33, J33, K33, M33 are given in Section|D.4. 1| 
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e Lo[A] is a second order linear operator in A, given by 


LolA] = 2а 9 V4? V4A + Z, OV GA + Zag OV, OV.A (D.4.6) 
+ 23 V3A + Za OVa A+ ZA, B 


where Газ, Za are complex one-forms and Z43, 24, Za and Zo are complex functions 
of (r,0), all of which vanish for zero angular momentum, having the following fall-off 


in T 
243, аз ni (&) Й 24, 23, Za =0 (4) ; Zo =O (&) . 
T T r 


More precisely, 
2а = Oy ігхсі, 
pre mor Í - 
2, = V3C2 + 2trxC» — 1070 + ©)ту?)С,, 


апа 
2а = laa + Јаз + Las + Мез — 4Cin, 
where Газ, Јаз, Газ, Маз are given in Section|D.4. 1 
e the error terms Err||Q, C] A] are given by 
Err[[Q, А] = т ?v9(T,-(A, B)) + Vs (rT, - 057A) + т” o((T5  D,)A). 
The proof of Proposition is obtained as a result of the computations below. We 


first collect the following commutators for Q. 


Proposition D.4.2. Let U € (С) s-conformally invariant. We have: 


e the following commutators with OV3 and Va: 


(0,9710 = (—©з»с,) OVU + (- 9v30;) 0, 
IQ, 9 VU = 4(n-5). 9v? V;U 


+(2 OV3(n — n) + (201 — trx)(n п) + try "(n т) - ур 
+ (Ува T Visa] + 2n (7 = 7) = ©уус,) (ONU 

oF ( (узу 4 T ӨЛЕР) = 9.4; ) 7--2(0- n) | Vis (U) 

tr Dy: 0*!U + о((Гь:Г,)0), 


where Vz д and Уз are given by (D.4.7) and (D.4.8) respectively. 
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e the following commutator with OVa: 
IQ, i um 
= -тх OV, OVU — ery * Ov, OVU + 2n, V3 OVU 


1 1 1 
+ о епо = 5 oe (y — 5 ery (Cj — 2trx) * OV „07 


1 
= (9) ру * Na — OV а) 7 


1 
+ (“van (Gi = g i^ x) Ma =% 


, 8 с 1 8 1 а *Yos 
+ OV (Vh 4(U)) + VEA VU) — zt" XVB.a (U) = 2 try *V& a (U) 
— Ov,(C3)U + СУЎ a (U) + Va (rT 010). 


e the following commutator with OD 


[Q, OD]U = 2H. Фуз OVU —trx Өр. Өзг + (ЕХ — а) 9D. U 
OVH + (-(s - 2)rX + C) H = 54). © VU 
а (26 — 2X (—OV3H + (frX — C1) H) - pic) ES 


+V3 mee Ы pc. 


Let F € в\(С) of conformal type в. Then we have the following commutator with (ӘӘ: 
0, °DE|F = 2HG& 9v, OV3F — trX ODO OVF + s(t trX)(trX — C) °D@F 
+ (OVH + (-(s + DirX + О,)Н - 9D(0)) 8 OVF 
+ + 1)trX (—V3H + (trX – C)H) - c) QF 
жуа (кг - 0510). 


Proof. We compute 
[Q, (Ov 4U 


( (0v OV, F Ci OV, F С) 50572 
-Фу;(Өу; OVU + О, OV3U + OU) 
(— У) © VU + (— VCU. 


Similarly, we compute 


[Q, © = Va vs. (vU) 4 | Vs, V4] OU 
+С1[ Vs, (Ow JU = (2v (C4) PSU = (© (C35) U. 
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Recall from Lemma [4.2.2] 
[OVs, OV JU = 2(n-m- OVU - V&4U + (T Г), 
where 
Visa) = 28 (0—1) * 4i (— "o n^n). (р.4.7) 
In particular, since (VU is conformal of type s — 1, we have 
[9v4, OV OVE = 2(4-т. ӘУ (Уз Vii OV3U кш 
On the other hand we compute 


(уз (OV, OV IU) = 2(m-5): OVs VU 2 Vs (n — д): OVU 
+V 4 OV3U + (Узи 40 + o (Ts  D3)U). 


Recall from Lemma [4.2.2] 
[vs V.D. = -itr х OV Ue — 5 try * OY Ube + Na VU be + V& alU) 
Ен КЕТПЕШІ 
where 
Piat) = —5trx (s(na)Ure + Uae + Тель — баъ + О). — Sac(n - Uy) 


(D.4.8) 


1 
= 2 (у (st "itla s + Nb “Uje ер Ne "Па- Cab (7 : U).— бас (n И Uy) . 


We therefore obtain 
(9%. ([ Ws, (àv JU) 
1 1 

= 209-5). (99 OVU – zx OVU — z try * OVU +9 ÓVSU + Y (U)) 
429 V5(n — т): OVU + Vag OVU + ӨуіУ 10 
+r—Ty 07 U +0((Гь:Г,)0) 

= 2(4-т. 9v 9 viU + (2 (Уз (р — 9) — trx(n т) + try *(n — n)) УС 
+(Уы +20: (00) 90 + узу, 200—0) Via lU) 
аер Ы 25Ң/ + o ((T; * Г,)0). 


Putting the above together, we obtain the stated expression. 
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We compute 


[Q, Ov,]U = OV 3([OV3, ©) + [OV3, 9v,] OV3U + c; [9 vs, vu 
- Әу (Сі) OVU — O v.(C3)U. 


We have, again from Lemma [4.2.2] 


1 
[OVs, OV JOV3U = Se Va Oyu — 5 try * Ov, OVU + а (Уз OVU 
HV (O9 VU) + Ет 
апа 
(уу, (fy, (© PER © © 
atl" Was Vale) = zo. ТА vel 5° ‘try * vas Әу +n, © V OVU 


1 
z. (узт y) OVaU — 5 OV; try) “Өу,0 
+( Vana) OVU + 9 V3(Y& 1(07)) + т o(Ty 010). 
Applying once again the commutator, the above becomes 
(sz 4([ v. (Ow Us.) 
1 1 1 
= -39UX (v, OT Upe — atx OY Use = 2 try * OV Ube + la V3U be + Vi. (U)) 
1 1 1 
-g ®шу *| OV, OW Ue — ztrx OV Ue — 5 try * OV Ue 
en, Уз. + Уш) 
1 1 
+Na (9V, TELS m 9t OV tr x) OV UAM - ml OV, (try) i OV Ube 
(Van) OV sU re + OVa (Vi 4(U)) + т (Г,-9547) 
1 1 
= Zz GAVAR AVAE = | try Ker MOV Л + Na OVa LE. 


1 1 
ipae try?) ©ху {Ле + (tr x try) * ©ху bina 


tG E 


с 1 1 а 
+( Vana — ztr xm, — 5 9 


try "na) (OV SU; 
1 1 
+ OV (VÈ (0) — 5t XV (U) n try “VÈ QU) + r le(D,-oS!U). 
Putting the above together, we obtain the stated expression. 


We compute 
Q, 9D.]|U = PONI c) 2 n c) D.| 9 V3U + C, | € V5, (Р.О 
~OD(C,)- 930 — OD(C2)-U. 
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Recall from Lemma [4.2.2] 


l= = == 
[ ©\з, ODJU = — 5 trX (9т -U4+(s—2)H- U) + H- OV3U +т71Гь: 257 


In particular, since © V4U is conformal of type s — 1, we have 


{ = = 
[OVs, 90199,7 = -30X (OD. OVU + (s -3)H - OVU) +H- Ov, OVU 
rT, 020, 


On the other hand we compute 


= -29уХ (SD UD «Ul 4 (s—2)H-U) 


-gux (€ V3OD-U +(s—2)OV3H-U 4 (s - 2)H - узу) 
LONVAH. (ONU + Н. (V OVU +r d(T, 0®Ч7) 
dioses ——— T 

= 5(@X) (9т Сау о) 


1— 
pu (90 Өз + (s 2) 9 V4H - U + (s - 1)H ‚ Ova) 
4OVjH.OV,U-MH.(9wv,OwWV;U + r-o(T,-oS!U). 


Putting the above together we obtain the desired formula. 


We compute 


IQ, ODS] F — (Ova([ Vs, © D&|F) a Ше ODE] OV F + О, | 9 v5, ODp&|F 
ODC OVF — 9D(C3)&F. 


Recall from Lemma [4.2.2] 
A 1 BS ae Ж 
[OV3, Opg|F = = (OD@F + (s + 11Н@Е) + H& OVF +r, ӘЗ. 
In particular, since (VF is conformal of type s — 1, we have 


= 1 ЕЗ 
[OV3, OD] OV;F = =н ( 9p& OV3F + (s)H® OVF) + НӘ OV; OVF 
ег, 7 F. 
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On the other hand we compute 


(9%. ( | TAN oO D&|F) 


1 А 
к: OwstrX (ODF 


(s 


1 P 
= ( GAVA DEF 


(s 


801 


НӘР) 


1) OV3H@F + (s + 1)НӘ OV3F) 


+ OVH OVF + HG O V4 (Әу: +r (T, - dS! F) 
1 Lm мМ 
= әш) (ODSF + (s + 1)H8F) 


1 " " " 
= (ODS OVF + (s + 1) OV3H@F + (в + 2)H8 (УзР) 
+ (Әу. НӘ (Ov. Р + H® (957; БАУҒА + rol, Е 051 р). 


Putting the above together we obtain the desired formula. 


We now compute the commutator between Q ара £. Using (5.1.2), we separate the 


commutator into 


О,ДА = I4+J4+K+L+M+4+N 


where 


I = —[Q, OV, МАЗА 


қ 
| 


М = (0,4Н-Н-Н). VA, 


Expression for I 


We have 


1 


lo. (- гах = жх) eva A, L= |Q, —5trx (9% ЈА, 


N = [Q, (-trXtrX + 2P)]A + [Q, НӘ H | A. 


I = -(0, Ov] 8 vA – Ov,([Q, ©V3]A). 
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Using Proposition |D.4.2| applied to U = ӘУ; А of conformal type s = 1, we obtain 


Q, 9 v] OVA 
= 4(q-m): та ORA 


«(2 O Vs(m = n) + (2€: — trx)(n — т) + ох *(n - т) OV (узд 
» (Vii -YRIT 29 (0 — 9) – С) (9%, (у, A 
+( узу + CLV) — Va(C2)) УзА + 200 — n) : Via OVA) 
tr, 02А +0((Гь:Г,)ә= А). 

We also deduce 


OV ([Q, ©ху»] А) — (S7 ((— 900) A А + (— 9у;6;) A) 
(- 9v40,) 9 v, 9v,A + (- 9v, V3C1) (0V,A 
С) ©V4A + (— © V © V3C2) А. 


We therefore obtain 


I = -A(n—5)- ХУ (Уз (УзА + L3 (ӘУ, (УЗА + Iss OV; (УзА 
a: Әу (УзА +, (УА + I3 9 V4A- IgA 
4-т”ЭГ, .052А + о((Гь ; Г,)оА), 


Із = ©УзО, 


Із = -У%4- Vea) — 2: (n = n) + 9V4(C1) 
Із = —2V3(n — n) — (201 trx)(n — п) — trx *(n — n) 
L = “VEG; 
B = – (узу – VED) + (Уа (Со) + Vs OV3C1 — 200 — n) Уа 


In = Ov4,Owvi;Os 
Using (D.4.7), we have 


Vii = 2p — 2n-n+i(-4 + 4n An), 
Vea = 4 (-4 "p + 49 Л 7) 
and therefore we can write for [33 


B3 = —2p — 21: (7 – 21) td (8 qre BA n) + Әу (Сі). (0.4.9) 
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Expression for J 


We have 
jus 10. OD@|(OD- A) + : OD&([Q, ODA). 


Using Proposition [D.4.2] applied to F — (OD - A of conformal type s — 2, we obtain 
(0, ?DG|( 9D. A) = 2H& Фу; ©V; OD . A — trX OD 0v, OD. A 

+5 (a2) (X - C) рТ. A 

+ (OVH + (-3trX + C))H — 9D(0))) 8 OV, OD. A 

+ (Зах (- ӘУ3Н + (trX — C)H) – өтіс») @©Ф.А 


$V3(r-2D, 0924). 


We write 
== ee - 
OV,GD.A = OD. ÓV,A- uX (D. A) +F. OVA + r-T,- 0314, 


ODS OV OD.A = OV; ODA OD. A- [(9%;, ODR] OD. A 
= 9V; OD OD. A+ 5X DSOD- A 
-H8 9v, OD. A+ SuXHSOD. A+r `T, 0A 
= OV, ODSOD- A+ их ODQOD.A-HE(OD- OVA) 


— E dene 
—HG(H. (УзА) + (Зах + зх) HG 9D . A-- r?Ty - 0524, 


(Ow, (Ow.()p.A = ти Әу, + OV3([OV3, Әт.) 
= OD. 9V; Өу,А-- | 9 v5, OD] GN b ©ху»(| GAVA ()D.]A) 
= OD. ©ху,( ү 
=й (9D. ©у,А-Н. LH OV; (УзА 


1--- 
а-г E (YD) (с) (с) 
Хх)" (тт ур. А) s (9? УзА+Н. V34) 
+©\»Н.©\»„А+Н. ne А а 


= OD. OV, OVA +29. OV; OVA -— trX (OD. OV3A 
1 
+5 (aX)? OD. A+ OVH- лы. 
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where we used the intermediate computations in Proposition Putting the above 
together we obtain 
[Q, °DS|(OD- A) 
a AT 1 AT 
= ЫХ OV; OD OD. A +2H8 OD. OV; 9У;А- 5 2:@[9, ODS OD. A 


+4H@(H . Әу; © V34) + 2H8( OV4H - ©V3A) 
+ (OW3H + (-2trX — 2trX + С) H — 9D(C4)) &( (0D - OVA) 
+ (OV3H + (-2trX + C1)H — OD(C1)) &(H - 9у;4) 


(Sux + zX) (- узн — С\Н) + (XTX + @Х)?) Н 


+ 


1--- Se 
ах Т(Сі)- (D(C) Q OD.A -- Уз (rT, . 93? A). 


Using Lemma [2.4.6] the above becomes 


(0, OD@\( OD - A) 
= trX OV; ODA OD. A +8H. OV OV; OVA 


(а) (DS GD.A-4 8H - H) OV, (97,4 

+4 (OVH + (-2trX — 2tzX + C1) H — OD(C,))- 9v OVA 
-2HG( 9 V4H - OV3A) 

+ (OVH + (-2tX + C))H — ©D(C,)) &(H - ©V3A) 


(Sux 2 30X) (узн — CH) + (XTX + (ЕХ?) Н 


+4 


1—— 
ух © D(C1) — Юр) OVA + V3 (rs * 0524) s 


Using Proposition |D.4.2| we deduce 
DEQ, 7034) 


= (рә |Н. OV; (99,4 ЕХ OD. OVA 


je —— TE 
+X (trX —01) OD- A+ ("уз + CH – eme) OYA 


a (- ©р{(с›)) А+ Va(r7?T, - 0514) |, 
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which gives 


ODS, ODA) = 


Writing 


ODQOD. EUST А = 


we have 


29тФ(Н. (9%; OVA) – tex OD 9D. Өу;А 


Pad 


— Opt x (0р. OV.A4 EEX- cy (Орр. А 
+ ЭРХ - С1)) 9 OD. A 

+ ?p&[ (© VH + CH - @D(C1)) OFA] 

_ ODS (ODC) . A) + Va(r-?T, 05А). 


ODS OV OD. A — и OD.JA 

(y, OD OD. A+ jx + trX) OD OD. A 
—H&(OD. 9v,4) — Нё(Н. VA) 

m (Sux + Di H8 OD. A+ » ODXOD. A) 


— ODp&(H - (VA) + V3(r ?T, - 05? A), 


ES (i — 
Op&([Q,0D.|A) = —uX OV; OD OD. A+ xtrX(- e ODS OD. A 


-2 IDQ(H . (v4 A) + trX D@(A 2. 
HrXHG(H. OVA) + (trXH — ОРЕХ) S( OD . OV3A) 


ф с. “еі йс сы. 
+ | ( Saxe - sux" | H + т^ ©р(@Х) 


| Bu I GUT = (DOS ya 
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Using Lemma 2.4.6] the above simplifies to 


2007 9 ee 
= —үх © V QOD-A+8H- TOV, OWA 


—_ 
422 ODGOD.A+4(OD-H)OV,9V3A 


+2 pe —2 ODTX + 2(OV3H + C,H — Әт(сі))) (99 (O7, A 


aX(9D.H-- HH 4 OD. (0v4H + C,H — 9D(0))) OVA 
3 l= 1 (o 
=! trXtrX — gt rX |) H+ 5 tx D(trX) 
E e ©р(с›)| -OVA-2( 9D. (9D(C3))A + Vs(r ?Ty 02А). 
Putting the above together we finally obtain 
J = -(аханХ) Ov, (100805.4) 


p 1 mE С == 
+ (-1-Хах- (X + 0а) (5 ODR (9D . A) 


+4]: (©) ху ST. (97A B Jaz Oy. (9%. д + PM . (Ov (97, A 
+J УзА + Ja- OVA + ЛА + Va(r ?Ty - 052A), 


where 

Ja = OD-H+2H-H, 

Ла = OV 3H + (—2trX —2trX + C) H – ?D(C3) 
+2trXn — Эрых + OVH + 0H – ©D(C)), 


f n чту, 1 OD 
Js = ;uX(9D.H- H.H)* 7; 9D -(ӘузН + CH - ODC) 


Ж E: "m 
-HG( (O0 V4H-) + 7 (OVH + (—2trX + C) H — 9D(C1)) (9), 


Кы 
[ 


(ux $ zX) (— узн — CH) + (tr XTX + (ЕХ?) Н 


jor ЕЕ ЗЕР 
+5 6X 9D(0) - 9D() + (~ Sux = Р) Н 


йз еі 1 -— E 
toU OD(trx) — B OD irX Ci) = OD(C,), 


Һ = -:(9>-950.). 
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We can simplify J,4 as 


Jg e OVH +(—2trX — 2trX + C1) H S PO 
+2trXn — ODtrx + OWV3H +C.H – (D(C) 
= 9UVpo20 (04209 ODtrX + (—2trX — trX) H + trXH 
2/9 V4n — 2 OV (Ch) + 2Cin — (trX — rX) H + (-2trX — trX) H + tr XHA. 


Recalling the definition of L(A), we write 


2 == 1 E 1 
(o D&( OD. A) — (97, (OV. A + (Sex + жх) (Әу, д + ;uX (у Д 


AI 


— (AH + H + Н). OVA + (trXtrX — 2P — 4n -n + 4in ^n) A 
which gives 
1 
СА Ge D8 ( OD. A)) 
1 
= (9%, (9%, OVA + (их ES ж 9V, (9%, А 


+V, (ах ES ee T A + sux V (9%, д Fo Мел (457, А 


- (4H + H + Н). Ov,OvA- OV; (4H + H+ n OVA 
T («ХаХ- 2P — 4n - n + 4in An) (9%, А 
HO, (trXtrX — 2P — 4n - n + Ain An) A. 


Writing 
(0w,(0w,A = Ow,OViA-2(n—m-: ӘУА-(У ДА, 
OVs@VsOVsA = Oy, Oy, VLA О 2 Ov OVZA + (Vig) OVA, 
OV,9OVA = (9% (9%,4 – str © УА – z (х * OVA +n OVA + Ур (А), 
we have 


OT у. OVA + PA "V, Oya — trx? RAVAN 


Oy, G ODID. 4) 


9Y OVA + V LA US + TUA) 


duds 
dus yas Дә. “OVA+ ЉА + ЈА) 
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Ja3 — 2(n — n) — (4H + H+H), 


1 = 
J33 = JTA TUUS 
1 — -— == a 
ЛА = Ow, ке +trXtrX —- P + P- 2:n- (4H + H + H) "3 
ЖА) = —4n@(n- (УзА) + 4An&(n- OVA) -2H&(H - OVA), 
А nm 1 zl 
4 = wX(n-)- Vs (4H + H+ Н) + ztrx(4H H4 Н), 
1 __ 
Ja, = 5 ех (4H + H+ Н), 
— = 1 = 
Jo = OV (ХЫХ — 2P) + 5ttX(4P – 4n 3) 
+(try (4H + H+ H) — try * (AH + | “7, 


try ( — n@( * (4H + H+ H)-A)+ *(4H+ H+ Н) (п: A) 


= 25 = 1 ex. P 
-20V,H&(H. A) - 2H@(OVs H А) + ;trX(-4n8(n- A) + 458(n - A). 


We therefore finally obtain 


J = —(trX+trX) Әу, OV; Ov, А + 4g. OV (Ow, Oy. A 
Jas ӘУ, 9V3A + Л OV,A + Л: OV Әу; А-а 0 V5 OVA 
ERAI A Se OVA uus OVAL DAS Jet 
t Va(rTy - 057A), 


where 


Ci +t trX 


1---- 
Jig = -gtXtrX — —(trX + trX), 


1 1 = 
А = (аХу(аХ)- gtrX(trX +) С, 
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and 
Ja = — (trX +trX) Јаз + Јаз, 
J3 = — (trX + trX) Jaz + Jas, 
Jz = —(trX + trX) + (-2Хах- 5C (X + ax) БУ + жх) 3e ds 
ЛА) = — (ЫХ 4+ trX) (J3(A) + ЖА), 
J, = —(trX +trX) h- (- X rXtrX — jo ex 4) (4H + H+ H) + Ja, 
Ja, = —(trX +trX) J-a, 
h = — (trX + trX) о + (- aX rXtrX — ToX нех) (trXtrX — 2P) +, 
Жа) =~ (tX + EX) Л(А)- (-5sXux - joe Б) CHH. A)). 


Using the above computation for J,3, we simplify 


Әз = —2trx(2(n — т) — (4(n + i *n) + 2n)) 
+2 OV 3n — Atr x H — 29V (C1) + 2trXn — ODtr X + 2019 
= -—Atrx(n — 9) + 2tr x (4(n + i*n) + 25) 
+2 OV з] — Atr x (n d- à “n) — o NGC) 
+2( x +4 id уул +21 Ptry(n + *т) + 2Сү] 
= 2©\зуу — 2©\у(С,) + 2Cin + tr (87 + 29) — js try “n 
+i (4tr x * + 2 тх, + 2 trxn) 


Also, we simplify 


1 NES - Е 
Ла = —2trx (зех + жх) + OD.H-2H.H. (0.4.10) 


Expression for К 


Observe that 


Q(fU) = QUU + fQ(U) + 2OV3f Ov4U — CSfU 


D.4.11 
= QU) +2 Vf ®у + (Pv, v.g vau. OAM 
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Using Proposition |D.4.2| we obtain 


Q, F 9 v4JA 

(9 v3 OVF + C1 OVF) OVA + FIQ, OV3A +2 OVF Ov; OVA 
= (2 V3F) Өу; OVA + (Әу; OVF + C1 OVF — FOV3C1) OVZA 
+(—F 9v30C3)A. 


In particular, 
c 1 — 
K = (Q,F VIA fr F= —5trX — ЖХ, 
We therefore obtain 


К = Кӛз (y. (OV4A + Кз (OV4A + KoA, 


where 
(©) 1 E 
Ks = 20v,[-zuX — 2X ), (D.4.12) 
_ (9v. (9 1 7 (©) 1 P 
К+ = V3 V3 ugue PUDE + О, V3 = o 
1 zd 
— -51Х — 2trX V3C1, 
1 — 
Ko SS = (- 5x - жх) кізген 


Expression for L 


Using (D.4.11), we obtain for a scalar €, 


(0,6 OVA 

(Әу; OVE + С, OVE) OWA + EI, OVA +2 9 v,£ 9v, 9v,A 
(V3 OVE + С, OVE) OWA + EI, Ov4]A-- 20 v,£ Ov, Ov. A 
+2 OV3E[OV3, OVA. 
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Using Proposition [D.4.2] applied to U — A of conformal type s — 2, we obtain 
(0,6 OVA = 209%; 9v, v,A + (OV; OVE + c, V£) OVIA 
+E [4(n — т): OV OVA 
«(2 (Уз (р — 9) + (2C, — trx)(n — n) + Mtrx *(n — т) . OVA 
+(% + Г + 21: (n=) - 9v4(0:)) Әу А 
(Озу + c Orga — ©Va(C2)) A+ 2( — n) УА) 
+" Гь 0907 + o((T,- г,)0)| 


297,6 (20 —n)- OVA+ (94). 
In particular, 
© 1 
L = [Q,E YVJA dor £= -3UX. 


We therefore obtain 


L = La ӘУ УЗА + Газ: Әу ӘУЗА + L,OV4A + La: OVA 
tr Ty 051A + т (Гь :Г,)А), 


where 
(c) 1 2 
Газ ==. 2 V3E = 5 (trX) 
Газ = 4€(n = п) = —2trX(n — n), 


1 1 
Ly = OV3OV3E +O, OV3E = — (X) + 7 (XC, 

La = €(2Vs(n—n) + (20, — trx)(n п) + try *( п) +4 OVE (n — п) 
їз. =f (vid +a taus (9 V.(C3)) 


Ly = (Өй + Ca — 9v4('03)) +2 OVEN) + 28 n) Vi 
Using (D.4.7), we compute 


1 "Y : 
Із = —5trX(6(o—n-n) +8(— "p m^n) +21: (n7) - ӘУ), 
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1 
Lo = -guX|O vs(4 (o n:n) * 4i (- ‘p+nAn)) 


+С.(4 (0= п: 7) + 4i (— "o--m^m)- V4(C2)| + сауға (p — 17:1) 
+i (— "pn ^m) + 2E(n = n) - Vis. 


Expression for M 


Observe that 
Q(F-U) = F-Q(U) - 20 v,F. Өу;0 + (Уз OV3F + C, OV3F) - U. 
We therefore obtain 


M = (4H+ H+ H)-[Q, OVJA- 20v; (AH + H+ Н). Әу уд 
+(@V;0V3;(4H + H+ H) - Cj OVs4(4H + H+ H))- OVA 
= (4H+ H+ H)-[Q, OV]A- 29 vs (AH + H+ Н). OVOVSA 
+2 V3 (4H + H+ H)-[Vs, VIA 
+ (OV; узн + H  H) - Ci OV4(AH + H+ H))- OVA. 
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Using Proposition applied to U — A of conformal type s — 2, we obtain 


M = (4H+ H+H), Ел Va 9УҙАһ- try * Әу, ON AL 
Ov, (©) | 1 (ү \ © 
+27, Уз УзА. + 5 x(Cı =- Ye S тү Va Apc 
= Otry(C, — 2trx) * У.А, 


1 1 
uH (94% + (Ci = gt ХОла m 2 (try “Na = ev.) (OV. Are 


ы в= 5 с 1 1 а *Yjs— 
+ ©уз(У (А) + Ура (OVA) — zt хУ (А) — 5 try "VISCA) 


OV a(C2) Abe + СУ, 2(А) + r aT, - 051A) 


420v; (AH + H+ Н). OVOV3A 


1 1 
2p 20v; (4H H н). | Е ox (V Ate m 2 try : OV Ay. + Na V3 Abe 
VIUA) өту ota] 
( 


M Уз Vs(4H + H + Н) +С, OVS(A4H + H+ H))- VA, 


which gives 


M = Ma: OV OVA + Mz V, ©V3A + М OVAL MOVA + MoA 
+r’ (T, 905A), 
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Ма = 20V3(4H+ H+ H)-try(4H+ H+ Н) + try * (4H + H+ Н) 
Мз = 2n-(4H+ H+ H) (D.4.13) 
M, = —-tx V; (48+ H+ Н) + try * V; (4H + H+ Н) 


1 1 as: 
+ (за Ср = 5 529 (АН + H+ H) 
1 ЕС 
T 5194 (C3 — 2tr x) P (4H + H+ H) 
t Ov; OVj4(4H + H+ H) +C, OVG(A4H + H+ Н) 


== 1 1 
M3 = (4H + H + H). ( (“vane + (Ci = att X)la = 5 try “T жЕ ev.) 


+ ©» (У 3) + aS +20V;(4H+ H+ H), |n OV As 


UI 1 = 1 а жү)з= 
Mo = (4H+ H+ H), | - оху (А) – 23 ӘУ (А) 


- (9 ValC2) Abe + СУ (А) 


+209уз (4H + H+ H), |V&3(A). 


Expression for N 


Using (D.2.1) we write 


N= | 
d 


Using (D.4.11), we obtain 


,(-trXtrX + 2P)]A + [Q, H8 H.-]A 


Q 
Q, (—trXtrX + 2P + 4n -n — 4in An) A. 


М = N;9V3A+ NA, 
where 


Му = 203 (—trXtrX +2P + An: 9 — Ain An) 
No = (уз Vs (—trXtrX + 2P + An 9 — Air An) 
+01 OV; (—trXtrX + 2P + 4n -n — Ain A n) . 
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The sum 


Putting the above expressions together we obtain 


ОЛДА = I+J4+K4+L4+M4N 
== -4(n— m): (ST Oy, (OTA + 4p - (ev? (NT. (97A 
= (trX дь trX) OV, ау; TA 
+ (1з + Лаз + Газ) Vs OV 3A + (I4 + Ja + La) (УДА 
+ (Ja + J33 + K33 + Мәз) Hi» УзА 
+ (1з + Јаз Los Ма). Әу OV3A 
+ (Ig + Ja + Ka + 1з + №) © V3A + J2(A) 
+ (Ja + La + Mj): OVA + (Sea) *OVA 
+ (Io + Jo + Ko + Lo + Mo + No) A + (А) 
Va (rT, 05? A) + т “ә (T, - 051A) + rto ((T, - Ty) A), 


+ 


which gives 


Q, LIA = 4n . (Ov (Әу, (9%. А = (trX aa trX) GAVA GAVA (97A 
1з + Јаз + Газ) OV, OV3A + (L+ Ji + La) ©V,A 
Ios + зз + Каз + Мә) "Уз (Фуз 
аз + Jag + Las + Ма). OV OVA 
13 + J3 + Кз + Е + N3) (УзА + le 
+ La + Ma) OVA (I): OVA 
Io + Jo + Ko + Lo + Mo + No) A + Jg (A) + Err, 


+4 
| 
-++ 
-+ 
-+ 


( 
( 
(Д 
( 
(Ја 
i 
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with Err = V(r °T -0S A) +r 9р52(Г,.051А)--ғ Тә((Г,-Г,) A). Recalling the definition 


of Q(A), we write 
Guys OV.A = QUI) — 0, 9 V4 05A. 


and therefore 


(у (0%, OVA = ()VQ(A) zu A ( (VC) © ху, А 
—C,9VA-—(OVC,)A, 
Oy, OV, OVA = (9% 4Q(A) =O OV, OVA = CoV iA 


— (9 V,C1 © VA — (© V4C2)A. 
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Hence, 
(0,ДА = 47: 9 VQ(A) – 2tr x OV,Q(A) + VQ(A) 
+243 OV, OV3A + Za VIA + Zas Va (УзА 
JST ALT OY At ZA + Err, 
where 
V = [33 + J33 + Кзз + Mas, 
and 


2а = Is Jas Lag + Cy (trX + trX) 
24 = + J+ L+ Cy (trX + trX), 
Zag = Tag + Јаз + Газ + Моз — АС), 
23 = В+ Js Кз + Із + № — An OVC, + OVC; (trX + trX) 
-СІ (133 + J33 + зз + M33) + J3, 
Za = Jat Lat М, —4Con— *J^, 
Zo = ++ Kot Lo t+ No —4n- ОУС + OV ACs (trX + tzX) 


—C (133 + J33 + Кзз + Maa) + Jg. 


The Z coefficients 


We now show that with the choices of C; and С» given by (D.4.3), ie. C; = 2try + C 
Cy = 5? + C all the Z coefficients are O(|a|). We denote by O(|a|r-*) any function 


which vanishes in Schwarzschild, such as multiples of rj, n, (try, *p, and has a r^ * fall-off 
in r. 


We start with Z43 and Z4. We have 


Za = Is Jas + Las + Cy (trX + trX) 
1 —- — 
= (97:01 + 5 (trX + tEX)C — trXtrX 


= OW 3(2tr x + С) + (2trx + Сдах — (try? + try?) 


= —(tr x? — Огу?) + OVC, + (2tr x + Сп) x — (tr x? + try’) +r T, 
= OVC, уС +r Th 
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24 = I, + Ja + Lat Cs (trX + trX) 
= 1 == 
= (97,0, + (tX + trX) Cy — ХИХ С! 
1 ЖЕ 1 Ре 1 a 
= OV, x? + à) + (54 х° + à) 2tr x — 1 (2tr x + C1) (tr x? + (try?) 


1 е 
= trx Б — try?) en) + OVC 


1 В 1 = 
+ (s T &) 2tr — q(2tr x + C)(trx? + try?) 


eee 2-2 1 "E 
— ONC, + 2tr xC» — Дш x? de (try?) C, + rT). 


From the above expressions we clearly see that Z43 = O(|a|r~°) and Z4 = O(|a|r~“), and 
the error terms are of the same form as Err. Indeed, 


rp, OV,9OV3A+r °T OWA =r 7D, - 031 OVA = г Гь: 09?(A, B), 


where we used the Bianchi identity for A. 


From the expressions above, we immediately have that з and 2, are O(|a|), and are 
given by 


Za3 = laa + das + La + Mas — 4Cın = O(|a|r ?) + DST, 
Za == Ja + La + Ma – 4С — ЕЯ = O(la|r ^) +r ST, 


The error terms are then given by 


oSIT, OV, OVA Fr SD, OV A =r ІТ, әзі OVA = p7?0SIT, - 057(A, B), 


as above. 


Finally, we consider the coefficients Z4 and Zp. In particular observe that, according to 
(D.4.3), we can write 


1 
Сү = 2tr x + O(la|r ?), Cy = 5 tt x” + O(lalr ?). 


818 
We therefore have 


227210 
ТЕЛ 
GAVA (c VC 


(95725 


Av С; 


(ev (c Nath 
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= -tr xtr x + 4p + O(|a|r~*) +r "Ty, 
= <tr x? + O([a|r 3) +r—“Ty, 
= trytrx? — Atrxp + O(Ja|r ^) + r ?Ts, 


1 

= ш. xtr xX + 2tr xp + O(\alr~*) +r °T, 
1 

= R4 + O(Ja|r*) -- r?T', 


3 
ТШ xtr x? — 3tr 2р + O([a|r 9) + r ?T,. 


In what follows we omit the error terms as they are of the form Err given above. We 


compute 


1 
Il = —©VW3(2p) – 2tr x (2p) — gt хіт + 2tr xp + tr xtr x? — Atr xp + O(Ja|r ^) 


1 
= ait xtr x? — 3tr xp + O(|a|r~*), 


А = —2trx (9 x) + (tr де) + (ir) x) + O(Ja|r-^) 


2 


23 
= = хіт? = 10tr xp + O(\a|r~*), 


2 2 


5 5 5 
Кз = Ov,Ov, (-2 x) + 2try Vs Ga x) + ztr x(—tr x^) + O(|a|r ^) 


2 2 


9 1 1 5 
= -- (ду; (-2ехч x+ 2p) — 5tr X ЕЎ + 2p) + 2 x(—tr x?) 


*O(lalr7*) 


2\4 


ae " 
= Seat ux 


|a| 


1 1 
—try | —=tr xtr x + 2р | – 3tr xp | — 10tr xe + O | — 
2 4 ре E А гі 


5 
= c x^r x + O(la|r ^), 


1 1 
Із = -9UX (бо — (—tr xtr x + 4p)) + O(Ja|r ^) = zo xtr X^ — tr xp + O(Ja|r ^), 


Ns 


2 (—OVatr xtr x — tr x © Vatr x + 2 9 Va) + O(lalr~) 
2tr xtr x? — 10ptr x + O(|a|r ^). 
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We compute 


Па = 3P — 5P +4n- 7 —2|n? + 9 V4(C1) = —tr xtr x + 2p + O(la|r ?), 


= 
| 


НИНЕН | 8 = EN 
— (trX + tzX) с^ +2trX)+ ©D - H +2H - H = —5trxtr x + O(la|r ?), 


ES 
| 


1 — 5 
29V; (-3"x - жх) = 9 xtr x — 10p + O(la|r 3), 


M33 = 2 (4H + H+ H) d n = O(|a|r ^). 


We compute 


3 | 
hb = OV, OVC = ri xtr x? — 3tr x?p + O(la|r 5), 
1 5 
h = —2tr x( (9V, (tr Хх — 2р) + str x(4p)) + Gis (tr Хх — 2p) 
--O(la|r ?) 
1 
= -2” хіт X? — 9ptr x? + O(la|r), 

1 =_= 5 
Ky = — (-5«x — жх) уо —qir xtr X? + O(a|r~), 

2 1 1 2 (с) —5 
Lo = —2trx“pt+ 9t X(-5tr xtr X^ + 2trxp) — 2trx ^ Va(p) + O(Ja|r ^?) 


1 
= ui xtr X? + 2try7p + O(|a|r ?) 
№ = Фу; (9%; (—tr xtr x + 2p) + 2trx OV, (—tr xtr x + 2p) 
1 1 3 1 
= = xtr x + 2p)tr x? + 2tr xtr x(-5tr x)- 5(—5tr хо) х — 5p(—5tr x?) 


1 
+2tr x (tr xtr x? - 5ptr x) + O(la[r 3) = 2 xtr x? + 2ptr x? + O([a|r- 5). 
We finally obtain 


1 23 5 1 
Z; = 714 хт x? — dtr xp — x xtr x? — 10tr xp — 1" хат х = 9 xtr x? — irxp 
+2tr xtr x? — 10ptr x + 2tr x(—tr xtr X + 4p) 


5 
—2tr X (-“ xtr x + 2p — Str xtr x + 27 xtr x — D) + O([a|r ^) = O(Ja|r*). 
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3 1 5 1 
Zo = 27 xtr x? — 3tr хар = ait xtr x — Optr x — 17 xtr x + 2tr x7 = ri xir x 
2,1 3 1 2 
T2ptr x^ + ~ xir X” + 2tr x(— str xtr Х + 2tr xp) 
1 5 
urs (^v Xtr x + 2p — 5btr xtr x + 27 хі" x — 109) + O(|a|r—*) = O(|a|r7°). 


as stated. This completes the proof of Proposition 


D.4.2 Step 2. Derive the wave equation for Q(A) and q 


We use the previous two steps to derive the wave equation for Q = Q(A) from the 
Teukolsky equation for A and the commutator |), £]. 


Proposition D.4.3. Let Q = Q(A) € s» as in Proposition Then Q satisfies the 
following wave equation: 


0 = (0X) VsQ + (ҥХ + FX) VQ — (4H +2 H + 2H) VQ VQ 


(D.4.14) 
— Lg(A) + Err|L1Q], 
where 
V- m xtrx + Е try (tex — Ap — 4N -1 
2 = 2 = = | (D.4.15) 
+i (—tr x try + (туту +4 +2) ^m) - V, 
and 

ErrLQ] = Q(Err[L(A)]) + Е, £] A] + (Ts  T;) - О. (D.4.16) 


Proof. Recall (D.4.2), i.e. 
£(Q(A)) + 1Q,£](A) = Q(Er[L(A))). 
Applying the definition of the operator £ given by (5.1.2) to Q = Q(A), we obtain] 
[x 1 s 1 
£(Q) = —V4V3aQ =+ ТЛ Е Q) T (-g«x — 2trX — 2) V3Q - 5 TX V4Q 


t (AH + H+ H): VQ (-trXtrX + 2P + 4n- — Ain An) О. 


!Recall that Q(A) is of conformal type 0, therefore all conformal derivatives coincide with the non- 
conformal ones, see also (4.7.6). 
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Using (D.4.4) of Proposition |D.4.1| equation (D.4.2) gives 
\ E 1 — 3 — 
—V1iV3Q + 22%? : Q) RE (-5«x = жх) V3Q — (Sux + ax) V4Q 


+(4H+ H+ H+4n)-VQ+ (Хах +2P+V +4n-n-4in An) Q 
= —Le(A) + Q(Err(C(A)]) + Err(|Q, СА]. 
Using the formula for the wave equation (4.7.12) applied to Q € s»(C), i.e. 


. TE 1 1 
2Q = —ViV3Q + rS Ы Q) + Е = jx) V3Q m 9 tX V4Q + 2n : VQ 
1 NONO ТЕ 
+ -2”хих-ҙ try “try — 29 | Q- 2i ( "p—m ^m) Q - (D: T9) Q, 


we obtain (D.4.14], with 


1 1 
V = — str xtry — 5 try try — 2p + 24 ( ‘o—nAn) 


- (-&XuX +2P +0 &4n- n 4in An), 


as stated. 


We now want to rescale Q in order to absorb the real parts of the first order terms in 
(D.4.14) into the wave operator. The rescaling is obtained through a scalar function of 4 
and q, i.e. 


а = fQ(A) = f (OV3OV3A + Cy OV3A + СА) € (С), 
with О, and C given as in Proposition [D.4.1] 
Proposition D.4.4. Let f be given by 
f=. 


Then q = fQ(A) € s2 satisfies the following wave equation: 


ha О Vra- Vig = LJA] + (85080) +r: 0 Q), (р.а) 
where 
Wo fUDQ) V, (D.4.18) 
L4A] := —fLe@(A), 
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Proof. Let f be given by 


Using Lemma |3.4.1| we deduce 


n— m 
V3(f) = (Fax + тах) 7 4 pp. 
n т 
Valf) = (Sex + а )ғ+ rri тар 
uM m | Ty, TL | т КҮ” 
Vf = (SH+SH+5H+ 2H) рът", 


We obtain for q = fQ from (D.4.14), 


dq = (NQ + ÓQ) – Vaf VQ — Vaf VQ --2V f - VQ 
= «(00 


-(25Х/%0 + (eX +X) /V4Q — (4H +2H & 2H) fVQ + fVQ) 
P (сх + тх 2 г) PEL (сех d ТЕХ + a) fV3Q 


(риат рна Her, pvo (те) варь) 


2 


which gives 


т, Tn .——— 
1--- as 


; ех) fVAQ + (-5ux +0-5 ех) fV3Q 
t ((m —4)H +nH + (n-2) H - (n-2) Н) f- VQ = (f)+V) q 
+/( — L(A) + Ет [ГЬ] + r'r, ә0). 


Aq = (@- 8X 


Observe that the real part of the coefficients of all the first derivatives are multiple of 
m+n — 4. To cancel the real part of those coefficients we then take m = 4 — n, therefore 
for f = (q)"(g)^", we have 


hq = (üa- DeX-a0- 26x) fviQ (ах + SEX) /%0 
+ (пн +nH (n -2) H 2 n) F) f: VQ (f DG) - V) 
+/( — Lo(A) + Ет [ГЬ] + rT, - 2Q) 


if(Q — n) (try V, + n tryV3 + ((—2n) *n + 2(n — 2) *n) - v) 


+ (£740) +) а+/( — Lo(4) + Err] +T, - 0). 
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Using, see (4.1.14), that 


4 0 
(4) түеҙ + (туе + 2(n +n) - *V = "аа ты» 
ш ~ q 
we obtain for n — 1, 
‚ „4a cos 0 » is 
ч = if Ved + (£040) +7) а 


as stated. 


We now analyze the error terms. We have 


ЕО] :— f (Ex 19) +T; 220) 

= f (QE CA) + Err[[Q, ДА] + (Te - T5) -Q T, - 020) 

poen qiti Bop 
+S (Ta (A, В) + Уз(т7°2Гь 02А) +r "o(s: Ty) A) 
(Гь -Г,)-Ө+Гг,- 020), 


which gives 


Err[Lhq] = r?o**(T,. (A, B)) + Va(r?o*?(T, - (A, В))) 
+01 (T, - q) + 1205? (T, - T, T3), 


as stated in Theorem [5.2.9 


D.4.3 Step 3. Reality of the potential and lower order terms 


Observe that in order to obtain equation (D.4.17| for q we only needed so far to impose 
that С, and С» are given by (D.4.3), i.e. 


ae 1 ~ 
C, = 2trx + C5, Cy = gt X + Co, 
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with C, and C; are complex functions satisfying C1 = O(|a|r-?), C3 = O(|a|r-3). 


To complete the proof of Theorem [5.2.9 we need to show that there exists a choice of 
complex functions Сі and С» for which the potential V is real, the scalar Z43 and the 
one-form Z,3 are real and the one-form “із vanishes. 


We have the following. 


Proposition D.4.5. Let О, be the complex function with Су = 2trx + C. Then 


1. if 3(C,) = —4 try, then 


e the potential М, as given їп (О.4.18) is real, and is given by 


a 
V = —tr xtrx + о(4); 


e the scalar Z43 and the one-form ез are real; 


( (a) trx)? 


2. if R(C,) = —2 


are given (in the outgoing frame) by 


, then the one-form 213 vanishes. Moreover, Vi, Z43 and Zo3 


4 т? —2mr + 2a? 


y= 
|o al? p 
4 2 20 
Fas (2r* + Amr? + a?r? + 2a? cos? Өт? — 2mra? cos? 6 + a^ cos? 6), 
r iq 
(а) try? 42: 4a?A? cos? 0 
2а = Ot + ——)-2 Gg = 
43 rx? ( + ry? ) TX 2 ТЕШ 
8a sin ӨЛ 
Zug S s 
lal 


Proof. Неге we compute S(V1) = S(f7'Og(f) + V). We start with the following. 


Lemma D.4.6. Let f = qd?. Then 


SU TER = —3try try + 2tr x try +2 *p + deut use *т) — 107 ^ n t rS T, 
R(f Df) = —b5tr хх —2 (try ery — 4p 
+2div (n — n) + 3(\n|? + Inl?) + 147-7 + СТІ, 


D.4. PROOF OF THEOREM [5.2.9 825 


Proof. Using that 


| d 
YO = (Sax + зах) + Dy = (2tr x — i ау) f Гь, 
: EX 3 ; (a) 3 
Vaf = pu deo UE ftr Г, == (2tr x +1 try) f 9r Ds 
i Eus 3 4 „(ож * 4 
л с 5H) Т, = (20-0) c i(n— *9) РГ, 
we deduce 


VaVsf = (2Vatrx — iV try) f+ (2:x- i try) Vaf + ror, 
= (2V4trx—iV14 try) f+ + Qux — i try) (2tr x +i (у) f 4 т?оГь 
(24% (n + n)  idiv (*n — *n)) f (2n ti = 79) Vf x nr, 
= (2470 (7 +n) + idiv ( *n — *n 
+ (200+ т) +i(*n- * л). (2( 


Af 


(nt+n)+i(*n- *n)) f +r”. 


Using Lemma applied to a scalar function, we obtain 


1 1 
зул) = -SU7 vivan = sU vf) (- ух) 9 van 
TS(f  Asf) +2п-®(/1У/) 
= Wa try — 2tr x (try + 2tr y try - six (try 
— (2. — x x) try +div (*n— *n) 


Ht (n— 0) + 27: = rT 
= —3trx ery + 2tr x try 432 *p+div(*n+ ^W) = ОА 
^r 101г, 
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where we used the null structure equation for V4 try. Similarly we have 


Rf Df) = (7 ViVaf)- ах af) + Е - str x) Rf 1 Vaf) 
IR Ао) + 29 R(f TVS) 
= —2Vatrx — 4tr xtr x — (try try — ju x(2tr x) 


| 2 


1 . " * 
+ (2«- jx) (2tr x) + 2div (n + n) + 410+ nl? —|*n- *n 
+2) - (2(7 +) 
= —btrxtrx 2 Mery try — 4p 
+2div (n — n) +301912 + |n) + 14n- n "T 


where we used the null structure equation for V tr x. 


We now compute S(V) using (0.4.15). We have 
S(V) = -try try + @érytr x +4 'pt2n^m— S(V), 
and 


S(V) = S(I33) + (з) + (Кз) + S(Mss). 


Using (D-13), (D-1-10). (0112), and (D-1.13), we compute 


Із) = 8 ‘o—8nAn+ Ov (СІ), 
S(J33) = —3tr x try — 2div *n, 
3 
(Кз) = -3 (Ov, try = ui (убт x+ try try) +6 *p— 6div “n, 
(Мү) = S(2 (4(n +i *n) + 20) : m) = 0, 


which gives 
А 3 = 
S(V) = 9 trytr х= tr x try) + 14 %о— 8div “n — 80 ^n + OV 49(C)), 
and 


5 A 
S(V) = E X 1791 — tr x try) — 10 "p+ 8div * + 107) An — (Oy (С). 
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Combining the above with Lemma |D.4.6| we finally deduce 
SV) = Sff) + V) 


1 —- 
= = x try + tr x try) — 8 “p + div ( *n + *n) + 8div *n — Әу, (СІ) 


+101, 
Using that, see (3.4.2) and (3.4.2), 


tr x try + try (try rT, 
div(*n+ *n) = r wn, 


we deduce that in order to obtain S(Vi) = 0 we need to have 
Әу (СО) = —8*p-— Вай *n + rS T. (0.4.19) 
Therefore, if S(C1) = —4 GREY, relation (D.4.19) is satisfied, and V; is a real function. 


( (try)? 


We now explicitly compute Vj for R(C1) = 2trx — 2 m 


. We have 


" 1 1 4 
ЖУ) = 27 xir xX + 2 (tex try — 4p — 4n: n — ЖУ), 


and 
ЖУ) = (I) + (Jas) + (Каз) + Ж(Мәз). 
Using (0.4.9), (б.4.10), (0.4.12), and (0.4.13), we compute 


R33) = —2p — 2n: (n — 2n) + OV48(C;), 


R(J33) = —Str xtr x + 2div n + АЛЕ 
5 5 
R(K33) = —5OVstry = әш ХХ — 7 (у try — 10div n — 10|n|? — 10р, 
R(Ms)) = (20 (4(n- i *n) + 29) = 8In[* + 41 - 1, 


which gives 


^ 5 5 
RV) = OV,R(C)- gt xir x — B (у (try — 12р – 8div + 85 - n, 
and 


RV) = 3tr xtrx+3 try (у + 8p + 8divn 12]-1]— (9v AR(C)). 
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Combining the above with Lemma |D.4.6| we finally deduce 


Vi = RM) =R Of) + 0) 
= —2trytry + try try + 4p + 2div (n — n) + 3n + ||?) + 27-7 


+8110 7 = (9v (C4). 


Using (3.4.2) and (3.4.2), we obtain 


И = —2tr ytrx+ try try + 4p + 8div n + 6[n? + 2n -n — (9 v (Сл). 


(a) 2 
For (Ci) = 2trx — al m , we have 


(try? 
Owv,R(C,) = 20V,rx-20v, no 


(@)tr (а) т 2 
= 20V,rxy-— күтү E (vr, (у +2 : X (V itr x 
X rx X X 


TX 


. (try 
= іх + try Mtry + 4divn + A[m? + 4p — gom (2curl n + 2 *р) 
X X ATHY rx Ji 


(@)tpy2 
9 МХ (-5 xtr x + : (tex (try + 2divn + 2\n|? + 2p) : 
tr x? 2 = 2 = 72. 


We therefore obtain 


М = -—trxtrx + Adivg 4 2|nl? + 27: 7 
(@)tr (ар 2 (ар 
+——© | Ptr х= x (ту — _ a (4div n + Am + Ар) 
tr x = irx irx E = 


+8curl n + 8 *e : 


Using the values in Kerr given in Section we have 


4r2A . 4a^*sin? 0 cos? 0 


V = = + 4410 n 
! 416 lal? 5 
0 f AaA cos 0 0 
as ( 2 " a (4div n + 4|n|? + 4p) + 8curl n + 8 D 
r r|q = = = 
ДГА: 7? = 97 cos 0 ac 


= 4div n — = 8curl т 
Л; л КЫ 


Да? сов? ( A аїѕіп? Ө cos? 0N 4асов@ (acosé 09 
ч qr TER 


j 
r2 
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By writing 
1 
divn = e(m)t An = ie cos? 0 + 1)a?r? + а? cos? 6(—3 + cos? 0)), 
E Е = q 
0 
curlin = е1(7,) + An, = CX + 2a? cos? Өт — 4а?т), 
E = T q 
we obtain 
1 2(r2 2 2 1 
1 = (r PR ui | Т ((—3 cos? 0 + 1)a?r? + а“ cos? Ө(—3 + cos? 0)) 
2 20 
ue C^ + (cos? 0 — 7)a?r? — 2a^ cos? 0) 
reid 
2 20 2 20 
- EZ "s nar (10mr? + 2ma? сов? 0) 
262 __. 2 2 2 2 2 6 
ET (r 25 ta ae р (8nr? — За?т? + a? cos? Өг? — а“ cos? 0). 
q reid 
Writing 
1 r?—2mr+ 2a? 
ae 
22 (r* + 2a?r? cos? 0 + а“ cost 0) (т? — 2mr + 2a?) 
i ПЕ r? 
B r?(r? — 2mr + 2a?) 
|416 
а? cos’ 6. , 3 2,2 2. 259,42 2. 2 42 
"ge v — 4mr" + Aa*r^ + a^ соѕ“ ür^ — 2mra* cos" 0 + 2a^ cos" 0), 
T*iq 
we obtain 
1 1 or? =2mr+ 2a? 
zy = 
4 la? r? 
а? cos’ 6. , 3 22 2. 259,2 2.2 NE 
— ms 02" + Amr" + ат“ + 2а сов“ Өт“ — 2mra^ cos" 0 + a^ сов” 0), 
T'iq 
as stated. 


Recall from Proposition |D.4.1| that 


ИЛЕ = OVC, + tr хел. 
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In particular we have 


S(Zu) = Ov3S(Ci) + tr XS(C1) =r Ti 
~ ~ (a) 2 
if (CA) o try for any n. We can also explicitly compute for (C1) = —2\ и А 
(a)tr 2 (a)tr 2 
trx = trx 
(a)tr (a)tr 2 
= —4 à (Oa try +2 X (OWstr x — 2( tr)? 
trx = trx ка = 
(а) ту try? 
A a A 2 a 2 a 2 —2 
= —4 Bx (—tr x‘ try) — tra (trx = try’ )- 2( try) +r Гь 
(а) ту 


We now consider з. Recall from Proposition |D.4.1| that 
Zag = Ias + Јаз Las + Maz — 4Cin, 
with 
Із = 2 9%Уз(п — 9) – (2C1 — tr x)(9 — 2) — Фах "(n — 9) 
Ла = 29 V5n —2V (Cy) + 2Cin + tr x(87 + 27) — 2 (у “n 
+i (4tr x "rj + 2 tryn + 2trxn) 
la = —2(tr x -% try) (7 — 7) 
Ма = 20V;(AH- H+ Н) - trx (AH + H+ н) + Әх (AH - H+ н). 


We compute 


S(La) = 2®trx(n- n), 
(Мз) = S(2 Vi (4n 4i *n) — tr x (47 + 4i *n) + try * (4n + 4i *n)) 
= 80Vv,*n— 4tr x *n—4 (9 тул. 


and, recalling that (Сп) = (Сі), 


(Газ) = -2S(Ci)(n – n), 
(Ja) = —2 (ON GC) + 23(C1)n + 4try “n+ 2 (гут +2 “гул. 
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We therefore obtain 
(2а) = -20v9(01) — 29(Ci)n + 8 9937. 
Using that, see (3.4.8), 
Va 9+ irxy "g— (гул exer. 


we deduce that in order to have S(Z,3) = 0, we need to have 


OVS(C1) + S(Ci)n = —4(tr x *n — (try) T oT, (D.4.20) 
Observe that, using (9.4.10), i.e. 
3 1 
V(Mtry) = – "(п +n) + ztrx( "n *g) +r Ty, 


we obtain 
OAV (try + (сут = V try + trx (n -Q 


3 a 1 * * a = 
= -5 н +) + zt x( n= *n) + Qtx(n- C) +r T, 


1(4 За 1 EM - 
= 2 "ye oe Ж ne *n)+r pt? 


= irx'n— “гут + pp 


where we used, see (3.4.8), that trx( *r + *n) — Ctrx(m — n) = rT. Therefore, if 
S(C1) = —4 (try, relation (D.4.20) is satisfied, and Z,3 is а real one-form. 


We now consider X(Z,3). We compute 


R(Las) = —2tr x(n — n) 
R(Ma) = 4 Cave (2n + п) = try (47 + 2n) + try H (4n + 2n) , 


and, recalling that (Сі) = 2tr x + $(C;), 


(Г) = -20V3(n— m) — CRC) – trx)n — т) — tx *(n— m 
= —2®%Уу(у— n) — QR(C1) + 3trx)(q — n) — try "(0 — 9) 
B Jag) = 2 (vam — 2 (OV (C4) + 2R(C1)n + tr x(8n + 27) — 2 try "n 
= 209% – AO Vtr x — 2 VR(CI) + 2(2tr x + 8(C1)n 
+tr x(8n + 29) — 2 try “n 
= 29V; – 4 OVtr x —2 (OV (С,) + РН (ӨЛІ) + tr x(87 + 6n) - 2 Әу "q. 


аа ыш. 


n 
7 
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We therefore obtain 
R(Zas) = —2OVa(y – 1) — (AR(Cr) + Зі) (у — 9) — try “(9 — n) 
+2 © Vn —4 (уту — 2 (09У (Сп) + 2%(С\)т + tr x(8n + б) — 2 try “0 
—2tr x(n - т) +4 OV, (2n + п) -trx (4n + 2n) 4 try Ы (4n + 2n) 
—A(2tr x + R(C1))n 
= 6(9%3у + 8 OV 3n — AO Vtr y — 2 OVR(C1) — 2:8 (C1)n 
+ x(3n — 3n) + (Әу * (3n +7). 


Using the null structure equation for (OV am, (3.4.8) and (3.4.10), we obtain 


1 a * * a * 
R(Za3) = 6( — =trx(n— n) + 2: try ( i= п)) + 8(—tr xn — ( try n) 


3 1 — = 
-4(— Strx (1 +n) — 5 try (*n — *n) + tryn) — 2OVR(G,) — 28(0:)n 
+tr (37 — 39) + try * (3n +n) +r Ts 


= -20wvm(0)- 2R(Ci)n + 2try (n — п) +2 trx( *n — 3 *n) + rT. 


Observe that 


try? try? (try? 
Oy X|.v к Е 
тх tr X tr X 
(@)ty 2 (@)ty 2 
ы жұғыш 
tr x BE x 
(try? (а) (@)try2 
= A ry yo try +n a 
t = tr = = trx 


Using (3.4.10), we obtain 


(try? 3 1 
- 3E estende а) 
2 (а) ту 3 1 (а) тұ? 
ТІ С) lo xy * X xp 
Ц тх ( 2 x(n +) + 5 rx( n ») +7] тх +т Гь 
(try? 1 3 1 Cn 
= Иш n | | — Ta * on ж ж -2ү 
trx E и) 2 tr x? ( п п) + rx ( 1) nee b, 


D.4. PROOF OF THEOREM [5.2.9 833 


which implies 


= E (50 = Sn) + “try ( y — *n) 5 y (“4- *n) +r °T, 
Therefore, if (СІ) =—2° и , we have 
R(Zas) 
= 4( OV ( | x M) H 2tr x (n — n) - 2 9try( *n — 3 *n) +r 1D, 
= CE (a p) t eC + FEE Cn ә) 
+2tr x (n — п) +2try( *n — 3 *n) + rT, Г 
Te ES US LT ("n= *n) + 2x (0 т) 2 98x C^n m) +r T 


Evaluating the above to e, = e; and using that yj — y, = Гу, “m+ *n, = Гу, we obtain 


(@)try? (ату 
m a. aw * —1 
R(Zui) = -4 fey т mtr bh 


+ rT, = r 1T, 


Е X ( a? sin 0 cos 0 ШАД e 
lal? r laf 


Evaluating the above to ea = e2 and using that n2 + n, = lo We “n, ern 


try? 
R(Zo3) = 8 x n, + 4tr xn, — 4 их "sep s 
а cos 0 2aA cos 0 ar sin 0 2rA ar sind 2aAcos@a*sinOcos6 ^ 
= 8 1 — +45 goce л a EF Ts 
r lal lal lalt 14 lal lal 
_ M S гг 
q 


as stated. 


We therefore deduce the following intermediate theorem for the gRW equation. 
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Theorem D.4.7. For the following choices of complex scalar functions Сп, C», i.e. 


(a) try? 1 ae 
X Mr, = ‚г? + ©, (D.4.21) 


where Cy is any complex function satisfying С, = O(\a|r~3), the invariant symmetric 
traceless 2-tensor q € $2(C) satisfies the equation 
‚4а cos 0 


Jq — ip UU -Vq = L4[A] + ЕНГ, (D.4.22) 


where 


e The potential Vi is a real scalar function given by Vy = —tr xtrx + D. 


—— 


• Г.А] is a linear second order operator in A vanishing for zero angular momentum, 
given by 
-Lj4| = eP|Za ӘУ, OVA Zs V: 994 


+7, OV4A + Zs (OV4A + Za ӨУ,А--24|, 


where in the outgoing frame 

РИ Да? A? cos? Ө _ Sasin0A 
"ж" 7 М 
and 24, Z3, Га, Zo have the following fall-off in v: 


Z,-O(llr*) ^ Z3 = O(lalr™), Za = Ollalr™), ^ Zo-O(lalr?). 


e Err| 29] is the nonlinear correction term, which is given schematically by the ez- 


pression 


Ет] = r?e**(T,- (A, B)) + Va(r?o??(T, - (A, B))) 
+051 (T, - q) + 72907? (Ty - T, T3). 


Observe that, by expanding the conformal derivatives, the linear second order operator 


L4[A] can be written as 


—— 


-ҺЦА| = qq? V4V3A + 2Z93V2V3A + И УА + ИЗУЗА + W,V4A + ИОА |, 
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where W4, W3, Wa, Wo have the same fall-off in т as Z4, Za, Za, Zo respectively. 


We now combine parts of the potential with the lower order terms LJA]. In particular, 
we can write 


2 
E лыт [V3V3A + O(r")V3A+ O(r~*) A] 


—4@ 7,97,4--2,977А--М/, ViA+WaV3A+W,V,4A + ИА 


2 
—4@ [2а (My, + V4) УЗА + Zo3V2V3A 


+W, V4A + WsV34 + W, Va A + WoAl | 


Using that with the outgoinng normalization of (es, ел), 


1 A 3 
( 64-1 a a) == Шен EA 


2\r2+ a? r? + а? r? + a? 
and e = oT Vm + Шаш V 2: we obtain 
lal? TOP E r? +a? asin 0 
—A 28 q-LjA] = -adP[(2Zas A + 223 id )УтУзА 
а 1 
+ Zia + Zn sind an 2)УаУзА 
+Wa V4A + ИЗУЗА + W,V4A + WoA| 
8а2А 8aA 
= —4@[ ен Ут УЗА + raga Vy: 


7 |4 
+W, V4A + WV3A + W,V,A + WoAl | 


where we used the values of Z43 апа 2з obtained in Proposition Combining the 
above with equation (D.4.22), we finally obtain 


20 — Тж ы (Vi + 24) q = Lal A] + Err| 29], 
where Г. [А] := =B. Zi q+ L(A], is given by 
рва 8aA 
—L4lA] = qq’ | 7214 ри —VzV3A 


7 |^ 


+W, УА + WaV3A + W,V4AÀ + WoA]. 
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By defining 
ШЕ фес y, 4 Hz 
: + 448 
2 2 2 cos? 
_ 4 r* —2mr + 2a | 4a cos ee | 6mr + a? cos? 0), 
|412 r2 lal® 


we finally completed the proof of Theorem [5.2.9] 


D.5 Proof of Proposition 


D.5.1 Preliminaries 


We make use of our gauge conditions = = 0, H = 0 to derive the following linearized 
equations. 


Lemma D.5.1. We have 
ODIrX = 2iS(trX)(H — Н) +т-1Г,, 


(D.5.1) 
()DtrX = —2trX H + rT}. 
Also, 
ODirx = 2iS(trX) Н + r T,, (р.5.2) 
ODirX = —2trX(H — Н) +r T,. Е 
Proof. Since trX = Ina --Г,, and Z = IS + Гу, we have 
= тэ и 2А 2А 
©р@ Х) = DuX-4UuXZ-D ( a | г.) | (; a | г.) (eia er.) 
q q q 
2A 2Aq ag ~ Е 
= »( JE Sr 
[1 al^ |41 


Since Dq = —aj + rT}, DG = aj +1Ty, D(A) = r?T,, we have 


24А 1 
D (1%) = 2AD (с) -т-Г,-2А(-47%477(4)-24 %417(0)) +r T, 


| 
UR 
М 

Э = 

ә 

"a 

ial 

+ 


|. 2адА (2 = E 
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which gives, using that H = A+ IR ; 


Tm 2aqA (g-—2q\. 2Aq aq, _ 

К a (T | ii am ВЕ. 
_ 2agA (d— 4A. | аһ о "M 
= ЕТЕ Str T,-2iS(teX)(H — Н) +r T,. 


Similarly, we have 


©р(Х) = DtrX +trXZ=D (23 n ax) 4 E + ЄХ) (222 $ 2 
q q q 


E ( T 4 TL Jm + DirX + trXZ + uxZ, 


and 


24А 1 2j 
D( 1 ) = 24D (а) + SE D(A) = 2A( — a7? q-?D(g) – 24737 D(q)) Г, 


lal? lal? 
2А 20 2А 20 
2а4А 4- 24, i ы-і 
= = ^4 10 Ет ГУ, 
which gives 
c Дад? A A Е 4AG а, Е 
| "D(trX) = ar +r gi = в. (3) JT gy 


—2trX H + P 


as stated. 


We next calculate, using that tr. X = =; +Г,, and Н = Й+ 52 


2 2 
Рых —trXZ =D (-2 ey) - (-2 +r) (ais rs) 
q q ІП 
EP 2 2 
7 -( рег, = Бе 5371 


D(trX) 


ШЕГЕ Pg, 41412 


2 " 
= ait 29 trop, = —2trX(H — Ñ) 4 eT, 
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Similarly, 


__ "I 2 2 
©р@хХ) = DIX -XZ =D (-: 4 r,) = (-: + r,) СЕ +I 3 


2. 2a 2 2a 
= ui 3E gm trs = oo F ia" +т!Г, 
2a. 2a 2. 2 
= - 25+ „е > 7)23 4 rir, = 2/9 (trX)) H 4 LV, 
q T аа 


as stated. 


Lemma D.5.2. In the frame for which H = — Gv we have 


VAH + trX H = FD. 


Proof. Recall that we have, see Definitions and 4.1.5) 


Ag, дА | 1 
У = –Г8 +7 "IS Vaq = 192 E ЕП trX = 148 4 TES (OV ,g = gd Tg. 
Hence 
V Ag 
Vil = V. (-3) Tec (- 134 E. 
q q q \ Ia 
Е aA айлу, ә. 4А(1, g 4L pep 
21,2 | д) ТТ ig 24221 214-771; 
4 un q|q| lal? a? 4191 
aA q E 
= My pr L 
2Ag 
= ЕГ Н+т?Г,=—иХ Н +Ет?Г„, 
q 
as stated. 


Proposition D.5.3. The following equations hold true. 


м ]——- l^ x 
OW,H + -trXH ——B—-X.H-crT,, 
2 | m (D.5.3) 
Oye = = Кыйы Кг ai 


Also 


©р(ҥХ) = 2iS(trX)H +2B + OD-X + rT, pea 


ODrX =-2B+ 9D X + 2iS(trX)8E +r 1T,. 
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Proof. Recall that H verifies the equation 
© К l$ (HH 
МАН = -3uX(I — H) - 5X (H — H) - B. 


Writing H — Hd 925 апа H = — £43 we deduce 


lal? 


к 1 21 1 = is. = 
OV H+ ov, (Eza) = —-trXH – ax (ta | Ta) — Ha Bee Ly 


la? 2 2 la?" — |q?? 
Or, 
Оу йа БУЙ lx Hug 
Vill + ОШЕН = -B- LX. Hor?Dn-E 
l-— d aq 
Е = өз, (222) + ax( gu 3). 

ДЕ 2 la? lal? 

Using 
Ag 94А 

Vas = gie tI Te Wat = | 2 +I trX = iq? the 


we calculate 


E 


| 
т 
5, 
S 
жт- 
| 
м 


ау a Ig = аЛ aq ad. 
J+=(- J+r Py) + (с te EISE 
q 44144 Е ge (op ар) 


а А аА ЯЛА ад aq ) m 25 
mE — | J+r Г, =r T}. 
( 1 142 |44 aP Ча? ue А е 
Similarly the equation 
© Oy, x l$.(H-H 
УЗН — “МАЕ = -3"uX(H- H)-5X-(H - Н) +B, 


takes the form 


]——- 
(ONE = -guXH -B+r 8 


=== 
av. (3) + (S34 224). 
q 2 q М 
2 


1 
СЕ Og = 73+ "Гь, ea(q) = —1- тГь, 


Е 


Using the relations 
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we deduce 
E = -5(-1+90)а+ 2 (arn к (—; | nc ELJI = таг, 
q? а Х4 2X wq 7974-04 | 
and thus 
Ove = -ЕХЙ-в- Х.т 


as stated. To derive the equations for tX Я trX we start with the corresponding Codazzi 


equation written in the отр] 
DirX + irXZ = 2iS(trX)H +28 + OD - X + 2iS(trX)E + r7, (358 
DrX — XZ = 2iS(trX) H — 2B + OD X + 2iS(trX)8E + r1, B 


For the first equation, since trX = 222 + Г,, 2iS(trX) = trX — trX = и qm y Г, 


ДЕ 1414 


H = Н+ #43 and = 44 +T, we write 


DirX + trXZ — 2G(trX)H 


— 29A — 20А а - 
= DX + "e )+ (tex + Ima Es +T,) — 219(trX)(H + ae) 
= püX —uo(rxyi + (МА) Чу suy); 2579) 005 
[1 lal* 191 ІП ІП 
+77?°Г, 
— а 29A. 2agA EE 
= Ж шл = ЫХ (ра Sea pt aam. 
[1 4 lq] [1 
Since Dg = —aj +тГ,, Dg = aj t TT, , 
2qA 1 ЕЕЕ НЕ РЕР 
D( a - 2AD( 77) - 2A( =q ^d “Т(а) - 24 Iq ?D(q)) 
= 2q 2aA 2q 2aqA ү 4 2q 
= -5 (20 + 40@) = =3(3- 43) -A (s - 53. 
lal* q ) |414 4 la^ SJal? ар) 
Hence 


D&X-t&XZ-2i9(tX)H = РХ) — 24S(trX)Ă тт, 
= Op(trX) — 2i&(trX)H +r“, 
and therefore 


Әт(аХ) -2i9(trX)É +2B + OD- X +r. 


The second equation in (D.5.4) is proved in the same manner. 
?Recall that (ODtrX = © DtrX — ZtrX, (DtrX = DtrX + trXZ. 
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Lemma D.5.4. The following identity holds true 


ODP = —3P H + ODP + r?T,, 


_ Е , = (D.5.6) 
ODP = —3P(H – Н) + ODP + r^T,. 
Also, 
3 WM КИ 
(Ov, P + ;"XP = МР + 5trXP +r Ty 
Proof. We write P = = 29 + P. Thus, since D(g)e-aj--rl,and H = di 
ы 2m x бт ~ 6m TN 
SD 555 = шке аи 
Similarly, since Dg = аў + rT, and H = Н + rae 
6 = 6 x 
OpP = pg) +DP = (a3 trl ,) + DP = -3P(H — Ё) + DP e PT 
q q 
Writing P — 22 + Ё, Vaq = oe +T, and ЫХ = ra +T, we derive 
3 2 3 2m 
OVP + EXP = vl +В) + gttX Cs + P) 
q 
3 6m 3 dg 2m 
= VaP + j"XP- 7 cc Nap os PE PI 
3 A A бт ‚дА 
= УР + <trxXP -— +T,) 4 +r 
Ша ТТ 9 (gg * 19 
e 72 T 
= WaPo WX Ps. Ep. 
as stated. 
Proposition D.5.5. The following linearized Bianchi equations hold true. 
OV,B+irXB=-ODP+B-X+4+r PT, 
wv. 3 c j - — qla (D.5.7) 
(Ow ,P + eS. Op.B+H-B- qs ES. 


Proof. In view of Lemma D.5.4| ODP = —3P H + OpP + r ?TI,, the equation 


=_= =~ 1 == 
OV,B+trxB = -ӨрРВ-Х-3РН--А-Е 
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842 
becomes 
OW Bux = -UDP НЛ ару, 
Using equation (УР + “тХР = VaP + ХР + т ЗГ, the equation 
(9) 1 (ор. З B= Leg 
becomes 
Ov, b+ Sry” ОР = 5 ls 4,.3 
Var ur = = D-B+H-B-7X-Atr Vg 
as stated. 


D.5.2 Proof of Proposition [5.3.1] 


We start with the Bianchi identity 
1 P A 2 
E ODB — 2 HB – 3PX. 


A, = 
(9V + (2trX + itrX) and we deduce 


To the above, we apply the operator 
l iex Onsale! (ans 
5 “Уа Pek (2trX + 5trX) DOB 


——- 1 
1 ©ху» А, = (2trX + 5ttX) Ay 


Ж і m 
4-20 V;( HƏB) + 2(2trX + ә) H&B 
A 1 ^ 
+3 9Уз(РХ) + 3(2trX + 2X) PX 


= I+J+K. 
Step 1: Calculation of Г. Using the commutation formula (4.2.12) applied to В of 


signature —1, we have 
1 ол 2 (0) =@(©) 
ых DSB + H& ?V,B-- Z8 ÓOV,B 


[9vs, 9p8|B = 
ж ра 1 aot 
—2B&B —trXE& B — 2 -ODB 
Le Lu a M em 
(X-H)&B--X-E-B, 
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which can be written as 


P 1 x P" 
[OVs, 9p8]B = -3trX ODB + Н89у,В 


“ЖА -- 


4 А "E 
+28 ?v,B — 2B8B — trXEGB — ох ODES r725! (T, - Гь) 


where we can write (X -E)B = r-?0* (E, Гь). In view of the equation for 0V4B, = = 0 
and, see (D.5.6), (9DP = —3P H + r?95!T, we deduce 
ESOv,B = E8(-— ODP-trXB+B-X - 3P H) 
= —wuXESB tr °S! (T, Гь) + (Tj - Гь). B. 


This gives 
Әу; ODB = Op&gOwv,Bp- jux ODOB + H&^vjB 
+Err, + 777905 (T, Гь), 
where 
Err, = —2B@B—2trXZ@B— 2 OPE O BS tI <BR. 


Using the definition B4 = (9V3B + 2trX B, we have 
vA (D&B 
= D®(B; – ХВ) – jux ODOB + H®(B, – 2tr XB) 
+Err, + r~705"(T, - Гь) 
= DEB, + HGB,- (2trX + SX) D&B — (2 DtrX + 2trXH)®@B 


+Err, + r7 0®!(Г,. Г). 
This implies 


I 


1 "DRE A 
5 Vs DOB + 5 (2X + ох) DƏB 


ТИРА d rac c — 
s: (D&B, + ;H8B, – (DtrX +ҥХН)ёВ + Err, + r ?05 (T, Г). 


Making use of the equation 
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we deduce 


Em, + roS! (T, -T;). 


Using again (0.5.6) to write DP = —3P H + r ?T',, we obtain 


1 PIE = 
— _ = (ce) (сут). : E 
I DE(OD-A+H- A) 


+Err, + 777051 (Ly - To). 


Step 2: Calculation of J. We have 


К L— d ы 
J = 20V,(H8B)-2(QtX + ох) H@B 


= 20V,H®B+2H8OV3B + 4trX( HB) +trX HEB 
= 20V; H@B+2H@(B, — ХВ) + 4rX( HƏB) + trX HGB 
= 20v,HGB--2HGB,-trX HGB. 


Making use of the equations 


OV,H = Зн - H) e B r^r, 
and 
B ds -2(9Ф А+Н.А)—3РЕ, 
we deduce 
J = -trX(H — H)QB+2H®B,+4+ trX HB --2B&B + r? (T, T) 
= 2H8(-5(@D-A+H- A) -3PE) -ЕХ(Н-Н)ёВ+иХх HOB 
+ 
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Step 3. Calculation of К. We have 
К = 30OV3(PX) -3(gtrX + tex) PX 
= 30V7,PX +3P OVX + 6trXPX + SirX PX. 


Making use of the equations, 


OV3P = -SnXP- OD. B-H-B+=-B- 15-2, 
OV = iX uX)R 2 ©рёш + 2880 H)- A, 
we obtain 
K = (-;8XP-;0D.B-H.B«(AB). T) 
+3Р(— PX + ЕХ) + : ODE + 526(H + H)- A) 


HZ. A 
+6trX PX + сше 
3 — 3 ~ 
= әр ODE + 2РЕӘ(Н + Н) -3PA 


— "E: 
+(— 5D: B-3H- B)X + (Ty-Ts)- (A B) 


Step 4. Final sum. By summing the above three terms we obtain the cancellation of 
the terms in =, and we deduce 


2. 1 
- 9v34, — (2xX + 5trX) A, = J/+J+kK 


=H +4H)8(OD.A+H- A) —3PA 
—(DtrX + (ЫХ — trX) H)®B 

+Err, + 7 20S (T, - T3) +2898 + r (Ty T3) 
H= 20D. B-3H- В) + (Ls «Foy (A, B). 


Using (D.5.2), i.e. 


OptX = 2iS(trX) H - r^ T,, 
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we finally obtain 


| 
| 
| m 
G 
is] 
m 
: 
X 
I 


— || 
- 9v3A, — (2trX + ztrX)A, 


—7(H+4H)8(OD-A+H-A) —3PA 

+Err, 4-7 20S (T, Гь) + 2B@B + r (T, Гь) 
3—— "- Ж 

+ (-39D-B-3H-B) & (тг (а,в) 


Therefore 


– 9v,A, — (2trX + гах) а, = -{(®р +H+4H)®(OD-A+H-A) 
— ЗРА + Errzg|A], 


with error term Errrg[A] given by 
Ептве = Err, +r 20{(Г,:Гь) +2B@B +r (T, Гь) 


+ (-30D-B-3F- B) È + (PT) (45 


P ж 1 =~ ——_ е 7” 
= -2ВӘВ-2иХЕӘв-;Х. (ОӘрВ--(Х-Н)В--(Г,-Г,)-В 
tr 0S T, T3) +2898 4 r (T, Гь) 


3—— ——— ж 
А (299.2. в) О (АВ), 


which gives 


A 1- —— Pp A 
Етте = —2trXS@B — 9X (DB – z OD. B)X 
+(X i H)B+ (ГЬ 5 Гь) 2 (A, B) + КО . ГЬ), 


as stated. 


D.6 Proof of Theorem (5.3.6 


We take a modified (V, derivative of the Teukolsky equation. 
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Proposition D.6.1. We have 


— ume: 
(SV, + trX + STX) (9% +2trX + ‚ХА, 


1 А = 
=7(OD+H+5H)8(@D-A,+ (H+ H)- 4) -3PA, (D.6.1) 


12 2 = 
-a(zerx — trX PA - Ja (OD - A-- H - A) + Erras4, 


where „Јазд is a one-form given by 


1/01 ол mE 1 
dug = 1 "E (C D(trX + trX) + 5 (trX - trX)H — AtrX H) -38B (D.6.2) 
ECTS p X H 
3 
= -qUXH +r DST, (D.6.3) 


and the error terms are schematically given by 


1 eer 
Erraga = © V4Ern'TE + (5trX + irX) Errpg 


(D.6.4) 


Proof. We apply the operator (9V, + (trX + jtrX) to the Teukolsky equation (5.3.1), 
and we deduce 
— = 1 
С7 mc 5X) (9у: Ay + (0X + 5trX) А) 
= I+J+K 
22 
+ ST Briss (trX + т^) Етте + ro (Ly Гь) 


where 
I = LOV, DE (OD. A+H- A) + 1 (aX БХ) ©DE(@D- A+ Н.А) 
J = TOV, (ur +48 (MD A+H A)) 


"ах aX) +4H)8(D-A+H- A) 


Te 
K = 3©V,(PA)+3(trX + 5X) PA 
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Step 1. Calculation of /. Here we use the commutation formula (4.2.12) applied to 
F=(0D-A+H.-A) of signature s = —2, and we obtai 


Еа g 
1 Е Е 2 u 
-gux (Әр OD. A+H-A)+3H8(©D-A+H-A)) 


We now compute © V4( (9D. A+ Н. A). We first apply (4.2.14) to U = A of signature 


s — —2 and we obtain 


TI c 
Бі! ODJA = EX ( ODA) +H. аа 


— lae = 
4B. А – a - ODA 4 r7?0S1(T, T3). 


The above gives 


PE = —— Е = 
OV,(OD-A+H-A) = OD. (9,4) = ;"X( 9D. A) + (H + Н) OWA 
== = 1a 
+°V,H-A+4B-A- ~ ODA +r 20&1(Г, - Гь) 


EN 1—— 
= (3p.(Ov,A)— 5X( OD.A 


—5trX(H -H)-A+3B-A- 


where we used the null structure equation 


=== 
OV,H = -KA = H) Вч. rT. 


3Because of the gauge conditions = = 0, H — 0 there is no cubic term involving A. 
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Now writing (9V,A = A, — ХА, we obtain 


Ov(OD-A+H-A) = D-(A,- zuXA) - 50X(@D- A) 


——- 1 1 аз 52. 
+(Н+ В) (Ay— 5trX A) - аХ(Н-Н)-А 


= Те — 
-ЗВ-А- p - ODA +r S(T; . Гь) 


Ll з ee 1 EM 
= ©D. A,+(H + Н). A,— z(trX 4-trX) 0D. A 
A 472 


-( ()DtirX +trXH) -A 


= _ —— 
+3B-A- ~ - ODA + r7?9* (T, - Гь). 


Using the Codazzi equation 


ODtrX = -(tX- wX)H - 2B + OD. pam r2P,, 


we obtain 


(H+ H)-A,— z(trX + 1X)(OD-A+H- A) (D.6.5) 


1 
2 
(Ds Ks Atr o (у); 


= DB (OD -A,+(H+ Н). А) -2(Х-иХ) ODS(OD-A+H- A) 


жа 1 Ж ES = 
+2 D&(B - A) – | OD&(X - ODA) — = €DG(( 9D. X). A) +r 0ST, - Ty). 
Also, from (D.6.5) we obtain 


H@OV,(OD-A+H-A) = H8(D-A,+ (H+ H)-A,) 


1 ЕНЕ 
—5(trX + trX) H@(OD AT H- A) e r9?" (T, To). 
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We therefore deduce 
ра (= MESA: 1 Е PE EN 
АТ = рё (9D. A, + (H+ Н) 44) - 5 (trX + tx) ODS(OD-A+H- A) 


1 — __ 
E C D(trX --trX)8( 9D- A-- H - A) 


+H8(OD- A, + (E+ 1) А.) - (их + 6X) HO(G A4 H - A) 


-A+H-A 


wn” 
М... 


-rx (®рӘ(әр Ф.А+Н.А)+3Н@(© 


t (aX + aX) ®рӘ(®юФ.А+ F- A) 


КӨРІН NEN ee 
щы AD. = (0) А 2. (©) (әт. 
18®( n Aer, D@(B - A) ал D((9D. A) 


1 ағы LO 1 ~ жаз 
-- ӨтФ%(Х. ӨтА)--ӨтФ((Әт.Х).А)-ы-т З<ҚГ,.Г), 


8 mae: 
which gives 
fe “(Өре H)S( OD. A, + (H + H)-A,) 
(р(х + EX) + (4trX +trX) H)®(OD-A+H- A) 
+7 B6(D A) ++ ©D&(B- 4) - ox (9D((9D. A) 
-z (D(X - ODA) ; ODED X)- A) - r 05 (T, -T;) 


Step 2. Calculation of J. We have, using (D.6.5), 
1 = —— m 1 A n 
Ј = {(H+4H)@°Vs(OD-A+H- A) +7 A c4H)8(OD-A-- H A) 


“аха 8X) (н 4 H)8 (8D - A H 4) 


м 


1 д кенен 1 -- -- 
= (Н +4H)8|OD-A,+(H+H А, 5(trX +ҥХ)(© -A+H-A)| 


— 


OV,(H -AH)S(OD-A-H.A 


1 2 - 
+3 (tx + 5X) (Н - AH)S((9D- A- H- A) «т ?o* (T, Гь), 


which gives 


1 E 
Ж (Н +4Н)8(©т. A; Ra CH): A,) 
& 


КЕ OV.(H+4H)+ StrX(H +4H)) (9D. A+ H. A) r ?0*Y (T, T5). 
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Step 3. Calculation of K. Writing (0V4A = A, — ХА, and making use of the 
equation 


1 2 _ 1л — 
©у,Р—--©Ф.В = РА н.В--Х.А, 
2 2 4 
we have 
=== 
К = 3POV,A-- 39 V.(P)A E 3(trX + 5trX)PA 


= 3P(A,- SX A) +3(- “trXP) A+ 3(trX + LX) PA 
(5(0D-B)A 7T, To) +A A 
= 3РА,-+ (Хх —trX)PA+ а (D. B)A-- r *(T, Гь) 4 (Гь. A), 
where we wrote X - A- A = т (ГЬ: A). 
Step 4. Final sum. We deduce 
(Ov. + tx + 2X) (vs, + (ЕХ + zc A) 


pr ^m y NES: 
= 7(@D+H+5H)8(@D-A,+ (H+ H)- A) +3РА, 


(SX — trX) PA + J348 ( (9D - A + H - A) + Ед, 
where „азл is the one form given by 
Ja = ; (OW,(H +4H)+ техн -4Н)- = OD(trX + trX) + (4trX + trX) Н). 
and Err434 are the error terms explicitly given by 
Егиз, = (9V4Errrg [A] + Gtx + trX) ErrrglA] 


+-B@(OD- A) + + ODE. A)+ +5(' 2p. BJA 


> 


E + СУ» 62) 
+r °S (T, -Ts 


КЕШЕ 1 ра 
. A) = 2 (р(х . 1 (ODA) — 4 (©рә(( OD. X) ` A) 
+r! (T, : A). 


оо 


Observe that the above error terms can schematically be written as 


1 = zx = 
Егиз = ©V,Errre + (5X + trX)Errre + 9D8(X - ODA) + ODB((OD- X). A) 
+r lo! ((A, B) - Гь) + r 05 K(T, -T;). 
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We now compute J434. Recall, see Lemma |D.5.1| 
ODtrx 2iS(trX)H +r IT, 
(Dir X —2trX H + rT}. 


Hence 
OD(trX +trX) = (trX —trX)H — 2trX H + rT}. 
Recalling also the equations, see Lemma [D.5.2] 
VH +trXH = pp 


Ov,H = —-tX(H- H)- B4- X. H 
We deduce 
ls 1 1 = EE 
Jua = 3 (OW,(H +4H)+ g XUI +4H) - 2 (D(trX + trX) + (4trX + trX) Н) 
1 1 1 1 == 
= 5 ((OVsH + gXH) +4(®у,Н + ох H)) – (их — &X)H – 2X H) 
1 SE 
– (АХ +trX) H +r oT, 
1 | E 1 1 
= i((-gmXür- н) - BeT,- I zu XH) +4(- &X H+ zuX H)) 
1 — 1 E 
-g(trX —trX)H —2trX H) — (ИХ +trX)H +r ST, 
3 
= ЕА 9 DST}. 
Hence 


Жал = их H+ 0. 
We also have, by keeping only error terms that behave like r?T', or better, 
Ла := 1 OV74(H+4H)+ SX (H +4Н)— | OD(trX + trX) + (4trX + trX) H) 
= C 5X (H - H)-B+X-H+ зехн +4( — 5X H e r7r,)) 
-&í OD(trX + trX) + (4tzX + trX) H) 
= zi - ; OD(trX + trX) + Lex —tX)H — 4trX H) 
-1В dg posl uH 


as stated. This ends the proof of Proposition 
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We now take another derivative of equation (D.6.1). 


Proposition D.6.2. We have 


2 


js. „®t 
(уа +3trX — ЕХ – 2 X 


i= —= Ï 
) (v. 4 irX + STX) (9% + 20X + =X) A, 
tr x 2 2 


+ (2trX — trX)3PA, (D.6.6) 
- 1 (0D 4H 6:8 (D - QUA) + (H +2Н) :QU)) +3P QUA) 


+ АДА, Аң, ТА, ТА) + Еттддад 


where |А, A,,DA,, DA] denote O(|a|) linear order terms іп A, A,,DA, DA, explicitly 


given by (О.6.11), schematically given by 


#[А, A,,DA,DA] = O(ar~*)(OD- A, + (H+ H)- Aj) 
+O(a?r~*) ( OD-A+H.- A) + O(a?r—)A, 


and the error terms are given by 


3—— Otr 
Егтдаза = ©V Erra А (trX | т^ + 2 ) Errasa 


17395 (A, B) Ty) +т-%©%(Г‚.- ГЬ) 


PES 3 "EET 
+r! OVa (X - A) + ;7X(X  H))- 0514. 


Proof. We apply the operator (V, + 2trX + itrX to equation (0.6.1), and we obtain 


js Е "E 
(Vv: +2trX + TX) (v. 4+ trX + 5X) (99 + 20X + 129 А, 
= ТЕЛИ 
T 
+ O V ErT434 + (2trX + ЭХ) Erraza + pP ^O (DS T3); 
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where 

1 2 = = 

І = 7 9v. DS(OD- A, - (H H)-A,) 
1 ШЫ ex ndr MATO 
+3 (2trx + т^) ©рё( OD-A,+ (H+ Н) - 44), 
l (9 © ЕСІ») HLA 

J = 7OV,((H+5H)8(OD- A, +Œ + Н). А,)) 
1 (ТӨНЕ Ж КЕЗЕ 
ez QuX + ЗХ) (н + 5H)8( OD. A, (H H): A,), 


T-—— 
K = 30V,(PA) - 3QtrX + 5X) PAy, 


L= АЛДЕ trX — ЫХ) PA) + 3(2trX + SX) (jx — trX)PA, 


M = Ov. (A448 (9D - A+ H - A)) + (их + ЕХ) JOD: AH - A). 


Step 1. Calculation of /. Here we use the commutation formula (4.2.13) applied to 
F = (9D . A, + (H + Н). Aj) of signature s = —1, where observe that F = r~3T,. We 
therefore obtain 


OV, ODS (9р РАА ED) eos ) 

( V4( 9D A, + (H+ Н). Aj) + H8 OV,(OD. A, + (H+ H)- Aj) 
-iux ( VD&(9D. A, + (I + Н)- A) +2H8(@D- A, + (H + Н). А) 
tr ^e (T, Гь). 


We now compute (9%, (OD \D-A,+(H+H)-A n by applying (4.2.15) to U = A, of 
signature s — —1 and we obtain 


+(H+2H)- OVA, + Әу (Н + H)-A, 
Hr 395 (T, Гь). 


Ov,(OD.A,--(H 4 H)-A) = OP. (OVA) – Z&X (8D. A, H- A) 


Making use of the equations 


1—— 
OVH —5itX(H — H) + rT, 
VH = -trXH+r7T,, 
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we obtain 


Е =_= == — 
OVa(OD -A+ (H+ H)-4) = 0D-(9V,A) - 5X (OD- Ay + H. 


a Y. = 
HE - 2H). 9у,4,- gtx (H — H)- A, 
499 T, Ty). 


Using (5.3.6) to write (0V,A, = Q(A) — (ЫХ — trX —2 mto) Ay, we obtain 


TX ano 


Ow,( (9D. A, -- (H+ H) - Ay) 
(try? 
tr 4 


= WD. (QA) - (ux - wx -2 


А) 


1——-,——— == 1 Е = 
—5ttX (OD: Ay + Н.Д) - 5trX(H — H)- Ay 


сл 


(@)try? 
tr x 


+H +2H)- (Q4) - (“их —trX —2 ) A,) Tr 95!(T, T), 


N 


which gives 


Ov, (OD. A, + (H+ H)- Aj) 
= OD. Q) + (E +22) G0) 


(D.6.7) 


5 — try? - кн 
— (их - 24Х-2 P ) (OD. A, + (H + H) - A4) 


+7.+А4-+т%®Ң(Г„. Гь), 


where Z is the one-form given by 


ES —— {5 — 4 py? jg = ы 
I = —OD( 2trx -uX —2—™ |. -6XH- ztrX(H — Н) 
2 tr x 2 2 
рау 
= (зах - HX -2 их ) H. 
2 tr x 


Using Lemma (D.5.1), we obtain for Z: 


= M = (try? E 
T = 4iS(trX)H — (aux +trX —2 i ) H+20D ( 
TX 
= O(ar ?) + rT. 
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By applying the operator (?DG to (D.6.7), we obtain 
рё Ov,(€D. A, + (H + H)- Ay) 


——— 


= Op&(GD.QU)-« (F +27) QUÀ) 


2 as 
——*) D@(OD-A,+ (H + H)- Aj) 


(а{ту2 2 Ts. H 
trx Je( 9D. A, - (H+ Н). А.) 


5 j- 
—OD(<trX - ЫХ -2 
2 2 trx 
+27. ODA -- 2( D - 2) A, +r (T, - Tp). 
Also, from (D.6.7) we obtain 
HS 9V,((9D. A, + (H+ Н). Aj) 


= HS( OD- QA) + (F +27) - QA) 


We therefore finally deduce 


es “(Өре H)8(@D- Q(A) + (Н - 28) -Q(A)) 


E (try? 
(trX —trx —2 IX 


1 mE — 
7 s ) °D@(OD-A,+ (H+ Н). Aj) 


SUR S та 


1 — (es 1 ЕЕ Eo 
+5I8(OD- A, - (H+ H) A) +57. ODA, + 2L 9 DAct ;H8( 4) 
+r~*07(T, - Гь), 


where J is the one-form given by 


5 {= (try? 5 | NN (try? 
J = -ƏD (“их - juX -2— IX ) Е (бах - “xX 21А ) H-tX H. 
TX 


Using Lemma (D.5.1), we obtain for J: 


' i Т (a)ty 4/2 
7 = —5(—2trX H) + 5 (2iS(trX)(H — H)) +20 ( t E ) 
rx 


try? 


) H-trXH+r T, (D.6.9) 


> (а) гү 2 1 (@)try2 
= iS(trX)(H — H)+2D Хх \ (trx lox eo ) нч rT. 
trx 2 2 trx 
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Step 2. Calculation of J. We have, using (D.6.7), 


J — 


; Qux + SUX) (н +58)8( OP- A, + (H+ H) A.) 


(Н -5H)8 | 9D Q(A) + (H+ 2H) - QU) 


— CO) hp. —— = = 
-Ошх- sux -2- е) (0D. 4, + (H + H)- A) +7. A] 
1 E — 
+7 Va(H + 5H)8(OD-A,+ (H + Н). Ay) 
1 


ЛЕЕ a M PES 
+3 (2trX + әшХ) (Н +58)8( OD. A, +(H + Н) А) + r0 (T, T3), 


which gives 
Pm (Н +5н)&(©ъ. QA) + (Н +2H) QA) 


KS(©D . A, + (H + H): Aj) - -(H -5H)&(Z- Aj) e r ^o* (T, Г) 


where K is given by 


220105 D a ay | ‚ 1(© 
K = -i(juX- 58-2 = )(H 5H) +> OV.(H+5H) 
+5 Qux + Lax) (H+5H), 


which gives, making use of equations (УН = —itrX(H — Н) t r-!T, and УАН = 
—trX H + P 


1,5 1——— „try? 1, БАЕ 5 
ecc th ts — 2 НБН) +—(=~fX (A — Ну) (хн 
dap а try NEO eg ER а 
1 — 
+ 7 (2trX + 5X) (H+5H) +T, (D.6.10) 


111 —— Mir? 15 11— (try? 
= -i|z (&X - WX -4—* )H + (Sex - Sax -10—> 
412 trx 2 2 tr x 


) Н| «cr. 


Step 3. Calculation of К. Writing ©\ „А, = Q(A) — (2trx —trX — 2), we 


TX 
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1-5. 
К = 3POV,A, +3 V4(P) Ag + 3(2trX + at X)PA, 


p NEN (a) 2 
= 3P(Q(A) = (ийе = ) As) + 3( — SrXP) Ay 


d] 
-H3(2trX + 5X) PA, +r ФЭЧГ,.Г) 


ar 3—— try? 
= 3P Q(A) — 3(2trxX — -trX — 2 
Q(A) ( r 2 ў tr x 


)РА, + PD, Е ГЬ). 


Step 4. Calculation of L. Writing (9V,A = A, — ХА, and making use of ће 
equations 


1 = 8 EE EN 

ШЫР TRAE = -guXP- H.B—- UA 
1 1 = tA 

OW ateX + z (tX? е Кел, 


we obtain 
L = (Хх —trX)P OV,A- (Хх — trX) Әу (Р)А 
ЕЕ OV Хх — OV ytrX)PA + 3(2trX + SX) (Six —trX)PA 


= (Хх — trX) P(Ay — „тХА) + (Хх 2 0 SirXP)A 


+3(— 55 (BX) " (Ху?) РА + 3(2trX + ЧЕХ) (ЕХ —@Х)РА 
77795! ((A, B) - Гь), 


which gives 
— 1 = = 
L = (tX — trX)3PA, + әшХ (trX — trX)3PA +r 705"((A, В) - To). 
Step 5. Calculation of M. Using (D.6.5), we have 


М = IOV (OD. A H- A) + OVi(Zi))8(0D- A-- H - A) 
+(2trX + SEX) Fuss OD.A+H-A) 


= Ju ( OD -A,+(H+ H) 44) 


+ ( Фу, (аза) + Захм) @(©Ф.А+Н.А) 
ғ A05 (T, - T3) +r %®(В. Г). 
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Step 6. Final sum. We deduce 
— == — 1 
( (Ow, + 2trX + sX) (Pv +trX + TX) (vs 4 2UX + ;uX)A, 
1 
4 


D+H c6 H)8( ODP- QA) + (H 2H) -Q(A)) +3P QA) 
(try? 
tr x 


(^ 
- iex с ) °D@(OD- A, + (H+ H)- Aj) 
1 


NTRS — 1- 1 БЖ 
(GI +K + Jass)@(OD A, + (H+ Н). A) +27. ODA 5(D-DA, 
1 "e —À A 

1091 +68) 8(2. A) + (— 3trX + 2trX + 2 Tm )3PA, 


1 = 3 = m 
uL (trX — trX) 3PA + (9v. (аза) + 5X Jisa) & OD-A+H-.- A) 


——— 


+ErT4434, 


where the error terms are given by 


М 


(| =. 
Еггааза :— WV 4Erriga + (2trX + 5X) Err434 
+77201((А, B) - Ta) + roS? (T, To). 


Finally, we use (D.6.1) to substitute the term ODS(OD - A4, + (H + Н). A4), given by 

1 alr =_= 

| DB (OD -A,+(H+ Н) А) 

ПЕ — М 
= (v. iq ue TX) (99 np» + ;uX) A, 
1 ef Е = 
-7(H +5H)8(@D- A4, + (H+ H)- A,) —3PA, 
J= Dn NE 

-3(26Х Ж trx) PA — Jaa ( OD - A+ F - A) + Ем, 

and we obtain 


1—— — _—., J 
(9v. + 2trX + TX) (9v. +trX + TX) (9% + 2trX + ;uX)A, 


(@)try2 
trX —trX — 2 IX 


p —— 1 
(c) L (c) = 
+( a )( Va +trX + ЕХ) ( Мз + 2trX + ;"X)A, 
+(2trX — trX)3PA, 
1 Е m" 
1(®Р+н+6н)ё(©ъ.@(д) + (+ 2H) QA) + 3P 0(2) 
+.2[A, Ag, қ ФА, DA] + Erraa3a, 
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where 


3—— „Otry? 
Err4434 = OV ErT434 | (trX | trX | 2 IX ) Err434 
2 trx 
77395 ((A, B) - Ty) + 7^9 г, - Г), 


and where “|А, А, (?DA,, DA] are O(|a|) linear order terms in A, Ay, (9DA,, DA ex- 
plicitly given by 


(A, Ay, ODA, DA] 


try? rp "E 
44 EK Ла + (X -&Х-2 mx EHO д, + T+ 0-4) 


(а) т 


3 
+ (COVA(Zaai) + 5 tX Sasa + (trX — trX — 2 X) ы) (OD ОРТА HA) (D.6.11) 


ЭС — tex) + Ты (ых - WX) )3PA 


+ (х -X –2— 
17 
2 


1 - 1 нра 
- ODA, + D -T)A, + 109 +6 H)@(Z- A). 


Step 7. Analysis of lower order terms. We now analyze each term in |А, Aj, ODA, DA]. 


The term in (9D - A, + (H + Н). Aj) is given by, using (0.6.9), (0.6.10) and (D.6.3), 


1 1 —€— (try? 
17 tK Sasa d q(trX -tX -2 E \(H - 5H) 
Wtr, gd I— o E" 
= ; (i3(trx)(H - Й) + 2D“) + (ZtrX + uX 4 2— 5 ) H) 
tr x 2 2 tr x 
ігі aa Wie 15 а= Ge? 
-1|5(&X — &X - 4— À + (Zx - Sex – 10—20) H] 
412 trx 2 2 trx 
3 1 (try? Ж 
-7X H+ 7 (trX — trX -2 p JUR 5H) per T, 
1 (а){т ү? m (ауры 
= 129) -зиХН-(аХ-ШХ-2- x X) H + (tX — rX) H| 
4 trx trx 


+3(trX) A + FD. 


In particular, this is given by 


1 1 == (@)try? A — Ен 
(JI +K + Iisa + gX -trX -2 Г. )(H -5H))8((9D- A, - (H+ Н). Aj) 


= O(ar ?)(GD. A, + (H+ H)- Aj) ^r *(T, T). 
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To compute the term in ((9D - A 4- Н. A), we first compute using (D.6.2), 


OV, (Taza) 


1 zl 1 = 
= OV, OD(trX +trX) + 5 (trX — ЫХ) OV,H 


eI 
ТТТ 


+ OWVQrX-UX)H — 4trX OV, H -4Өу,тХ H| 
-USV B3 pe 79477 

" 5 LOY, OD(trX + trX) — TeX (tex — trX)(H — Н) 
m (Ow (trX —trX)H + 4(trX)? H — AC Vr X H| 


(Ov,B +r T + Ov4(X - Н). 


Using the commutator for a scalar function h of signature s 


[ 9 V4, OD 


1 ЕНЕ 
lh = -2шХ (Dh + HOV A Dus (Dh 


1 jus = 
+8 (зехн ~ H-B) kt (Pe Polo 


and making use of the equation 


we have 


1 
OVytrX = =й) + Г, T, 
M 
2- ; OD(OVatrX + OVX) 
Des i -— г 
= [- 5X OD(trX + trX) + НОУ, (ЫХ + trX) 
Tw: с 
eos (OD(trX + trX) + (trX + trX) (т^ Н – В)| 
lxx 
—trX(trX — trX)(H — H) 
(4 
1, 1 jr 1 
+5(—5(trX)?  2(65X)*)H + 4(X)* H — 4(—5(trX)”) н| 


1 A A 
E (Qv,B --r?T, + 9v4(X - H). 
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which gives 


©, (аза) 


1г1 —— Т -- 
1 |;ex OD(trX) + zX D(trX) + yx OD(trX ) 


1 г — 
+(— 20)? — тихих + ue + 6(trX)? H 


We therefore obtain for the term in (OD. A+ H - A), 


(c) 3 --ч> (try? 
Va( Iaza) + 5 tX Sasa + (trX —trX — 2 ms ) Jaza 


lu 5 1 = == 
= : |; (eX — X) D(X) + (z (tX)? – ХХ + ; 6X) 


EN (дер 
+(trX —trX —2 = IX 


v) din d bro B+ TTA OVX . if) + ох. Й). 


Observe that i(trX)? — trXtrX + i(trX)? = l(trX — trX)? = —2i( try)? = О(ғ 9), 
and therefore 


3 2 
ON (ы) + FX Jsa + (trX —Х - 2— 


A оё 3 Р ЕТ 
= Ofer) +r ӘЗІВ- r OP, + ӘУ, (Х-Н) + JTX (X - Н). 


The term in A is given by 


(try? 1— 1 = 
(eX -0X —2— my) (X – tX) + 5X (trX — &rX))3PA 


(a) 2 
no. (ЕХ - trX))3PA 


(- (х — tX) — 2 


tr 
(@)try? L 3. 
= (2 tye — 2 T (- 5! rx 5! try) )3PA 


; (a) + 
= 3 try? (1 Кб. т X )sPA = O(ar~)At+r (T, Ty). 
TX 


Finally, using (D.6.8) and putting together all the above we obtain from (D.6.11), 
|А, Ад, ODA, DA] 
= O(ar~*)(OD-A,+ (H + Н). A,) + Olar (© Т. AH. А)-О(а А 


+(r әзір,” (OV,(X - А) + SX (E Н) А + r7*(T, - Гь). 
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This completes the proof of Proposition 


We finally show that the coefficient W, = O(a?r ?). The coefficient comes from the 
symmetric of W, as in Theorem |5.2.9| whose lowest decaying term is given by 24 in 


Proposition |D.4.1| i.e. 
M — 1 кн 
Ža = (974C, + 2tr xC — 1r x + ira". 
Using the definition of C, and С» given by (5.3.3), we have 


1 
Z, = OV4(—2itr x try) + 2tr x(—2itr x try) — gr ж + Mtry?)(—4i try) 
+O(a?r~*) 
1 
= —21 ( 3" х2 (ту + tr x(—tr x ew) + 2tr x(—2itr x (try) 


+itr x? try + O(a?r-5) 
= (аз) 


as stated. 


D.6.1 Treatment of the nonlinear terms 


The nonlinear terms we have encountered so far are as follows. 


1. Nonlinear terms in the Teukolsky equation, see Proposition |5.3.1| schematically 
given by 


Есте = trXE®B+(OD-B)X+(X-MB 
(To - T4) - (A, B) + 77705! (T, - Ts). 


2. Nonlinear terms after the first commutation, see Proposition|D.6.1| written schemat- 
ically in the form 


1 TEN 
Еттіза = (9v Errrg + (ЕХ + trX) Еттте 


+9D&(X - ODA) + ODS((D- X) . A) 
т” lS! ((A, B) - T5) + roS (Ly - Гь). 
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З. Nonlinear terms after the second commutation, see Proposition |D.6.2j 
(a) 2 
a ) ErT434 
tr x 
r9 (LA, В) Ty) кт” (T, Ty) 
Ls x d m 
+r! V(X - H) + JYX (X - H)) - 051A. 


H REM 
Err4434 = OW Err434 + (tX + atx +2 


We can therefore separate the final error terms, Err4434, as follows. 
Err4s4 = Err, + Erra + 7r 795% (А, В). Гь) + rD T; -Г,) 
Zu. dee 2 8 Tm 
+r! (9v. Н)  zuX(X- й)) 0514. 


where 
Em; = OVvj(OV,Emrg + (бих + trX)Errrp) 
+(trX + X) ( € V,Errrg + (Хх +trX)Errrp), 
Em, = V,4( D(X - ODA) + DS((D - £) - A) 


^ 


+(trX + SEX) (OD@(X - 9A) + ©рӘ((®Р . X) - A)). 


We have the following for Err4434. 
Proposition D.6.3. The following holds true: 
Erras = roS? ((A, B) Te) +r“ (T, Гь). 
Proof. We start with Етті, which contains the terms coming from Еттте. We consider 
each term in Еттте separately. 


Step 1. We consider the term trXEG B. We first compute, 
A 1 MEME = 
L := ©ONvV4(trXE@B) + (5X + trX)(trXZ8B) 


1 ~ ~ ~~ 
= (OvitrX) + 5 («X») EGB + trX OV E@B + trXZ8( ? V4B + trXB) 
+(trX — trX)(trXEG& B) 


— Ts. 2 
iex (= ;UXH-B-.X. Н)®в + r?95W(T, Г), 
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where we used Proposition and Proposition to write 
1__» do дә 
OVS = —-иХН-В— 5X Н + r-T, 


OVB +trXB = rl, 


We write schematically in the form 
I = (trX) HOB + trX(B@B) + trX(X - H)8B 4 v oP, T). 
We then obtain that 
t, RENE 
h := Өуі + (trX + 5X) L +r T, -Ts), 


is given as the sum of the following terms 
Әу ((trX)?H@B) + (trX + X) (tX)? HGB) 


51 = 
9% = ©Va(trX(B3B)) + (ых + Six) (trX(B®B)) 
8 = Ov, (tex(- Й)Әв) + (eX + SX) (X (£ - HGB) 


We now analyze each of the above. 


~ 


@B 


Step la. We have 
Sı = (Өу(аху + (eX) HGB + (х) (OV + -аХЙ) 
t(trX) H&( 9 V4B + trXB) +7405 (T, - Г). 


Recall that H verifies the equation, see (D.5.3), 
1.2: = 
-52 Š- Вт, 


ый 1---- ~ 
(Ov AH + ;'XH = 


and using again Proposition and the null structure equation for (© V4trX we obtain 
Si rT, Е T). 


Step 1b. We have 


A Эс == pa 
$% = OVv,(mX(B&B)) + (trX + 51r X) (trX(B8B)) 

1 = Е 
(V4(trX) + =(trX)?)(B@B) + 2trX( O V4B + trXB)®B +r“ (T, - Ty) 


I (Ds. 
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as above. 
Step 1c. We have 
S, = OV,(trX(X - H)@B) + (trX + X) (trX(X - H)@B) 
= (©Va(trx) + 5 (xy). H)8B + (xX(( 9 v4X + SX) - H)®B) 
+(trX(X- (OWA + УХ) Әв) + (trX(X - H)&8( 9 V4B + 2trX B)) 


Tn. В 
poe? (D, - T3), 


as above. This completes the term involving trXEG B, by showing that 
D = r oT,- Гь). 
Step 2. We consider the term ( (9D . B)X . We first compute 


Jj := Фу((Ө?. B)&) (5X +&Х)((®®. E) S) 


z, 


1 
= (9% ,( (OD. B)X + (0D. B)(€ TX + 5ttXX) 4t trX(©D. БҮК 


= ©D.(OV,B)X + ([©у„, OD.B)X -teX(OD - B)X 
— 1 ж 
+(©D- B) OVa + zt X). 


Using the equation 
T с " 
МАХ + 9X X eg bs 


and the commutator formula (4.2.15), written schematically 


1]—— 
[©\у,, OD JB = = (OD-B)+r?Bt+rl(05'T,)-B, 
we have, using also from Lemma D.5.1| (-DirX = ar + Ы + rS, 


as 6 "ME c Ж 
л = OD. (OV,B)X + juX(OD- B)X e r (T, Ty) 


— 2 Je 2 
= OD. (OV.B+tXB)X — uX (OD B)X c r(T, T») 


TE з= PN 
= -guX(O9D.B)X cr ?0* (T, T). 
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We write schematically in the form 


J, = tX(9D. B)X + т-30х2(Г,:Гь), 


and we then obtain that 
S NE 
J = OVI, + (trX + 5X) tro (T, ГЬ). 
Using the equations stated above, we obtain 


__ сы = F o шыс PT 
Jo = Ovitrx(9D. B)X) + (ЫХ + УХ) ( OD. B)X +r? (T, - Гь) 


TD | == A HEN, ЕС == ^ 
( 8 v,(tzX) + 5 (irX)’) (OD - B) -trX(0v,(OD- B) + SEX OD. B)X 


—— B 1 x 
+trX(OD- B)( OVA(X) + ХХ) +т-%®%(Г,. T3) 
го (Г, Гь), 


which completes ће term involving ( (9D - B) 


Po 


Step 3. We consider the term (2 : i . Following a similar pattern as above we obtain 


ку = OV H)B) + (бах e X) (X - HB) 


= (Оу + ztXX)- H)B + (X -(OV4H + ;nXH))B 


1 ]—— ^ 7” 
+(X - Ä)\(©V,B + ;"XB) – ;uX(X - H)B + r 19S (TV. T,)-. B 


E 
= -3X (X - H)B +r ST,- T,) - B. 
By taking the second derivative, we finally get 


Jy 


За. 2 
OW Ky + (trX + 5X) Ку ғ To (T, - Ty) 
eS E За = = ++ a 
= OV (trX(X- H)B) + (ЫХ + ;X)uX(X - H)B - r *o*(T, - Гь) 


— — nA GE =_= A 1 2а v 
( G9 vi(trX) + 5X») (X -H)B FtrX(( € V4X + ;UXX)- H)B 


== € 1 x ЕИ ERES 
HrX(X-.(OGV4H + 5X H))B  wX(X- H)( (OVB + trX B) - r7 *09*(T, - T3) 
roS? (T; Гь). 
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Step 4. Combining the three steps above with the remaining terms in Еттте, we finally 
obtain 
Err, = roS? (T, Te) - r ?0*?T, - (A, B). 


ч 


Step 5. We now prove the bound for Еттә. We first treat the term (9DG(X - DA), 
while the other term can be treated in a similar manner. We have 
yA > TVA йі he eS түл 
L = QOwv,(9D&(X. 9DA)) + (trX + ZtrX)(DB(X - ©DA)) 


= OpeOV,(X- ODA) + [9%,, ODES - ODA) 
e E AA SS 
+ (trX + АХ) (D@(X - ODA)) 


Pa WS чел ы EI Pots РЕ еи 1 х, 
= “D@(OVAX . ODA) + OD@(X - OV, ODA) — к^ ("D&(X.- ODA) 
MER ncm 
+(trX + 51X) (ӨтФ(Х. ODA)) + r *T, T). 
Using the null structure equation 


OX +R(trX)X = —A, 


we then obtain 


^ 


= r?99(A.Ty) + ӨтФ(Х. ODA) + r (T, Г») 


r ^9**(T, - To) - r 705 2(А.Г,). 
This shows 
Erro = rD? (T, Te) +r (А.Г). 
Step 6. We are now left to treat the following term in Err4434: 
a aog "EC 
M = r(0vQX- Н) + 5X (X -Н))-озА 
" "CP A g = 

= r((OV,(X) + (ЕХ) Х)- H+ X (OVH) + 5X H)) 0514 


+E T, t Гь) 
= r(A- Ñ +8. (Х.А В)) оАо (Г, :Гь), 
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which gives 


M m y^ 9 (Du Гу ser 0 (A,B) гь) 


Step 7. Finally, we combine 


Erra434 Err, + Erre + r 70=((A, В).Гь) + roS? T; Гь) 


ж м 3 ^ч. А. 
det (ove $ H) + ptt A(X x й)) P 031A 


r ?9**((A, B) T3) + то (T, - Гь), 


which concludes the proof of the Proposition. 


D.7 Proof of Proposition 


D.7.1 Preliminaries 


We use (3.4.1) and Lemma to define the following O(c) quantities in perturbations 
of Kerr. 


Definition D.7.1. We define the following О(є) quantities in О(є) perturbations of Kerr: 


A = ODP+3PH є в\(С) 

A, = ODSH-4 HS H c (C ) 

Аз = 20V4C(H) — OD (trX) € (С) 

А ODS OD (trX) +3 HG OD (trX) € (С). 


We also define 


B= ODp.B-42H.B€ бе. 


We collect here some useful derivatives of the above. 


Lemma D.7.2. We have, modulo quadratic terms, 


1 4 oe 2-2 
OVA, = 2А +5 DB +2HB+ SP (H xX CS As) 
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and 


E A 2 Та те A 
(Әу, ODA = -$uX (DG.A, + Six H3A +5 ODS ODB + 2 HB ODB 


ALD a а-ы 
$ ©D&(SP (H Х-ті As) ) 


node) се ойы E: 
-НӘ(5Р (.Х- ХЕ + As) ). 


Proof. Applying Lemma 4.2.2| (4.2.9), to h = P and s = 0, we obtain 


1 1a 

[9v,, ӨТІР = =x ODP + HOV,P — =X . ODP +2 ӨУұР 
I © l5. gp B 
= —5trX ( DP-3PH)- H(;CD.B& H.B 


N 


2 


1 ~ т-ту em — 
-lg.Gpp-?uxz 
2 2 


1 1 = _ "EA a 
= —5trX Ai + (50D B+ H-B) + “PH X - SXP= 


where we used “)DP = —3PH + O(c). This gives 


Әу = “Vv,( DP +3PH) 
= (р(9у,Р+ [Va, OD] P + 3 OV,(P) H - 3P OV4CH) 
3 1 - Е 
= (р +, ©р.В+ H-B) 
3 Lop. 5 © 
+3 -304P +3 Т-В-Н.В|Н-ЗРФУ,(Н) 
-24ХА,- H 5 D-B+H-B ee eee Е 
3 1 - = 
= -утХ(©рФР+3РН) + OD (5 OD.B+ н.в) 


1 = = 1 
+3 H (5 ©р.В+ H- в) +3 (Ova = OD (ex) P 


1 1 Ей = "E 
-gEXA,  H (5 OD. B + H-B) d “PH-X = SWXPE, 
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1 = ЕР 1 _ E 
ui A, = —2{тХ.А,+ OD (5 9D. B + H-B) +4H (;®Р:В L H-B) 


1 J-e Жы 9 
+3 (ova ns Op ex) P+ РН Х— а 


Recalling the definition of B апа Аз we obtain the first identity. 


To obtain the second identity we apply Lemma 4.2.2) (4.2.13), to F = A, and s = 0, and 


we have 
29 1 2 x А 
[Ov ODA, = = ux ( 9D&.A, + HZA) + HG (УА. 
This gives 


9v, 9 DBA, 
= Op&Ov,A, + [9v,, ODEJA 


A 1 Z ^ = 
= ©DGOV A – -trX (ODEA, + HBA) + НӘ OVA, 


= ?p&( — 2tr X A, + ; ODB+2HB+ <P (Н.Х ХБ + As) ) 
-5uX (ODSA + HG) 
«u&( — 9t X. A, + ; ODB, +2 HB, + 5P (Н ЕХЕ + As) ) 
= -$uX ODGA, — (2 9 Dtr X + Зах H)®A; 
za ©рё(; ODB + 2 HB) +H® (5 ODB + 2 HB) 
+©D8(5P (HX -&XE+ А») ) +H8(5P (HX -&X=+ Аз) ) 


В 5 А 
e -$uX ODEA: – (29 PuX + 7X H)&A, 


1 М 5 — ~ ~ 
E ODS ODB + ;H8 ODB +2( ODS H+ HS H)B 
+©D8(5P (HX -&XE +A) ) +H8(5P (HX -єХ=+ As) |: 


In view of (DG H+ НӘН = O(c) and 9D(trX) = —2trX Н + O(c) we obtain the 
stated. 
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Lemma D.7.3. We have, modulo quadratic terms, 


ODA; — 2 OVA = trXA; -3HGAs — А + 2B H 
+(trX + trX) HOS – trXH8E + X - O0DH-X(H. Н). 


Proof. Recalling the definitions of A> and Аз we obtain 


ODA – 200714, = Gp&(20v,(Hn)- OD (trX)) —-2V,(9D@H+ HH) 
219286, Ov, H — ODS OD (trX) - 40v, HG H. 


Applying Lemma 4.2.2| (4.2.12), to F = Н and s = 0, we obtain, up to quadratic terms, 


PS 1 ^ ж ж = 
[?v, 9D8]H = -3trX (ODS H+ HOH) + HOV, H +58 OVH 


-B8 H — 5 ttXS® H — 2: ODH+-X(H- H) 


1 ж 
-2Х.А% + HG (Ow, H — 
P" 15 -- 
-B8 H — 5Х: 9D H + 
where we used that V3 H = —itrX( H — Н) + O(c). This gives 


ODEA; – 209914, = trXA -6 HG OV, H --2B& H — ODA OD (trX) 
+(trX --trX)HG8E-uwXHGE- X. ӨФН-Х(Н.Н). 


Writing 2 (OV4( Н) = Аз + (OD (trX), we obtain 
ODA; — 20V A; 
= trXA -ЗНӘАз +2BQ H — ODS OD (trX) - 3 H& OD (trX) 
+(trX + 1X) HOE -WXHOE+X.ODH-X(H- Н). 


Recalling the definition of A4, this concludes the lemma. 


Lemma D.7.4. We have, modulo quadratic terms, 


(7 Ay 
= —2(trX) A, — 3trX HA; — trX ?D&B + 2trX HOB + MIE] 


Ju zt di ES 
-а("Х- trX) ODQ(X - H) + 5X ODQ(X . H) 


1 2522 — ры E parc ^ 
-gürX — trX)(H - H)X + trX( H- H)X + trXHG(X- H) + X- OD(trX Н) 


where M[=] only depends on =, and therefore vanishes if = = 
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Proof. Recalling the definition of A, we obtain 


ӘУ А4 

= (9у,( (9р OD (trX) +3 H8 OD (trX)) 

= OD (9%, OD (ух) + [9v4, DS] OD (trX) 
+3.OV,H8 OD (trX) + 3 H& OV, 9D (trX) 


= (Oopg(9p ( (OV ty X) 4 OD®([Va, (Dr X) + | Wa, ODE] 9D (trX) 
Әт ( (OV tr X) sf 3 HG[(9V,, OD] (trX) 


= 


+3 9V, HO OD (trX) +3 HQ 
Applying Lemma to h = trX and s = 1, we obtain 


[9 v4, OD] trX 
1 lo —— 
= Хх Dirk HOV tex - ~ ODtrX + = OVstrx 


1 Ie 
+ (Sux H+ LIH х= -— B) trX 


2 2 2 
1 1 _ == 
= = ш рых + H(— 5 (trX)? + OD-E+E-H+2-H) 
1 ——— =~ — p --- 
-24Х-«Х)Х-Н-5(- Хш + OD. H+ H- H + 2P) 
1 eee M rs 
+ (Sux at р Н – uds -B) trX 


1 
= —5trX (ODtrX —trXB 


+H(OD-E+5-H+5-H)+(-trXtX+OD-H+H-H+2P)= 


— muc 1 p 
-2(4Х —trxX)X-H+ «ХХ. Н. 
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where we used that (ÓOVstrX + ХХ = OD. H +H -H -2P & O(e), Уух + 


l(tX)- ?p.E-Z.H-«E.H. 


Using that trX H + trX Н = O(e), we also simplify 


1 


— o < o = le— + 2 s — 1 o = 
~X — trX)X -H+ -trX X. H = SJAA ue JARU JAA H 


[кө] 


=з == 1 A gu 
= аХХ-Н- ХАН, 


874 


which gives 


[9 v4, OD]trxX 
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1 
= ODtrxX —trXB 
-H(D.E-E.H4E.H) 
-(-аХаХх-- OD-H+H-H+2P)= 


A 1 ue cent 
+trX X - H+ QUXX.H. 


Applying Lemma [4.2.2] (4.2.12), to F = (9DtrX and s = 1 we obtain 


(Өлу, ODS] ODtrxX 
1 ЕА A ке 
—5trx ODI ODtrx + H& OV, GO Dti X + БӘ Ov, ODtrx 


A ж A, = 
—2B& ODtrX —trXz& ODtrxX — 2 . OD GOptux 
1 


ы ш Wits us 
лш. ODtrX) + -(Х- He ODtrx 


1 = А E 
—5trx ODS (рых + Н рух + Ha[9v,, OD] trxX 
+28 OV 3(—2trX Н) - 2B&(—2trX Н) — trXS@(—2trX Н) 

1 = 
-2Х. OD(—2trX H) 
ПЕРЕВ De 5. 
+3X (H: (—2trX H)) + (X - H)@(—2trX Н) 


1 ps x P 
= ODS ODtrX + Hà OD Ovx + H8[ 0 V4, 9D]tvX 


+4trX B® H — 228 ( O Vs(trX H) — trXtrX Н) 


+X - OD(trX H) — 2trX(H- H)X 


where we used that OD(trX) = —2trX H + O(e). 


We therefore obtain 


OVA, = ODE OD(OVitrX) + OD®([OVa, OD] trX) + AHG[| v4, OD] trx 


1 x P = 
i ODS 9 Dti X + 4H® OD OV дух 4-30 V, НӘ OD (trX) 
+4trX BS H — 288 ( © Vs(trX H) — trXtrX Н) 


+X. OD(trX H) — 2trX(H- H)X. 
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Using the Ricci identity ӘУ, ІХ = (ЫХ)? + OD-E+5-H+2-H+O(e) we 


compute 
1 = =_= 
(©р(©у,ыХ) = Op + @02.=-=н-Н+Е=- н) 
= (ых) ODtrX + ODOD.S4 Өта.Н-- ODE.H 
+=50р.Н+=(0р.Н 
апа 
ODR Ip (Vatrx) 
= ӨрӘ(-(ах)ФтыХ- 9pOp.E4 Opz.H+ ODE. H 


4,EOD.H-EÜD.H) 
= —(trX) ODS ODtrx — (Әр(ых)ә рих + PDR Өт От. 
- ODS( ODE. H + ODE. H - EOD. H - EOD. H). 


ШІ 


Also, using the above we compute 
с. 1 ж 1 A 
OD&([(9 wi, ODltrX) = = EX ODS ODtrX — ODtrx® ODtrxX 
—trX (DSB — ODpwX&B 
1 


1 — эб. ~ ==. ажы. Ағ, === 
–5(0Х – trX) D(X - Н) + X ODS(X - Н) 


TONS ИШИН E 8 
—=(Optrx – Optrx)@(X -H) + 2 ODtrxX@(X - H). 


Using that D(trX) = —2trX H + O(e), ӘТ(ЕХ) = (ЫХ — trX)H + O(e) and 
ODS Н = — НӘН + O(c), we obtain 


А 1 д 1 = 
ODS([Ovi, OD]trX) = --аХ ODS ODtrX – 5 Әрых ODtrX 


—trX ODOB + 2trX HGB 
1 SS ж р а 
-2(4Х-«Х) ODS(X - H) + 


trX OD@(X - H) 


Ін 


pay N 
іш 


1 TON = = T 
-2((-Х — trX)H + 2trX H)@(X - H) - trX H@(X - 
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We finally put all together to obtain 
OV "nm 
= —2(trX) Әрә рых — 3 OD(trX) - 20v, H) ODtrX — 6t x H8 ÓODuX 
—trX ODB + 2trX HGB + M[E] 
E -uX) 9D&(X - H) + Lex ODS- T) 


1 ——S ~ “~ ---. ж =~ — 
-3 (tex — trX)H + 2trX H)@(X - H) - tX H@(X - H) 


oe eee ee = 
“АН (ХХ. H+ ЫХ - H) + X - OD(trX H) - 2trX( H - H)X 
= —2(trX) ODR (рых — 3. OD(trX) -20v,H)8 ODtrX — 6trX HS рых 
—trX ODB + 2trX HOB + M[E] 
ju. гаро "mE 
-2(4Х-«Х) ODQ(X - H) + X ODS(X - Н) 


1 === —À — MÀ жы m ^ 
-g(eX —trX)(H-H)X -trX(H- H)X -tXHQG(X - H) - X- OD(trX H). 


Finally writing Дз = 2(0V, Н — (?DtrX and Ay = OD OD (trX) + 3 H& OD (ых), 
we obtain 


(57, Aa 
= —2(trX) A, — 3trX HOA; — ЫХ DSB + 2trX HƏB + M[E] 


— es | ыы ee 
—5(trX – trX) OD@(X - H) + zX ©РӘ(Х - H) 


1 = ee m. 24 ТЕЗ A 
-5(X – wX)(H-H)À +t X(H - Н) cwXH8(X -H) +8 - OD(trX H), 


as stated. 


Lemma D.7.5. We have, modulo quadratic terms, 


5 


97B = —5trXB + 2trX H-B+3P0D-E 
1 к 
к. DH) ; (Әт.-А-А. Н), 
OV,9ODB = —3trX ODB + 5trX HB — 8trX H(H - B) 


Ш 


+3P Opop.z-6HP OD. 
1 NEN 
+5(9р+ н) Xt OD 43H): (€D- A4 A- H)), 
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877 
and 
(957, ODS ODB 
7 ж% ж” жы. 
= -gtrX OD& ODB + 8trX НӘ DB — 10trX НӘ HB 
(OD H)@| - sr H(H-B)+3P ODOD.E-6HP OD.E 
1 A m 
dsl OD + н)ё(( OD+ H)((°D+3H)-(9D-A+A- H))). 
Proof. Recalling the definition of B we obtain 
OV,8B = “V,(OD.B+2H-B) 
OD . (OVB) + [ 9v, (o p-[B +2H-OV{4B+209V,H-B. 
From Lemma |4.2.2) (4.2.16), applied to F = В and s = 1, we have 
= 1 С uc 2 
[Ov ODIB = —5trx (OD -B-2H-F)+ Н. OV4B, 
and therefore 
©з = Op.(Ov;B lgx(Op.B B ©з B420 B 
46B = -( УВ) — gtrX( D-B-2H-B)+3H-°Vs«B+2°V,H- B. 


Using the Bianchi identity 


OVB = -3uXB-3PE 2 (9D-A44. Н). 
we obtain 
(Ov B 
E OD. (-2G0XB--3PE 4 (9р.2-2-н)) 
-juX(€D.B-2H.B)4 3H. (-2uXB « 3PE« (0D 2:4. H)) 
:20v,H.B 


= —9uX OD. B —-2©ODtrX -B +3P OD-Z+3ODP. B+ 
1 — E — _ eee 
—5trX (OD. B-2H-B)+3H- (-2uxB «sPE + 5(9р-Л+Л. н)) 
4+20V,H-B. 


9D. (OD. A+A. H) 


N| | 
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Using that OD(trX) = —2trX H + O(c), V4(H) = —trX H + O(c) and ODP = 
—3 HP + O(e), we obtain 


5 = - = 
OER = -31X OD.B-3trX H-B+3P Өт.Е 
1 =) е 
*t5( 9D 3H) -(9D-A+A- Н). 
Writing (0D. B = Bı — 2H - B we obtain the first identity. 


We now compute (9V,(9'DB. Applying Lemma 4.2.2. (4.2.10), to h = B and s = 1 we 


have, up to quadratic terms 
(c) (c) = 1 (c) (c) 1 
[ew DIB = jur DB + H'*V4B- gir HB, 


and therefore we obtain, using the previous obtained identity, 


1 1 
OV, ODB (o p( Өу,8)- X ODB + H Ov,B-- X HB 


= 1 1 
= OD (-5«xs + 2trX H-B+3P OD. =) — 5X ODB + 5X HB 


+H (-5«x8 +2: ХН.В-+3Р®—.= 


Sw 4 


1 с с с E UA 
£g (9D 4 н)((©р+зн).(®р.я+4. H)). 


Using Lemma [2.4.6| we simplify the above to 


5 5 - = 
OV, ODB = -3t X ODB — S (Dti XB--29DuX H-B+2trx(O°DH)-B 
+2trX H(OD-B)+3°9DP OD.E43P ODOD.E 
1 1 5 = = 
-3tuX ODB + 5X HB + H(-;xXB-c2uX H- B +3P 9D. Z) 


1 с с с E UA 
£5 (OD -+ H)((OD+3H)-(OD-A+A- H)) 


= —3trX DB + 3trX HB — 2trX H( H - B) 
+2trX(ODH)- B+ 2trX H( 9D. B) - 3P ODOD. 


1 с с с E UA 
ez (9D 4 H)((OD+3H)-(OD-A+A- H)). 


—6HP OD. 


ІШІ 


where we used that (9D H)- B = — H( H - B) - O(c). By writing ?D.B = B-2H-B, 


we obtain the second identity. 


[1]| 
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We now compute V,9D® © DB,. Applying Lemma [4.2.2] (4.2.13), to F = DB and 
s — ] we have, up to quadratic terms, 


A 1 A ж 
[OVs, ODS] ODB = = tX ODS ODB + HEV, ODB, 


and therefore we obtain, using the previous obtained identity, 
GAVA ODS ODB 
= OD@(OV, ODB) – гах ODS ODB + HS OV, ODB 
= ODS | зах ODB + 5trX HB — 8trX Н(Н. B) 
43P OpOp.E-6HP9?Dp.E 
+5( OD+ H)((D+3H)-(OD-A+A- н)) - E: ODS ODB: 
HH | — 3trX ODB + 5trX HB — 8trX H( H.- B) 
43P Op p.E-6HP9?p.E 
t5 (9D 4 H)((OD+3H)-(D-A+A- н). 


By denoting 
Expr(A) :— (Өт + H)@((D + H)((OD+3H)-(OD-A+A- н))) 


we obtain 


OV, ODS DB, 

= —3trX OD ODB — 30 Dtrx® ODB 
+5 ODtrX® HB + 5trX ODS HB, + 5trX Н ODB 
Op&| - sux H(H-B)+3P ©DOD.E-GHPOD-E 


1 ж” ^ч —, 
-3uX ODS ODB +H &| — 3trX DB + 5trX HB — 8trX H( H - B) 
+3P OpOp.E-6HP OD. 2) + Expr, (A) 


T ~ — ~ 
= =x ODS ODB + 8trX H& DB — 10trX HG HB 


[1]| 


(OD + H)8 &|- strX H( H- B) - 3P 9p Op.E-6HP OD. 
-FExpr, (A) 


where we used ODS Н = — НН + O(c). This proves the lemma. 
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D.7.2 The derivation of the Teukolsky-Starobinski identity 


The Teukolsky-Starobinski identity is obtained by taking three (9%, derivatives of ap- 
propriately rescalings of the Bianchi identity for A, i.e. 


1 P И " 
(OV, A + EA = = (OD&B-A4HGB-3PX. (D.7.1) 


The second e, derivative of A 


Lemma D.7.6. The quantity $ := — 0 V4A— 1trX A € s(C) satisfies, modulo quadratic 
terms, 


> 3 ~ әй, ~ 
(Ov S + 5X8 = — ODA —5H@A, —2trX HGB 


3 "E" 
-5P(ex& LXX 24,). 


Proof. We infer from (D.7.1) that 


$ = ODB +4HQB +3PX. 


We compute 


©, = OV,90DGB+4H8 ©OV,B +4097, HOB +3P OVX c3 V,PX. 


Applying Lemma|4.2.2} (4.2.13), to F = B and s = —1, we have, modulo quadratic terms, 


ж 1 x ж PS 
Ov,g = ODGOV.B— ztrX (ODSB + 2H@B) + H8 OV,B 
+4 H8 © V4B -AO V, H&B + 3P OVX +3 OV PX 
A A 1 A A P 
= Op& OV,B+5H8 9v,B-— geX( ODB +2 HB) +4©V, HB 


+3P OVX +3 OV PX. 
Using the Bianchi identity 


OW,B = —trXB -— (ODP +3P H) = —trXB — A (D.7.2) 
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we obtain 


(Ov i$ = ©рё( = trX B — A1) + 5H&( — {тХ В = A1) 
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1 mel ~ „ч ~ ~ 
-3trX (Оов +2 HB) +4OV, HB + 3P OV AX +3 OV PX 


= —trX ODB — ODtrX8B — ODA, + 5H8(— trXB — A) 


1 ~ ете „ч ~ ~ 
-ztrX (Оов +2 HEB) +4 OV, HB + 3P OV AX +3 ©OV,PX 


3 ~ ~ ~ a 
== шк (D&B — 6trX HGB — 9?D&A, — 5HQA: 
+(49V,H — Opux)&B--3POv,X +3 OV PX. 


By writing °D@B+4H®@B =F – 3PX we obtain 
3 E x A 
Ve = -3uX(8 -3PX)- ODEA — 5Н®А, 
A ^ 3 2. 
+(40ViH — V?DuX)8B c 3POV,X c 3(— ХР), 
where we used (9V,P = —3trX P + O(c), and therefore 
3 — as, 
OVE + QUAS = - ODEA, — 5Н@ А, 
+(49V,H — ODtrX)@B + 3P Әу, Х. 
Using the Ricci identity 
Oy, + lux = ODS ӛн-іпх% 1 xt 
МАХ + ХХ = DEH + НӘН – ХХ = A, — gar, 
we finally have 


3 ~ t 
(wg + gt Ad = — ODA — 5H®A, + 3PAs 


t (49v, H — ӘтаХх)ӛВ- “P(x X + tXX). 


Using that 


40°7,H-—ODtrX = 4(-trX Н) — (—2trX H) + O(c) = —2trX H + O(6), 


we obtain the stated. 
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The third е; derivative of A 


Lemma D.7.7. The quantity 6 :— ©\ + 3trX $  ө:(С) satisfies, modulo quadratic 
terms, 


1 — ~ — P e 
VG + ЕС E ODS ODB — 5 HO ODB —10(H& H)B + 3trX HBA, 


— er 
+5P&KA + 5P|A,— 288 Н - ©DE(H- X) 


ч 


+(@ ХХ – 20D. H -2P)X — 3H&(H- &)]. 


Proof. We infer from Lemma that 
6 = — ?D&GA, — ЗНА, — 2trX HGB — (ху +trXX —24;). 


We compute 


OV (ө = GAVA ODA 2 5HG OV Ay = 5(9%7,Н 9,4 
—2tX НӘ 9V,B —2wX OV, HƏB — 2 VytrX HEB 
3 


-Їр Оу (trX X + XX – 2А) = 7 Ov,P(trX X -- tX X — 245). 


Using that (УР = —3trX P4 O(c), (УХ = —i(trX) -O(e), OV, H = —wX H+ 
O(c) and (9V4,B = —trX B — Aj, we obtain 


XOv,6 = —GGwv,ODp&GA, -5H& 9V4A; + 7trX HBA, + 5(trX)? HOB 
-iP Ov (БХ ЕХ – 2А) + jeXP(ux X Xx — DAs). 
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Using Lemma for the derivatives of Аі, we obtain 


Writing 


(c 


ШАУ Т» 

= | = SX DBA, + Зах H&A, + 5 ODS ODB + `H 9 ODB 
+©D8(5P (HX -TXE + As) ) +H8(5P (H.R -®XE+ As) )| 
-5H8| - ХА + ; ODB+2HB+ 5р (Н.Х - ХЕ As) | 
+7trX HBA: + 5(trX)? HGB — 5р Әу 4(trX X + ХХ – 2А) 

+ P(x & + trXX — 24) 

Зах (©РӘА; + тах HA: + 5(trX)? HOB 

-5 ODS ODB — 5 H ODB — 10(H8 H)B 

- ©D8(5P (Н.Х -Xz + As) ) = 6HO(SP (Н.Х х= + As) ) 


3 E ae 3 a 
-;P|9v(ux X + &XX) -20V,4; — StrX (trX È + HX — 2A))]. 


РА, + 2trX HOB = —6 —5HBA, — PP(ex -аХХ-24;), 


we obtain 


5 
(957,95 + X6 
1 ет- — A ~ 
= ODS ODB — 5 H& ODB — 10(H& H)B + 3trX HA 
- ӘрӘ(5Р (я ШС ces As) ) A бнӘ(5Р (H елка As) ) 


-2|9у, (trX X EXX) 220 VA - treX(trX X FXK- 245) | 
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We now write for the second line, using that ODP = —3P H + O(e), 


» ӘрӘ(5Р (я OE туса As) ) E eH&(zP (H d ie As) ) 


ew 


= -*POD(H. — ЕХЕ + Аз) – 5(-3P H)8(H . X — ЕХЕ + Аз) 


ху ED с-ш 
-6H&(-P (H SEG As) ) 


-$p| D8 (HX - EXE + As) +3H8(H- - WXE + A)| 


3 =~ ~ ^ ——— ~ ---- ж 
-5Р | ODSA; +3 HBA; — WX ODIE – ODTXSE — 3X HBE 


trX 
-ӨрФ(Н.Х)-зна(н.Х) 
= -5Р | ODRA; + 3 HBA; — rX DBE — (trX + MrX) HSE 
+ D@(H-X)+3H@(H-X) 


where we used (?DtrX = (trX — trX) Н + O(e). 


Also, we have 


D Ес 1 A -———Ü 
Oy, («ХХ + ахХ) = -5(trxPX + Уат 


= — 
+trX (-jnx&« А5 — ptt AX 
"-— 1 С 
+trX Е: +trX)X + OD@E+ EG )-4) 


= ху + (Ovex - (ux +5 xlix m 
—trX A + trX A, + trX (ODE + EG( H + H)). 
By putting all together we obtain 
5 
OV 1G + Хв 
1 т т = t 3 "--— 2—1 
Ex ODS “DB, —5 H& DB, — 10(H8 H)B, + 3trX НА, + ;PuXA 


3 А x 

-5P| DBAs +3 HBAs — 2 9 VLA; — eX Ap 

—(trX + trX) НФЕ-- trX H&E 
аи 

+ 9D8(H £) + (OVX - ХЕХ) +3 H8(H - ®)|. 
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Finally, using Lemma |D.7.3| we obtain 


(97,9 + Зах 


І © © 5 ^ d 
— E ODS (DB, — 5 Но DB, _ 10(Н® H)B, ES 3trX HOA, + -PUXA 


x) 


^ 


+( OV 4trxX — ХЕХ — Н. H) +3Ннё(Н. ®)]|. 


3 о 22. 
-;P|-A. «288 H +£. OD H + ©Рё(Н. 


Finally using (2.4.4) to write X.DH — X(D. Н), and that 


„== 1-— кы 
Ov trx = -KX OD. H+ H- Н--2Р--О(е) 


we conclude the lemma. 


The fourth e, derivative of A 


Define 
MEC 5 
We infer from Lemma|D.7.7| 


3 3 —— 
H = H+ 5292 + gE «XA. 


1 — „©. ~ ~ 
9 = -3 ODS ODB — 5 H ODB — 10( H8 H)B + 3trX HBA: 


— m 


Яз = A,-2B8 H – ODS(H. X) + (rXtrX —20D. H -2P)X -3H8(H - X). 


This gives, using that (0V,P = —$tXP, 


3 3 3 
Oy, = OV, + SP[ OVa- бх] + 9У.(5РаХА). (D.7.3) 


Here we compute (9% 191. 
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Lemma D.7.8. We have, modulo quadratic terms, 


Т 3 А _ Е 
OVO + XH. = =P] — ODA( OD OD. 5) -6 H8 ODOD. 


І 


-6НӘН ©®D -Z —atrXtrX HQE 
+3trX H&(H - X) + 3trX H BA, | + Етрт,( А) 


Expr(A) := (D+ 1 HB ((D + H)((@D+3H) -(©D-A+4- H))) 
—5(H® H)(9D+3H)-(9D-A+A- Н). 


Proof. From the definition of $4 we obtain 


1 = ^ 2 
(v $4, = =. (0v, ODS ODB — 5 H8 OV, ODB — 5 OV, Нё ODB 


—10(Н@ H) © V,B — 20( 0 V,H& H)B 
iun HG O9V,A, -3trX OV, HOA, ++ 3 OV atrX HOA, 


= ; 9v. IDS ODB —5H& Ov, ODB + 5trX H& ODB 
А N 9 ^ 
pun H) O V4B + 20trX( HS H)B + 3trX НӘ (УА; — 5 X» H&A: 
where we used (OV, H = —trX H + O(c) and WV 4trX = —4(trX)? + O(e). 
Using Lemma and Lemma |D.7.2| we obtain 


> 7 ~ ~ Pa 
(vf = ТЕХ ODS ODB —4trX НӘ DB + 5trX HG HB 


1] 


1 x _ _ E 
-5(D + н)ё| вых H(H-B)+3P ©рФ®р.Е—6НР 9D.E 
E H&| — 3trX ODB + 5trX HB — 8trX H( H - B) 


43P OpOp.z—-6HP ?p.Z +5trX Hà ODB 


-10(H8 H)| - SuXB + 2X H B e 3P OD -E| + 20trX( H8 H)B 
NH. Ar шы) ы 
+3trX H@| - ХА; +5 Өрв+2нв+5Р (Н X aX. As) | 


9 A 
-3rX) НӘА; + Мя 
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where 
Ехрг,(А) :— -H OD +11 н)ё(( OD + H)((°D+3H)-(9D-A+A- н))) 
—5(H&8 H)( 9D --3H)-(*D-A-- A- Н). 
We simplify the above to 
(997,81 = Тах ODS ODB + Dax HG DB +31trX HG HB — “(аху HOA, 
-5(9р+ 11 H)8| - 8trX H( H- B) - 3P 9p p.E-6HP ®р.= 
—10(H8 H) pux HB + 3P Әр. 
кірзиХ H® Н LX ae А + Ехрг,(А). 


By writing 1 OD ODB = -Hı — 5H ODB — 10(H® H)B + 3trX HBA, and re- 
organizing the above we obtain 


7 Р 
(ON7 1$), + JTX% = —4trX HQ HB 


+4(D +11 н) [ах (Н.В) – 20trX(H® H)( H - B) 


ІШІ 


3 x 2 
-;(9D -11H)8 |р 9p Op.E-2HP OD. 
-30P(H& Н) ©D -E 

3 ымы wem ч = 
+5 P3trX HE [F -£ -&XE + As]  Expr( A). 


We now simplify the second line. We obtain 


4(OD +11 H)8 [tex Н( Н.В ) — 20trX (HG H)( H - B) 


Е 49р ux nur. s + 2trX(H@ H)(H - B) 


(H 

= 49 DiXG H(H-B)+trX ODS H( H- B) +trX H D(H - B) 
424: X (HG H)(H - B) 

= 4| - 2trxX нё н(н. B) —trX HOH(H-B)+trX HQODH-B 
+trX H H( OD. B)| + 24trX(H@ H)( H - B) 


= 4trX HS H(OD.-B) + 8trX(H@ H)( H - B) 
= 4trX HG HB, 
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where we used “ D(trX) = —2trX H+ O(c), OD H =-HSH+O(e). 
We finally obtain 


7 
OV 9; + 291 


ІШІ 


3 ж : = ЕЕ p 
—=P(11H)8| OpOp.z-23H ?p.Z| -3P10(H& H) OD. 
2 


3 p p м RUN 
+5P3trX HE [Н ЕХЕ + А + Ехрг,(А) 


І 


3 =~ — ч — a 
= =P] = (©рә( (Әт (0 . =)-—6H® (0p(o0p.E- 6H@H Op. 


—3tXtrX HOE + 3trX HO(H - X) + 3trX H@Ag| + Expr,(A) 


as stated. 


Here we compute (97,8. 
Lemma D.7.9. We have, modulo quadratic terms, 
OVH = -2(trX)$» — 3trX HBA; + МЕ] 
Rs Е — 3trX)trXtrX + (3trX) 9D. H —3trX(H - Н) 


-3trXH - H+3(@XP — ҥХР)| Š + Expr,(A), 
with 
Етрг (А) = -H8( OD. A+A- H) + ODS(H - A) -AHG(H - A) 
—(irXtrX - 20D. H — 2P)A + trX( — 9V4A— ХА), 


апа 
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Proof. Recall that 
Өз = A,—2B& H — 


3 
8 
m 
JD 
+ 
3 
Е 
| 
у 
У 
B 
| 
bo 
© 
>) 
| 
со 
Іш 
Q) 
X 
has) 


We therefore obtain 


with 
h = (УА, 
Ih = —2(9%,(ВӘ Н), 
I; = —V,9D&(H- X) 
i = Ov,((XuXx - 200. H- 2p)$) 
Р. = -39у,( нё(Ҥ. £)). 


We now compute each term above. 


Using Lemma |D.7.4| we deduce 
I, = —2(trX)Ay —3trX HZA; — ЫХ ODOB + 2trX H&B + M[E] 
— Жы se 4 "eret 
—5(trX — trX) D(X - H) + 5X (©рӘ(Х - Н) 


1 NEN =. 5 = Apts! = ^ 
-3(0X —trX)(H- H)X -trX(H- H)X -trXHG(X - H) - X- OD(trX H). 


Using (2.4.4) to write X. OD(trX Н) = X(OD. (trX H)) and using that trXH = 
—trX H+ O(e), 


OD-(trX Н) = OD(trX). H+trX 9D. H 


(trX —trX)H-H+trX OD. H 


= tXH-H-trXH-H+trX OD. H 
= -trXH-H-trXH-H+4+trX OD. H, 


ме 


we finally obtain 
I, = -2(trX)A, — 3trX HA; — trX OD@B + 2trX HBB + M[E] 
1— "s ре 
= 0X — trX) DQ(X - H) + X ODS(X - H) 
1 — ME "m 
—5(trX — trX)(H - H)X + trXH@(X - Н) 


+(- пх. H4 wX OD. н)Х. 
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We have 


—20v,B8 H —-2B8°V,H 
= 1-- 1 MP A 
—2( — 2trX B + 3P E + | OD. A+ a H)&8 Н + 2trX B® H 


h 


= (2rX +4trX) H&8B — 6PE — HG((0D. A-- A- Н), 


where we used (V, H = —trX Н + O(c) and the Bianchi identity (0V4B = —2trX B + 
3PE-10D.A-1A.H. 


Using Lemma 4.2.2) (4.2.13), applied to F = Н. X and s = 1, we have, up to quadratic 


terms, 
[Ov, 9pS|H.X = 3х ODS(H - £) + НУ, (Н.Х), 
and therefore 
Ip = —ODQOV«(A - £) [ӘУ 9D8j(H - X) 
= -ODS OV. (Е. 5) + cux ODE -3) - H8 OVF - Я) 
= —ODA(H. OVX + OVv,H. iu + E: D(H - X) 
—H&(H . OVX + OV - X). 


Using (УН = —itrX(H — Н) + O(c) and the Ricci identity OVX = (ЫХ + 
trX)X + ODE + Е@(Н + Н) — A, we obtain 


: MEE "HE" 
- 5 (2trX +trX)H -X + ХН.Х 


-Н.ӨтӘӛс- Н.(5Ә(Н--Н)-Н.А. 


SS 


Writing that trX H = —trX H + O(c), we obtain 


+H- ?p8E- H-(ES(H--H)) - Н.А. 
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We therefore obtain 
"A — See 1 көтере 
Il = -Op&(- 5 (2trX + uX)H.X c ;uX H. X -H. A) + ;uX DSH - X) 


-НӘ(-аХН.Х-а-аХхН.Х-Н-4) 
1 PRA E 
= 5 GtrX + trX) ODS(H- X) — =trX OD@(H- X) 
1 P^ 
+5(2 Optrx + 9DtrX)&(H - X) — 
+ OD 


+ H8(trXH -£ —trX H- X) 


Using that  DtrX = —2trX H + O(c) and “D(trX) = (trX — trX)H + O(c) we obtain 


1 =a lons. p 1 S(H.X 
Is = 5(3trX + trX) D@(H X) — X DSH - X) 


Am qu] mE -— 
—trX HƏ(H : X) + 5 (trX — trX)(H - H)X 


-OD&(H.A)-4 HSH - A. 


We now compute 
п = (uXuX-20D.H-2P)9V,X + OV. (XX —20D. H -2P)X 


—— Y 1 г zT 
= (ХХ -20D. H -2P)(— g (0X  trX)X + ODE + S&(H- Н) – A) 


>) 


+( OVX Jtr X + trX OV (аХ)-29у,6Өт.Н-209у,Р) 
1 M 
- zX + trX)trXtrX + (ЫХ +X) OD. H + (trX + trX)P|X 


[EE 


+(trXtrX – 2000. H - 2P) (ODE + EG( H + H)) 
—(trXtrX —2@D. H —2P)A + | E б) 


_ 1 =_= NE A 
+trX(— 5 XtrX + OD. H+ H-H+2P)-20V,0D-. H+ atrx P|X, 


where we used (?V,trX = —i(trX X) + Ole), 9varX = —itrXtrX + 9D. H+ H. 
H+2P+4+O(e), and (ФУР = —2trXP + О(є). This gives 


1 ee = = == 
E |- (ех + 36:X) XX + (их + 20X) OD. H+ EX(H-H) 
-29V OD. H + (4trX + 3X) P| $ 
+(trXtrX — 2000. H — 2P) (ODE + E&(H + H)) 
—(trXtrX —2OD. H — 2P) A. 
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Finally, using Lemma [4.2.2] (4.2.16), applied to F — H and s — 0, 


| O9 v4, ӨТІН 


== = == е 
— 5X (92. HH. H) LH. ӨЛЕН 4 O(e) 


je = __ = 
— 5X (on. H-H- H) —~trXH- H+0(¢), 


we write 


ku 16 


= 30D.(wXH)-&X (OD. H- H- H) -2«XH. H 


= 2OD(trX)-H+2trx (9D. H+trX (9р. H-H- H) +2trXH. H 
= 2(trX —trX)H - H + (2trX +trX)OD- H + (2trX -trX) H- H 
= —2trX H - H —2trXH - H + (2trX +trX) OD. H+ (2trX —trX)H- H 


= —2trXH- H+ (2trX +trX)OD- H-trX H.H, 


where we used that trX H = —trX H + O(c). We finally obtain 


1 „н Vir Vv = 
Iy = [-z(rX-38X)&XüX + (ЗХ + 3X) 0D. H 


—2trX HH - H + (4trX + 3trX)P]& 


+(trXtrX —20D. H — 2P) (ODE + EG(H + H)) 
— (trXtrx — 29D. H — 2P) A. 


We compute 


Шаа 


Ij = -39у,Н8(Н.Х)-знӘ(Өу,Н.Х)-знӘ(Н. Ov,X) 


= 3trX НӘ(Н.Х)- “их H@((H — H)- X) 


~3H@(H - ( — z(trX +trX)X + ODSE + E8( H + H) — A)) 


y) 
1 
2 
^r 3 Ds E E 
= 6trX НӘ(Н.Х)- әшХ(Н- H)X + 5X He (A -Х) 
-3H&(H . (€D8E-- S&(H +н))) -3H&(H- A) 
= 6trX H8(H-X) — 3trxX(H A 


-3 HS (H - (ODE + S&(H + H))) +3 H8( 


z| 


А), 
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where we used ()V,H = —trX H + O(c), ӘУІН = —itrX(H — Н) + O(c) and the 
Ricci identity (У.Х = —}(trX +trX)X + ODE + EG( H + Н) — А. We also used 
that trX H = —trX H + O(c). 


We obtain for the sum 


OV He 
= —2(trX)A, — 3trX HOA; — ЫХ OD@B + (4trX + 4trX) HOB 


+2trX ODS(X - H) +4 | - 5 (tnx -3trX)trXtrX + (4trX + 3trX) OD. H 
-3trX( H - H) - 3tXH - H + (4trX + 3X) P| X + 6trX НӘ(Н.Х) 
+Ехргз(А) + MIE], 

where 


Expr,(A) = —HG(9D.A-A- Н) + “D@(H- A) -AHG(H - A) 


-(аХаХ- OD. H —2P)A. 


Writing 


——À 5 25 


Ho = A,-2B8H — €DS(H- X) + (@XtrX - 20D. H -2P)X -3 H8(H - X), 
we obtain 


OV. = C-2(trX)$5 — 3trX HOA; — trX ODOB + 4trX H&B 


n Бе; - 3X y XtrX + (3X) 0р. H 

—3trX(H - H) - ЗЕХН. H +3trXP|X + Expr4( A) + M[E]. 
Observe that trX H = —trX H + O(c) and therefore on the right hand side the terms 
depending on B can be written in terms of A and X using the Bianchi identity: 

-ЫХ ODB +4trXBH = -аХ ODƏB —4trX BH 
23 (OU А „ХА —3PX). 
This gives 
OV 4H. = —2(trX)H. — 3trX HBA; 
d [;Gux — 3X) AUX + (35X) Ор. H - 3trX(H - Н) 


—83tXH-. H+3(trXP —trXP) X + Expr,(A) + MEE] 
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with 


1 
Expr,(A) = Ехрг(А)+їХ(— (9V, A — әшХА). 


This concludes the proof. 


We can finally conclude the derivation. For simplicity, we consider the above computations 
in a gauge where = = 0. Then from (0.7.3), i.e. 


3 3 — 
(9% 19 = (OW 49; + 5 P[ 9 Vis — 5 1X5] + Әу (> PUXA), 
and using Lemma and |D.7.9| we obtain 


7 3 "— 1 
Әу, = -ztX$i +SP зех Нё(Ҥ. X) + 3trX HBAs) + Expr,(A) 


3 7 ^ 
+5Р| — 52): -ЗаХ HBAs 


1 = 
> (;Gux — 3irX Ju XtrX + BX) OD. H — 3trxX(H- Н) 
— = — ~ 3 —— 
-36XH- H + 3(trX P — trXP))X » Expr,(A)| Oy, (Z PUXA) 
7 3 
= --ЫХ(9 + z P$) 
2 2 
3 ^ о 27% 1 
+5P [strx H&(H.X)4 (;GuX — 3irX)XtzX + (3trX) OD. H 


-36X(H- H) —3trXH- H - 3(kXP — trXP)) | 


3 3 
+Ехрг,(А) + 5 P Expr, (A) + Ov, (5РЕХА). 
Recalling that 9 = Hı + 3 PH. + 3PtrXA, we write 


7 
(9% 49 + gX5 


3 a. SS саре 1 
= 5P[strx H8(H - X) + Б ЕЗА — 3X )trXtrX + (3t X) OD. H 
-3trX(H - H) - 3trXH - H+3(@XP — trXP)) X] 


+Expr,(A) + 5 PExpr,(A) + ov. (2 Pix A) + РчХа ХА. 
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Using (2.4.2), i.e. H&(H-X)-H&(H-X)—(H-H- Н.Н) X and that trX H = 
—trX H + O(c), we have 


3trX H&(H. X) = 3trX(— H@(H-X)+(H-H+ H-H) X) 
= ЗХ H@(A-X)+ (365X H -H —3trX H- H) X 
= 3trXH-HX 


and therefore obtain 


©з, + Гах 


S ori 
- ;Pl(5Gux — 3trX)trXtrX + (ЗХ) OD - H 


-3trX( H - H) +3(@XP — trXP)) X] 


3 3 —— 2] E 
+Expr,(A) + 5 P Expri(A) + Ov. (ZPuXA) + 7 Pixar. 


We now show that the terms in the parenthesis vanish in Kerr, i.e. 


1 = == M 
5 (GtrX — 3trX )trXtrX + 3(trX P — trXP) + 3trX (OD. H — 3trX( H - H) = O(e). 


Recall that in Kerr 


try=—, ry =O, irX = =, ых =——%, past 
lal lal q lal q 
ai sin q asin 04 aisin 09 asin 0@ 
Hı = 3 ^ 2- 32-9 дарт = 3 ^ fg ~~ 3 
4 [1 [1 4 
We compute 
TESS 22^ 4А 
trXtrX = -- : Ee 
q lal [1 
1 -ENEE 6А /2 2 24 ӨЛ 
z(3trX —3trX)trXtrX = —— ( Е j _; Pur 
2 la^ Na 4 4 
=o -5 2 2 2 2 4 4 Amin? — г? 
trXP—trXP = г (- z)- (-m)--m* = ma -4) 
q q q q q? q [1 


.16a cos ümr 
[1 
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Therefore 


1 - 
5 (tX — 3trX)trXtrX + 3(trX P ХР) 


z ‚24а cos6(r? - 2mr + a?) | , 48a cosÜmr  .24acos0(r? + a?) 
р 416 | 


=? 
416 416 
(6r^ + ба? cos? 0r? + 6a?r? + ба?а? cos? 0). 


.4a cos д 
= d 
|418 


Also, 


Э 
іш 
| 


2div n + 2icurl n 
2 

= 26-2 cos? Өт? + sin? 0r? — a? sin? 0 cos? 0 — 2a? cos? 0) 

4 


0 
Ht Can + 2a? cos? Өт — 4a?r). 
q 


Also, 


a? 


P (sin? Өг? + a? sin? 0 cos? 6). 


= 

іш 
Il 
h2 


We therefore obtain in Kerr 


1 = NE dE 
5 GtrX — 3trX)trXtrX + 3(trX P — trXP) + 3trX OD. H —3trX(H - H) 
4 0 
= Ea F (6r4 + ба? cos? 0r? + 6a?r? + ба?а? cos? 0) 
q 
Да cos 0 


|418 


( — 6r^ — 12a?r? + ба? sin? Or? + 3a? (—2a? cos? 0)) = 0. 


We therefore have proved, that modulo quadratic terms, 


7 ---- 21 — 
(OV $5 + 24Х9 = Expr,(A) + 5 PExpr,(A) + ov, (2 Pix A) + Pixs. 
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By denoting 
P(A) := Expr,(A) + 5 PExpr,(4) $ ev. (5 PUXA) de T Pu XUXA 
= -1(9р - 11 н)а((®р + H)((9D+3H)-(OD-A+A- н))) 
-5(Н6 H)( ?D-- 3H) - (9D. A-- А.Н) 
+5P( - H&( 0D. A+A- Н) + 9?D8(H - A) -AHG(H - A) 
—(tXtrX - 29D. H 2Р)А 
+trx(— 9у;А- 5XA).) is ov. Pix A) ES A рыХЫХА, 


we have, for r € 70 
7 
(9% H+ 5X5 = P(A) 4 o9 (T,  T,). 


Observe that restricting the validity of the above expression to the region r < ro, we can 
denote the error terms by 95?(T, T). 


4 
Finally we show that (9 V4$5 + 119,6) = СА + 2uX) A. Recall that 


$ = -ФУ,А- XA, 
_ © 3 
6 = Vas + әшХ%, 
5 
H = ©\у®-+ ХӨ, 


апа 
T 
V4% + 9X5 = P(A). 
Choosing a normalization such that w = O(e), and hence trX = 2 + O(c), we obtain 
1 (o) 1 3 1 5 1 7 
$---0V44A, 6-2У44%, 8-2У446), — Vi 5) = PLA). 
We infer 


AZ (d^ V4 (Va (4 Va(GA)))) = PCA). 
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The above can be written as 


47% (c V4)* (GA) 274 (evi) (УА + Фа) 
= Vi (74) (УЗА + 4q'VsA + 244) 
- AZ (d VIA + 9 1A + 18 V. + 694A) 
= ДУХА + 16 VA + 724° 41А + 96gV4A + 24А, 
which is equivalent to 
т Әу А) = qg'*viA-4VAi(q*)V2A + 6Уу?()У?А + AV3(a9) V4A + VEGA 


ДУА + 16q°V3A + 720" V2A + 964У4А + 24А. 


which can be written as 
4 
(Vi+2trX) A= P(A). 


This concludes the proof of Proposition [5.4.1 


D.8 Proof of Lemma |5.5.1 


We make use of the Bianchi identity 


(v, P — 50D-B = -XP+ H-B-=-B- Ter! 
We differentiate w.r.t. (?V4 and obtain 
Oy, OV,P — 5 OD. (V.H — 2199», ODIB 
= -3POVsrX = Зах OvV3P+ OVZ,H-B+ Н. OVB 


= 1 с > т 
SON 8-8) = РУДА А), 


Next we make use of 


ІШІ 


a "EN 
(v,B— ODP = -trXB+3PH+B-X+ = 
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and taking the complex conjugate, we infer 


A” 


RE — ES 1— 
9V;B— ODP = -trXB+3PH+B-X+ poa 


ІШ 


We deduce 


1 га РТ 2, 
Oy, OVP – ; OD. (ODP —trXB + 3PH) — ыт ODJB 
JDP — trXB + 3PH) 


) 


3 3 - 
= = d tet = X OVP + OV; H-B+H- 


(OD 
Ix 
2 


ІШ 


— 1 A суш E 
-OV (E. Bec VIO des 9D. (B-X+ 


J= 
+H. (B. X+5A. B 


and hence 


| 3 3 
9V, OVP: d tex + j;uX (Ov P 


1 — = TER 
E OD.(ODP+3PH)— H-(ODP+3PH) 


1 —— 1 = 
==; OD. (trXB) + | (Ow, °D|B+ Ov, H- B- trX H- B 


) 


ІШ 


E a 1 
SAVE B= УЕ ЈН D: (B- а 52. 
«AV 1-- 
Н.(В.Х+-А-Б). 
+H-(B T =) 


Next we make use of the commutator, see Lemma [4.2.2] 


Шу (OD 


2BeE4mBOVE-X.O0DF-H X =F, 


which for B and s — 1, we deduce 


= 1 = - 
[9%;, ӨБІБ = -30X OD. B +H- Өу;В 


be 
9 


-B-B+E-V,B-X. OpDB-H. 
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Hence, 


3 3 
vt (Ov P + Je O YX + gus (Ov, P 


1 REN "XU ---- — 
= 9D . (ODP +3PH) — H- (ODP + 3PH) 
1 


— TR 1 B = 
= = Ориве PEN «ique (аси OD. B +H- VB) 


+OVZH-B-t1XH-B 


= 1 ^X — 1 5m Hem 
= В) 7 INQUE e Asp Mp (B. X + 24.5) 
ES 1-- 
-Н.(В.Х-а-А.а 
Н.(В.Х- ; E) 
1 AM "MEE — қа oe 
qobeH BS V,B- X. ODB- H. X. B). 
Observe that the LHS of the above becomes 
(еу, (©) З oy (o 1 (с) 37 (©) OD 
DEUS. ub у УРО РЕС Ор: Орр Е DP — H. ODP 
+5[- 9D. H + OVsirX -2H-H|P, 
while the RHS, using 
lop.g Ө ы Bie i2 
SUB. ec VPS CODO e зә de A 
_ — T ЕРСІ T= 
OV,B = ODP+3PH-trXB+B-X+ 54:2 
ЕН йы с, A 
=; Optix = —iS(trX) Н – > OD. X —iS(trX)E + B 


]—— la — -- 
OViH = —juX(H-H)e ӨЕ - 2X-(H — Н) +В, 
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gives the following 


1 


E = — 
ЕНЕ: = pM OD. B +H. Әу;В 


+ 


D| 
Іш 
+ 
іш 
ы 
5 
+ 
| 
s 
Іш 


4-(—B«B45-Vi8 —X*ODB= AX В) 
(2trX + tcX) (f OUP + ЗЫХР — H 


+=H - (ODP +3PH — trXB) 


Пе? 
(4 
1 
+5 
1 
29 
1 
2 
— _ 
-( — iS(trX) H — pu X( A H — H) - trX H) - B + Err 
1 
29 


(2trX + trX) (УР + “trXP) + PH -(ODP +3PH) + Er 


D| 
m 


СЕ) 
J 
| 
+ 
ga 

PS 

Tì 
ty 
+ 


By putting the two together we obtain 


3 |" 1 mE 
(ys (OW, P + zX (Ow. P + = (2tzX + trX) OVP — 5 OD. ODP 


de lo. 5а, и Е 
-5H. Opp —(H+>5H)- ODP += |irXtrX +2Р-2Н.Н|Р 


= Er — S(g.E- Ix. Xp, 
2 


where we also used 


1 - = = 
(OV str X + ХХ = OD.H+H-H+2P+5-=5- 
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From Lemma 4.7.4| we deduce 


1 1 
LP = —ez(e4(P)) + (2 — 5 x) V4P — 27 XVP + 2n- VP + АР. 


Also, we have 


NE 1 ; 
“тр = 5(V+i°V):(V—a*V)P=AP+5(*V-V-V- *V)P 


: = AP+i(V2Vi — ViV2)P 
= AP+ (00р, = 0.05)Р + Dpzet—vse1Diert Vex?) 
= AP+ 5 ( (xan = Rio es Р (у, = ха?) 
= AP- £ ( OtryesP + ШӘ! 
апа 
H-DP+H-DP = (n-i*n)-(V+i*V)P+(n+i*n)-(V -i*V)P =4n-VP. 
We therefore deduce for P of conformal type 0: 


1 —— 1 1 
P = -O0wy.Q,0y,P. 5 Өт. ӨТФР- Хх OVP – ЫХ (yip 
I= 1 = 
--Н.ӨТФР---Н. ODP. 
2 2 
We then obtain from the above computations 


„Р = trX OVP +X ©V,P -H - ODP — H- ODP 


TE = 
+5 ХХ +2P -2 H -H| P + ErP], 


where 


Err[OP] = Er — 5(Е-Ж#- 


as stated. 


D.9 Proof of Proposition 


From the Bianchi identity 


1 1 =~ ‚ч гч. 
Әу, А + ЕКА = -- ODSB — 2 HB — 3PX, 
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we infer 


1 1 A 1 ES 
(Ow ,( (vA ES XA) = E ODS OV4B _ 51 Va, (o D&|B. 


~2 H 9v,B -20v,H&B — 3P OVX -3 OV, PR. 


Using the commutator (4.2.13), i.e. 


P 1 Е ж Е 
[9% 1, PDRIB = —5trX (Орав +2н®в) + HƏ ?V,B 
+28 O9 V4B + rT, - 05 B, 


we have 


1 1 = D ous 
OVa (OVA + ztrX A) = -3 PDO VB – 5 H8 OV,B 


1 "P 5 
үк (ODB + 2H®B) 


—20v,H&B-3POv,X —3OV,PX 
+=@ © VB +r T, - o3! B. 


Next, using 


OV,B+ ODP = -trXB-3PH+T,-Bt+e=.-A, 
3 — 
-9UXP-t* H-B+eE-B+Ty-A, 


д 
Y 
| 
| 
s] 
to 
| 


P 


Р — jc 1 
(DG Н + | НӘН- ХХ + J78 


N| =| 


we deduce 


OV ,( ive at SX A) 


ПИЕ = 
= = °D8(ODP + trXB + 3P H) + > H®(ODP +trXB + 3P H) 
1 хабы; Lut ~ 
+-trX (DSB + 2 HƏB) – 2 © V4 HB 
4 
-3P ( — =trX X + -ODB H + - НӘН — -~trXX) — 3( — <trX P)X 
( IX X +5 DOH +5 HOH st XX) ( zt! )X 


2 
+28 OV,B rr oSl(E. A) +r T, 0$! BE r 19S (Ty B) - r7?E- E, 
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which gives 
1 
OV, ( (9%, А J 5trX A) 


= 5 °D® ODP - Зах - 5 0 D8B-2H8B-3PX) + 3P(=trX X + ХХ) 


+G ODtrX — 20v, H)8&B + (4ODP + 6P H)S H 


00 


+28 OV4B +710515. A) + rT, 031 B + гг: B) +785. 
Using that —; 0D@B — 2H8B — 3PX = OV,A4 ItrX A, we have 


(Ow, ( Ov, A + SX A) 4 Зах (ФА + заха) 


ODS ODP + Р(Х X -аХХ) 


N| = 


+G ODtrX — 29V, H)&B + (A ?DP + 6P H)& H 


— 
=. 


+28 9? V4B - roS (E . A) - r7 1T, -031B 4 r 0S (T, В) +r 38-2. 
Using (4.1.13), we deduce that 1 ©ODtrX – 2 (9V, H = trX H +7101, which gives 
1 1 
OV,( 9V4A-- ztrXA) + Зах (УА ХА) 
1 =~ ж 3 ^ ea 
= 5 OD8 ODP + (4ODP+6PH+tXB)SH+ P(X +X) (9 
+ EQ VB Er oS (8. А) +r 70 (T, - B)  r7105 (T, - B). 


Consider the LHS of (0.9.1). Using that (OV,trX + i(trX)? = r-!0*!E +T,-Ty, we 
obtain 


LHS 


(Oy (OVA + заха) + StrX (Әу,А- trXA) 
= WENN A E: OVA + 5 (OST т ХА + Зах (OVA + заха) 
= (у, OVA + 2trX OVA + (хуа +771015. А. 

Using the definition (5.3.2), we deduce 


(үгү? 
LHS = Qu) + (2 X 
== T 


+ 21 ery] OVA 


3@try4 7 try’ 
E oe A | try? + itr x (а) ту — 44 TX А +т71015. А 
2 try? 2 tr x 


= QUA) + Olar Уа А +r T, од 4 SIS. A 
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Writing 9V4A = A, — ltrX A, we have 


PARET oi 1 ;(a) 
LHS = А) + (2 + 21 "ту | | A, — z(trx — i trx)A 
s tr E 
3 (9try^ 7 (а) +З 
pe SES d try? + itr x try — 4i =a Acro E.A 
2 try? 2 tr А 
(а){ү ү? 
= QA)+ (2 = + 2i ery] A, 
3 @try4 3 (a)try3 
oe (Very? — 3i S A-r oS E.A 
2 try? 2 


= Q(A)-O(ar ?)A, + О(а?т A +r 20515. 


> 


Using again the Bianchi identity for A, we also have 
LHS = Q(A)+ O(ar™)Ty F O(ar ?)o*! B + O(ar ^)A 


4r7T, Р +710515. A+ rT: В. 


Now consider the RHS of (D.9.1). Using (D.5.6), i.e. ODP =-3PH+ ODP + gly, 
we obtain 


1 ^ < < m 
RHS = 5 ODG(-3P H+ ODP) + (4(-3P H + ODP) -6P H + trXB)8 H 
3 ae 
+5Р(ЫХ X + trXX) 
tr“ gP, 8G OVB 4+ 7r70S(E- A) - r10S1(T, - B) + c 10$! (T, - B) 
1 ~ м ~ n~ 
= ODS ODP — 5 ODPE Н- PP ODS H 


д. 3 Ж ek 
+(4( ODP) -6PH+trXB)®H + 5P(trxX X + XX) 
г p IT, + ES OVB +т1051(5. A) rt SY (T, - B) - roS (T, - B). 
Using, see (4.1.13), that ODS H = — HQ H + r 105!T,, we obtain 

RHS 

1 ез м ығы е ж- 

E ODS ODP — “(-3P H + ODP)\® H — 3 P(- НӘ H) 
3 


[кө] 


+(4(®©—Р)-6РНҤ+иХВ)ёН+Р(их X +=ХЎ)-т-ю*!г‚.Р 


t7 39, 4 ES OVB 4 r7103 (E . А) e r7105! (T, - B) - 77105 (T4 - В) 


: @ р > 9 > S "IE м 
= Ope ODP + а ODP) H --trX BG H + 5 P(x + trX X) +r DST,- Б 
t7 g*T, + 880 VB e rto (S. A) т To (D B) + ro? (Dy B). 


906 APPENDIX D. COMPLEMENT FOR CHAPTER 


The above can be further simplified, and we obtain 


"NN D 
RHS = ZOD ODP +78 (Гь, rT) + O(ar*)B + O(ar "joS P 


+r 0510, - (P, B)) tro, B) + ES OVB +r ӘКЕ. 


|> 


By combining the above with the LHS, we obtain 


1 TN < S 
Q(A) — 2 ODS ODP E r7*95! (D, rT) + O(ar?)A, + O(ar*) A + O(ar 30S! P 
+771051 (T, - (P, B)) + r?o09 (T, - (rB, A)) + 28 OV3B + r7 !o* (E. A), 


Q(A) = ; ODS ODP + r- 345 (P, rT,) + O(ar-?)051B + O(ar~*)A + O(ar)05!P 


шалалығы ав vier ee 


А), 


as stated. 
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